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Abstract. We develop the basic constructions of homological algebra in the (ap- 
propriately defined) unbounded derived categories of modules over algebras over 
coalgebras over noncommutative rings (which we call semialgebras over corings). 
We define double-sided derived functors SemiTor and SemiExt of the functors of 
semitensor product and semihomomorphisms, and construct an equivalence be- 
tween the exotic derived categories of semimodules and semicontramodules. 

Certain (co)flatness and/or (co)projectivity conditions have to be imposed on the 
coring and semialgebra to make the module categories abelian (and the cotensor 
product associative). Besides, for a number of technical reasons we mostly have to 
assume that the basic ring has a finite homological dimension (no such assumptions 
about the coring and semialgebra are made). 

In the final sections we construct model category structures on the categories of 
complexes of semi(contra)modules, and develop relative nonhomogeneous Koszul 
duality theory for filtered semialgebras and quasi-differential corings. 

Our motivating examples come from the semi-infinite cohomology theory. Com- 
parison with the semi-infinite (co)homology of Tate Lie algebras and graded asso- 
ciative algebras is established in appendices; and the semi-infinite homology of a 
locally compact topological group relative to an open profinite subgroup is defined. 
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Introduction 



This monograph grew out of the author's attempts to understand the definitions 
of semi-infinite (co)homology of associative algebras that had been proposed in the 
literature and particularly in the works of S. Arkhipov [TJ [2] (see also [T3], Pf3]). 
Roughly speaking, the semi-infinite cohomology is defined for a Lie or associative 
algebra-like object which is split in two halves; the semi-infinite cohomology has the 
features of a homology theory (left derived functor) along one half of the variables 
and a cohomology theory (right derived functor) along the other half. 

In the Lie algebra case, the splitting in two halves only has to be chosen up to 
a finite-dimensional space; in particular, the homology of a finite-dimensional Lie 
algebra only differs from its cohomology by a shift of the homological degree and a 
twist of the module of coefficients. So one can define the semi-infinite homology of a 
Tate (locally linearly compact) Lie algebra [7] (see also [3]); it depends, to be precise, 
on the choice of a compact open vector subspace in the Lie algebra, but when the 
subspace changes it undergoes only a dimensional shift and a determinantal twist. 
Let us emphasize that what is often called the "semi-infinite cohomology" of Lie 
algebras should be thought of as their semi-infinite homology, from our point of view. 
What we call the semi-infinite cohomology of Tate Lie algebras is a different and dual 
functor, defined in this book (see Appendix ID]) . 

In the associative case, people usually considered an algebra A with two subalgebras 
N and B such that iV <S> B ~ A and there is a grading on A for which N is positively 
graded and locally finite-dimensional, while B is nonpositively graded. We show that 
both the grading and the second subalgebra B are redundant; all one needs is an 
associative algebra R, a subalgebra K in R, and a coalgebra C dual to K. Certain 
flatness/projectivity and "integrability" conditions have to be imposed on this data. 
If they are satisfied, the tensor product S = C ®rR has a semialgebra structure and 
all the machinery described below can be applied. 

Furthermore, we propose the following general setting for semi-infinite (co)homol- 
ogy of associative algebraic structures. Let C be a coalgebra over a field k. Then 
C-C-bicomodules form a tensor category with respect to the operation of cotensor 
product over C; the categories of left and right C-comodules are module categories 
over this tensor category. Let S be a ring object in this tensor category; we call such 
an object a semialgebra over C (due to it being "an algebra in half of the variables 
and a coalgebra in the other half"). One can consider module objects over S in 
the module categories of left and right C-comodules; these are called left and right 
S-semimodules. The categories of left and right semimodules are only abelian if 
S is an injective right and left C-comodule, respectively; let us suppose that it is. 
There is a natural operation of semitensor product of a right semimodule and a left 
semimodule over S; it can be thought of as a mixture of the cotensor product in the 
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direction of C and the tensor product in the direction of S relative to C. This functor 
is neither left, nor right exact. Its double-sided derived functor Semi Tor is suggested 
as the associative version of semi-infinite homology theory. 

Before describing the functor SemiHom (whose derived functor SemiExt provides 
the associative version of semi-infinite cohomology), let us discuss a little bit of ab- 
stract nonsense. Let E be an (associative, but noncommutative) tensor category, M 
be a left module category over it, N be a right module category, and K be a category 
such that there is a pairing between the module categories M and N over E taking val- 
ues in K. This means that there are multiplication functors Ex E ^ E, Ex M ^ M, 
N x E — > N, and N x M — > K and associativity constraints for ternary multiplications 
E x E x E ^ E, ExExM^M, NxExE^N, and NxExM^K satisfying 
the appropriate pentagonal diagram equations. Let A be a ring object in E. Then 
one can consider the category A £ A of A-A-bimodules in E, the category A M of left 
A- modules in M, and the category of right A- modules in N. If the categories E, 
M, N, and K are abelian, there are functors of tensor product over A, making a^-a 
into a tensor category, and into left and right module categories over a^-a, 
and providing a pairing l\U x a M — > K. These new tensor structures are associative 
whenever the original multiplication functors were right exact. 

Suppose that we want to iterate this construction, considering a coring object C in 
a Ea, the categories of C-C-bicomodules in a^-a and C-comodules in and Ua, etc. 
Since the functors of tensor product over A are not left exact in general, the cotensor 
products over C will be only associative under certain (co)flatness conditions. If one 
makes the next step and considers a ring object S in the category of C-C-bicomodules 
in aE-a, one discovers that the functors of tensor products over S are only partially 
defined. Considering partially defined tensor structures, one can indeed build this 
tower of module-comodule categories and tensor-cotensor products in them as high as 
one wishes. In this book, we restrict ourselves to 3-story towers of semialgebras over 
corings over (ordinary) rings, mainly because we don't know how to define unbounded 
(co)derived categories of (co)modules for any higher levels (see below). 

Now let us introduce contramodules. The functor (V, W) i — > Hornby, W) makes 
the category opposite to the category of vector spaces into a module category over the 
tensor category of vector spaces. A contramodule over an algebra R or a coalgebra C 
is an object of the category opposite to the category of modules or comodules in 
A;-vect op over the ring object R or the coring object C in A;-vect. One can easily 
see that an i?-contramodule is just an i?-module, while the vector space of /c-linear 
maps from a C-comodule to a /c-vector space provides a typical example of C-contra- 
module. Setting E = M = /c-vect and N = K = A;-vect op in the above construction, 
one obtains a right module category C-contra op over the tensor category C-comod-C 
together with a pairing Cohonig P : C-comod x C-contra op — ► /c-vect op . Given a 
semialgebra S over C, one can apply the construction again and obtain the category of 
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S-semicontramodules and the functor SemiHonig 3 : S-simod x S-sicntr op — ► A;-vect op 
assigning a vector space to an S-semimodule and an S-semicontramodule. Though 
comodules and contramodules are quite different, there is a strong duality-analogy 
between them on the one hand, and an equivalence of their appropriately defined 
(exotic) unbounded derived categories on the other hand. 

Let us explain how we define double-sided derived functors. While the author 
knows of no natural way to define a derived functor of one argument that would 
not be either a left or a right derived functor, such a definition of derived functor of 
two arguments does exist in the balanced case. Namely, let 0: Hi x H2 — > K be a 
functor and Si C Hj be localizing classes of morphisms in categories Hi and H 2 . We 
would like to define a derived functor D0: H^Sf 1 ] x H 2 [S^ 1 ] — > K. Let F x be the 
full subcategory of "flat objects in Hi relative to 6" consisting of all objects F G Hi 
such that the morphism Q(F,s) is an isomorphism in K for any morphism s G S 2 . 
Let F 2 be the full subcategory in H 2 defined in the analogous way. Suppose that the 
natural functors Fj[(Sj H Fj) -1 ] — > HjfS" 1 ] are equivalences of categories. Then the 
restriction of the functor to the subcategory Fi x H 2 of the Carthesian product 
Hi x H 2 factorizes through Fi[(Si fl Fi) -1 ] x H 2 [S 2 _1 ] and therefore defines a functor 
on the category H^S^ 1 ] x H 2 [S 2 1 ]. The same derived functor can be obtained by 
restricting the functor to the subcategory Hi x F 2 of Hi x H 2 . This construction 
can be even extended to partially defined functors of two arguments (see 12.7ft . 

For this definition of the double-sided derived functor to work properly, the lo- 
calizing classes in the homotopy categories have to be carefully chosen (see 10.2.31) . 
That is why our derived functors SemiTor and SemiExt are not defined on the con- 
ventional derived categories of semimodules and semicontramodules, but on their 
semiderived categories. The semiderived category of S-semi(contra)modules is a mix- 
ture of the usual derived category in the module direction (relative to C) and the 
co I contraderived category in the C-co/contramodule direction. The coderived cate- 
gory of C-comodules is equivalent to the homotopy category of complexes of injec- 
tive C-comodules, and analogously, the contraderived category of C-contramodules is 
equivalent to the homotopy category of complexes of projective C-contramodules. So 
the distinction between the derived and co/contraderived categories is only relevant 
for unbounded complexes and only in the case of infinite homological dimension. 

A notable attempt to develop a general theory of semi-infinite homological algebra 
was undertaken by A. Voronov in [3B]. Let us point out the differences between 
our approaches. First of all, Voronov only considers the semi-infinite homology of 
Lie algebras, while we work with associative algebraic structures. Secondly, Voronov 
constructs a double-sided derived functor of a functor of one argument and the choice 
of a class of resolutions becomes an additional ingredient of his construction, while we 
define double-sided derived functors of functors of two arguments and the conditions 
imposed on resolutions are determined by the functors themselves. Thirdly, Voronov 
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works with graded Lie algebras and his functor of semivariants is obtained as the 
image of the invariants with respect to one half of the Lie algebra in the coinvariants 
with respect to the other half, while we consider ungraded Tate Lie algebras with 
only one subalgebra chosen, and our functor of semiinvariants is constructed in a 
more delicate way (see below). Finally, no exotic derived categories appear in [46J. 

The coderived category of C-comodules and the contraderived category of C-con- 
tramodules turn out to be naturally equivalent. This equivalence can be thought of 
as a covariant analogue of the contravariant functor RHom(— ,R): D(i?-mod) — > 
D(mod--R) on the derived category of modules over a ring R. Moreover, there 
is a natural equivalence between the semiderived categories of S-semimodules and 
S-semicontramodules. The functors R^g: D sl (S-simod) — > D sl (S-sicntr) and 
L$§: D s '(S-sicntr) — > D sl (S-simod) providing this equivalence are defined in terms 
of the spaces of homorphisms in the category of S-semimodules and the operation of 
contratensor product of an S-semimodule and an S-semicontramodule. The latter is 
a right exact functor which resembles the functor of tensor product of modules over a 
ring. This equivalence of triangulated categories tranforms the functor SemiExtg into 
the functors Ext in either of the semiderived categories (and the functor SemiTor 8 
into the left derived functor CtrTor 8 of the functor of contratensor product). We 
call this kind of equivalence of triangulated categories the comodule-contramodule 
correspondence or the semimodule-semicontramodule correspondence. 

The duality- analogy between semimodules and semicontramodules partly breaks 
down when one passes from homological algebra to the structure theory. Comodules 
over a coalgebra over a field are simplistic creatures; contramodules are quite a bit 
more complicated, though still much simpler than modules over a ring, the structure 
theory of a coalgebra over a field being much simpler than that of an algebra or a ring. 
We construct some relevant counterexamples. There is an analogue of Nakayama's 
Lemma for contramodules, a description of contramodules over an infinite direct sum 
of coalgebras, etc. These results can be extended to contramodules over certain topo- 
logical rings (much more general than the topological algebras dual to coalgebras). 
Contramodules over topological Lie algebras can also be defined; and an isomorphism 
of the categories of contramodules over a topological Lie algebra and its topological 
enveloping algebra can be proven under certain assumptions. 

A coring C over a ring A is a coring object in the tensor category of bimodules 
over A. (In a different terminology, this is called a coalgebroid.) A semialgebra S 
over a coring C is a ring object in the tensor category of bicomodules over C; for 
this definition to make sense, certain (co)flatness conditions have to be imposed on C 
and S to make the cotensor product of bicomodules well-defined and associative. 
Throughout this monograph (with the exception of Section [0] and the appendices) 
we work with corings C over noncommutative rings A and semialgebras S over C. 
Mostly we have to assume that the ring A has a finite homological dimension — for 
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a number of reasons, the most important one being that otherwise we don't know 
how to define appropriately the unbounded (co) derived category of C-comodules. No 
assumptions about the homological dimension of the coring and the semialgebra are 
made. Besides, we mostly have to suppose that C is a flat left and right A-module and 
S is a coflat left and right C-comodule, and even certain (co)projectivity conditions 
have to be imposed in order to work with contramodules. 

Nonhomogeneous quadratic duality [39j HQ] establishes a correspondence between 
nonhomogeneous Koszul algebras and Koszul CDG-algebras. This duality has a rel- 
ative version with a base ring, assigning, e. g., the de Rham DG-algebra to the 
filtered algebra of differential operators (the base ring being the ring of functions, 
in this case). For a number of reasons, it is advisable to avoid passing to the dual 
vector space/module in this construction, working with CDG-coalgebras instead of 
CDG-algebras; in particular, this allows to include infinitely- (co)generated Koszul al- 
gebras and coalgebras. In the relative case, this means considering the graded coring 
of polyvector fields, rather than the graded algebra of differential forms, as the dual 
object to the differential operators. The relevant additional structure on the polyvec- 
tor fields (corresponding to the de Rham differential on the differential forms) is that 
of a quasi- differential coring. Another important version of relative nonhomogeneous 
quadratic duality uses base coalgebras in place of base rings. This situation is sim- 
pler in some respects, since one still obtains CDG-coalgebras as the dual objects. 
As a generalization of these two dualities, one can consider nonhomogeneous Koszul 
semialgebras over corings and assign Koszul quasi-differential corings over corings to 
them. The Poincare-Birkhoff-Witt theorem for Koszul semialgebras claims that this 
correspondence is an equivalence of categories. 

Relative nonhomogeneous Koszul duality theorem provides an equivalence between 
the semiderived category of semimodules over a nonhomogeneous Koszul semialge- 
bra and the coderived category of quasi-differential comodules over the correspond- 
ing quasi-differential coring, and an analogous equivalence between the semiderived 
category of semicontramodules and the contraderived category of quasi-differential 
contramodules. In particular, for a smooth algebraic variety M and a vector bun- 
dle E over M with a global connection V, there is an equivalence between the de- 
rived category of modules over the algebra/sheaf of differential operators acting in 
the sections of E and the coderived category (and also the contraderived category, 
when M is affine) of CDG-modules over the CDG-algebra Q(M, End(E)) of differen- 
tial forms with coefficients in the vector bundle End(£"), where the differential d in 
Q(M, End(-E)) is the de Rham differential depending on V and the curvature element 
h G fi 2 (M, End(E)) is the curvature of V. 

Natural examples of semialgebras and semimodules come from Lie theory. Namely, 
let (g, H) be an algebraic Harish-Chandra pair, i. e., g is a Lie algebra over a field k 
and if is a smooth affine algebraic group corresponding to a finite-dimensional Lie 
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subalgebra f) C g. Let Q{H) be the coalgebra of functions on H . Then the category 
0(0, H) of Harish-Chandra modules is isomorphic to the category of left semimodules 
over the semialgebra §>{g,H) = {7(g) <S>u(i>) G(H). If the group H is unimodular, the 
semialgebra S = S(g, H) has an involutive anti-automorphism. In general, the oppo- 
site semialgebras S and S op are Morita-equivalent in some sense; more precisely, there 
is a canonical left S ®k S-semimodule £ = £(g, H) such that the semitensor product 
with £ provides an equivalence between the categories of right and left S-semimod- 
ules. Geometrically, £(g,i7) is the bimodule of distributions on an algebraic group 
G supported in its subgroup H and regular along H . So the semitensor product of 
S-semimodules can be considered as a functor on the category 0(q,H) x 0(q,H). 
This functor factorizes through the functor of tensor product in the category 0(g, H) 
and is closely related to the functor of (g, H)-semiinvariants M 1 — > M 0i # on the 
category of (g, i7)-modules. The semiinvariants are a mixture of invariants over H 
and co invariants along g/f). 

More generally, let (g, H) be a Tate Harish-Chandra pair, that is g is a Tate Lie 
algebra and H is an affine proalgebraic group corresponding to a compact open 
subalgebra f) C g. Let x: (g',H) — ► (q,H) be a morphism of Tate Harish-Chandra 
pairs with the same proalgebraic group H such that the Lie algebra map g' — ► g is a 
central extension whose kernel is identified with k; assume also that H acts trivially 
in k C g'. One example of such a central extension of Tate Harish-Chandra pairs 
comes from the canonical central extension g~ of g; we denote the corresponding 
morphism by x . There is a semialgebra S^(g,H) = U^(g) <S>u(ff) &(H) over the 
coalgebra G(H) such that the category of left semimodules over = S^(g, H) is 
isomorphic to the category of discrete (g', if )-modules where the unit central element 
of g' acts by the identity (Harish-Chandra modules with the central charge x). Left 
semicontramodules over the opposite semialgebra S^P can be described in terms of 
compatible structures of g'-contramodules and C(if )-contramodules. These are called 
Harish-Chandra contramodules with the central charge x; the dual vector spaces to 
Harish-Chandra modules with the central charge — x can be found among them. 

The semialgebras and ST^,,^ are naturally isomorphic, at least, when the 
pairing {7(f)) ® fc G(H) — >■ k is nondegenerate in Q(H). In view of the semimodule- 
semicontramodule correspondence theorem, it follows that the semiderived categories 
of Harish-Chandra modules with the central charge x and Harish-Chandra contra- 
modules with the central charge x + x over (g, H) are naturally equivalent. So 
the well-known phenomenon of correspondence between complexes of modules with 
complementary central charges over certain infinite-dimensional Lie algebras can be 
formulated as an equivalence of triangulated categories using the notions of contra- 
modules and semiderived categories. Besides, it follows that the category of right 
semimodules over is isomorphic to the category of Harish-Chandra modules with 
the central charge — x — x . When the proalgebraic group H is prounipotent (and f) 
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is exactly the Lie algebra of H), the object SemiTor *(N*,M*) of the derived cat- 
egory of A;-vector spaces is represented by the complex of semi-infinite forms over g 
with coefficients in INT* ®fe 3VCV This provides a comparison of our theory of SemiTor 
with the semi-infinite homology of Tate Lie algebras. Semi-infinite cohomology of Lie 
algebras, whose coefficients are contramodules over (the canonical central extensions 
of) Tate Lie algebras, is related to SemiExt in the analogous way. 

To a topological group G with an open profinite subgroup H and a commutative 
ring k one can associate a semialgebra §k(G,H) over the coring Cfc(if) of fc-valued 
locally constant functions on H such that the categories of left and right semimodules 
over Sk(G,H) are isomorphic to the category of smooth G-modules over k. So the 
category of semimodules over Sk(G,H) does not depend on H, neither does the 
category of semicontramodules over Sk(G,H); all the semialgebras Sk{G,H) with a 
fixed G and varying H are naturally Morita equivalent. The semiderived categories 
of semimodules and semicontramodules over §k(G,H) do depend on H essentially, 
however, as do the functors SemiTor and SemiExt over Sk(G, H). These double-sided 
derived functors may be called the semi-infinite (co)homology of a group with an open 
profinite subgroup. The semi-infinite homology of topological groups is a mixture of 
the discrete group homology and the profinite group cohomology. 

Examples of corings C over commutative rings A for which the left and the right 
actions of A in C are different come from the algebraic groupoids theory, and examples 
of semialgebras over such corings come from Lie theory of groupoids. Namely, let 
(M,H) be a smooth affine groupoid, i. e., M and H are smooth affine algebraic 
varieties, there are two smooth morphisms sh, t H : H =3 M of source and target, and 
there are unit, multiplication, and inverse element morphisms satisfying the usual 
groupoid axioms. Let A = A(M) be the ring of functions on M and C = G(H) 
be the ring of functions on H. Then C is a coring over A. Moreover, suppose 
that (M,H) is a closed subgroupoid of a groupoid (M,G). Let g and f) be the 
Lie algebroids over the ring A corresponding to the groupoids (M,G) and (M,H), 
and let Ua(q) and Ua(1)) be their enveloping algebras. Then there is a semialgebra 
S = §m(G, H) = Ua(s)®ua(1)) over the coring C and a canonical left S®&S-semi- 
module £ = £m{G, H) providing an equivalence between the categories of right and 
left S-semimodules. The semimodule £ consists of all distributions on G twisted with 
the line bundle s* G {Q^) ® ^g(^m)' supported in H and regular along H (where 
denotes the bundle of top forms on M). 

Examples of corings over noncommutative rings come from Noncommutative 
Geometry [33]. Noncommutative stacks are represented as quotients of noncom- 
mutative affine schemes corresponding to rings A by actions of corings C over A. The 
cotensor product of C-comodules can be understood as the group of global sections 
of the tensor product of a right and a left sheaf over a noncommutative stack, while 
the tensor product of sheaves itself does not exist. 
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Notice that the roles of the ring and coring structures in our constructions are not 
symmetric; in particular, we have to consider conventional derived categories along 
the algebra variables and co/contraderived categories along the coalgebra variables. 
The cause of this difference is that the tensor product of modules commutes with the 
infinite direct sums, but not with the infinite products. This can be changed by pass- 
ing to pro-objects; consequently one can still define versions of derived functors Cotor 
and Coext over a coring C without making any homological dimension assumptions 
at all by considering pro- and ind-modules (see Remarks 12.71 and 14.71) . A problem 
remains to construct the comodule-contramodule correspondence without any homo- 
logical dimension assumptions on the ring A. Here we only manage to weaken the 
finite homological dimension assumption to the Gorensteinness assumption. 

Algebras/coalgebras over fields and semialgebras over coalgebras over fields are 
briefly discussed in Section 0. Semialgebras over corings and the functors of semi- 
tensor product over them are introduced in Section 1, and important constructions 
of flat comodules and coflat semimodules are presented there. The derived functor 
SemiTor is defined in Section 2. Contramodules over corings and semicontramod- 
ules over semialgebras are introduced in Section 3, and the derived functor SemiExt 
is defined in Section 4. Equivalence of exotic derived categories of comodules and 
contramodules is proven in Section 5; and the same for semimodules and semicontra- 
modules is done in Section 6. Functors of change of ring and coring for the categories 
of comodules and contramodules are introduced in Section 7; functors of change of 
coring and semialgebra for the categories of semimodules and semicontramodules 
are constructed in Section 8. Closed model category structures on the categories 
of complexes of semimodules and semicontramodules are defined in Section 9. The 
construction of a semialgebra depending on three embedded rings and a coring dual 
to the middle ring is considered in Section 10. The Poincare-Birkhoff-Witt theorem 
and the Koszul duality theorem for nonhomogeneous Koszul semialgebras are proven 
in Section 11. The basic structure theory of contramodules over a coalgebra over a 
field is developed in Appendix A. We compare our theory of SemiExt and SemiTor 
with Arkhipov's and Sevostyanov's semi-infinite Ext and Tor in Appendix B. Semial- 
gebras corresponding to Harish-Chandra pairs and their Hopf algebra analogues are 
discussed in Appendix C. Tate Harish-Chandra pairs are considered in Appendix D, 
and the theorem of comparison with semi-infinite cohomology of Tate Lie algebras 
is proven there. Semialgebras corresponding to topological groups are discussed in 
Appendix E. Pairs of algebraic groupoids are considered in Appendix F. 

Appendix C was written in collaboration with Dmitriy Rumynin. Appendix D was 
written in collaboration with Sergey Arkhipov. 

One terminological note: we will generally use the words the homotopy category of 
(an additive category A) and the homotopy category of complexes of (objects from A) 
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as synonymous. Analogously, the homotopy category of complexes (with a particular 
property) over A is a full subcategory of the homotopy category of A. 
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0. Preliminaries and Summary 



This section contains some known results and some results deemed to be new, 
but no proofs. Its goal is to prepare the reader for the more technically involved 
constructions of the main body of the monograph (where the proofs are given). In 
particular, we don't have to worry about nonassociativity of the cotensor product 
and partial definition of the semitensor product here, distiguish between the myriad 
of notions of absolute/relative coflatness/coprojectivity/injectivity of comodules and 
analogously for contramodules, etc., because we only consider coalgebras over fields. 

0.1. Unbounded Tor and Ext. Let R be an algebra over a field k. 

0. 1.1. We would like to extend the familiar definition of the derived functor of tensor 
product Tor R : D~(mod-R ) ) x D~(i?-mod) — > D~(A;-vect) on the Carthesian product 
of the derived categories of right and left i?-modules bounded from above, so as to 
obtain a functor on the Carthesian product of unbounded derived categories. 

As always, the tensor product of a complex of right .R-modules N' and a complex 
of left -R-modules M* is defined as the total complex of the bicomplex N l ® R M j , 
constructed by taking infinite direct sums along the diagonals. This provides a functor 
Hot(mod-i?) x Hot(i?-mod) — > Hot(Zc-vect) on the Carthesian product of unbounded 
homotopy categories of R- modules. 

The most straightforward way to define the object Tor R (N', M m ) of D(fc-vect) is 
to represent it by the total complex of the bicomplex 

• • • ► N' (g) k R(g) k R (g) k M* > N* (g) k R (g) k M' > N' ® fc M*, 

constructed by taking infinite direct sums along the diagonals. One can check that 
this bar construction indeed defines a functor 

Tor^: D(mod- J R) x D(i?-mod) ► D(ife-vect). 

The unbounded derived functor Tor R can be also defined by restricting the functor 
of tensor product to appropriate subcategories of complexes adjusted to the functor of 
tensor product in the unbounded homotopy categories of -R-modules. Namely, let us 
call a complex of left -R-modules M* flat if the complex of A;- vector spaces M* ®_r N' 
is acyclic whenever a complex of right -R-modules N' is acyclic. Not every complex 
of flat R-modules is a flat complex of R-modules according to this definition. 

In particular, an acyclic complex of left i?-modules is flat if and only if it is pure, 

1. e., it remains acyclic after taking the tensor product with any right i?-module. 
So an acyclic complex of flat -R-modules is flat if and only if all of its modules 
of cocycles are flat. On the other hand, any complex of flat -R-modules bounded 
from above is flat. If the ring R has a finite weak homological dimension, then 
any complex of flat .R-modules is flat. For example, the acyclic complex M* of free 
modules over the ring of dual numbers .R = k[e]/e 2 whose every term is equal to R 
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and every differential is the operator of multiplication with e is not flat. Indeed, let 
N' = (•••—> k[e/e 2 } — > k — > — > ■ ■ ■ ) be a free resolution of the .R-module k; then 
the complex N* ®i? M* is quasi-isomorphic to k ®_r M* and has a one-dimensional 
cohomology space in every degree, even though the complex N* is acyclic. 

Any complex of -R-modules is quasi-isomorphic to a flat complex, and moreover, 
the quotient category of the homotopy category Hotfi(-R-mod) of flat complexes 
of i?-modules by the thick subcategory of acyclic flat complexes Acycl(-R-mod) D 
Hotfi(-R-mod) is equivalent to the derived category D(-R-mod). This result holds for 
an arbitrary ring |44j . and even for an arbitrary DG-ring [3TJ [12] . The derived functor 
Tor^ can be defined by restricting the functor of tensor product over R to either of 
the full subcategories Hot(mod--R) x Hotfi(-R-mod) or Hotfi(mod--R) x Hot(-R-mod) 
of the category Hot(mod--R) x Hot(-R-mod). 

0.1.2. The functor Hom^: Hot(i?-mod) op x Hot(-R-mod) — ► Hot(/c-vect) and its 
derived functor Ext_R: D(_R-mod) op x D(i2-mod) — > D(fc-vect) need no special defi- 
nition: once the unbounded homotopy and derived categories are defined, so are the 
spaces of homomorphisms in them. For any (unbounded) complexes of left -R-modules 
L* and M*, the total complex of the cobar bicomplex 

Hom fc (L , ,M') ► Y[om k (R® k L* , M') ► Hom A .( J R<g> fcJ R<g> fe L', M') ► 

constructed by taking infinite direct products along the diagonals, represents the 
object Ext R (L',M') in D(jfe-vect). 

The unbounded derived functor Ext^ can be also computed by restricting the 
functor Hom R to appropriate subcategories in the Carthesian product of homotopy 
categories of -R-modules. Let us call a complex of left -R-modules L' projective if 
the complex Hom^L^M*) is acyclic for any acyclic complex of left -R-modules 
M*. Analogously, a complex of left -R-modules M* is called injective if the com- 
plex Hom^(L*, M*) is acyclic for any acyclic complex of left -R-modules L*. 

Any projective complex of -R-modules is flat. Any complex of projective -R-modules 
bounded from above is projective, and any complex of injective -R-modules bounded 
from below is injective. If the ring R has a finite left homological dimension, then 
any complex of projective left -R-modules is projective and any complex of injective 
left .R-modules is injective. 

A complex of -R-modules is projective if and only if it belongs to the minimal trian- 
gulated subcategory of the homotopy category of -R-modules containing the complex 
• >0— > R — > — > ■ • ■ and closed under infinite direct sums. Analogously, a 
complex of -R-modules is injective if and only if up to the homotopy equivalence 
it can be obtained from the complex • • ■ — ► — ► Hom k (R, k) — *■ — ► • • ■ using 
the operations of shift, cone, and infinite direct product. The homotopy category 
Hot pro j(i?-mod) of projective complexes of -R-modules and the homotopy category 
Hoti n j(-R-mod) of injective complexes of -R-modules are equivalent to the unbounded 
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derived category D(i?-mod). The results mentioned in this paragraph even hold for 
an arbitrary DG-ring [31j EE] . The functor Ext# can be obtained by restricting the 
functor HoniR to either of the full subcategories Hot pro j(-R-mod) op x Hot(i?-mod) or 
Hot( J R-mod)°P x Hot inj (.R-mod) of the category Hot( J R-mod) op x Hot(i?-mod). 

0.1.3. The definitions of unbounded Tor and Ext in terms of (co)bar constructions 
were known at least since the 1960's. The notions of flat, projective, and injec- 
tive (unbounded) complexes of i?-modules were introduced by N. Spaltenstein [Hj 
(who attributes the idea to J. Bernstein). Such complexes were called "i^-flat", 
"-fT-projective" , and "i^-injective" in [44J; they are often called "//-projective" or 
"homotopy projective" etc. nowadays. 

0.2. Coalgebras over fields; Cotor and Coext. The notion of a coalgebra over 
a field is obtained from that of an algebra by formal dualization. Since any coasso- 
ciative coalgebra is the union of its finite-dimensional subcoalgebras, the category of 
coalgebras is anti-equivalent to the category of profinite-dimensional algebras. There 
are two ways of dualizing the notion of a module over an algebra: one can con- 
sider comodules and contramodules over a coalgebra. Comodules can be thought of 
as discrete modules which are unions of their finite-dimensional submodules, while 
contramodules are modules where certain infinite summation operations are defined. 
Dualizing the constructions of the tensor product of modules and the space of ho- 
momorphisms between modules, one obtains the functors of cotensor product and 
cohomomorphisms. Their derived functors are called Cotor and Coext. 

0.2.1. A coassociative coalgebra with counit over a field k is a fc-vector space C en- 
dowed with a comultiplication map fiQ-. C — ► C £g>fc C and a counit map eq: C — ► k 
satisfying the equations dual to the associativity and unity equations on the multipli- 
cation and unit maps of an assotiative algebra with unit. More precisely, one should 
have (/ie <£> ide) o /i e = (idg <8>/ie) ° A*e an d (eg ® ide) ° fJ-e = ide = (ide ®eq) o // e . 

A left comodule M over a coalgebra C is a fc-vector space endowed with a left 
coaction map u M : M — > C®fcM satisfying the equations dual to the associativity and 
unity equations on the action map of a module over an associative algebra with unit. 
More precisely, one should have (/ie®id]v[) ozy M = (ide ®^]vc) ozy M an d (£e®id]vc) ozy 3vc = 
idjyc- A right comodule N over a coalgebra C is a k- vector space endowed with a right 
coaction map vy{ : N — > N<g>k C satisfying the coassociativity and counity equations 
(z/^®ide) oz/j^ = (idj^®/ie) oz/ w and (id^^ee) ^ = id^vr- For example, the coalgebra 
C has natural structures of a left and a right comodule over itself. 

The categories of left and right C-comodules are abelian. We will denote them by 
C-comod and comod-C, respectively. Both infinite direct sums and infinite products 
exist in the category of C-comodules, but only infinite direct sums are preserved 
by the forgetful functor C-comod — > /c-vect (while the infinite products are not 
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even exact in C-comod). A cofree C-comodule is a C-comodule of the form C ®k V, 
where V is a /c-vector space. The space of comodule homomorphisms into the cofree 
C-comodule is described by the formula Home(M, C ®k V) ~ Hom^M, V). The 
category of C-comodules has enough injectives; besides, a left C-comodule is injective 
if and only if it is a direct summand of a cofree C-comodule. 

The cotensor product N Dg M of a right C-comodule N and a left C-comodule M 
is defined as the kernel of the pair of maps 

(vx ® id M , id w <g>z/ M ) : 3ST <g> fc M =4 N ® fc C <g> fc M. 

This is the dual construction to the tensor product of a right module and a left 
module over an associative algebra. There are natural isomorphisms NdeC ~ 3\f and 
6DeM~M. The functor of cotensor product over C is left exact. 

0.2.2. The cotensor product N* De M* of a complex of right C-comodules N* and 
a complex of left C-comodules JVC* is defined as the total complex of the bicomplex 
3\P Dg M J , constructed by taking infinite direct sums along the diagonals. 

We would like to define the derived functor Cotor 6 of the functor of cotensor prod- 
uct in such a way that it could be obtained by restricting the functor D e to appropriate 
subcategories of the Carthesian product of homotopy categories Hot(comod-C) and 
Hot(C-comod). In addition, we would like the object Cotor e (N', M*) of D(/c-vect) to 
be represented by the total complex of the cobar bicomplex 

(i) N m ® fe M' — ► n* ® fe e ® fc m* — ► n* ® fc e ® fe e ® fe m* — »• 

constructed by taking infinite direct sums along the diagonals. It turns out that a 
functor Cotor e with these properties does exist, but it is not defined on the Carthesian 
product of conventional unbounded derived categories D(comod-C) and D(C-comod). 

For example, let C be the coalgebra dual to the algebra of dual numbers C* = 
k[e]/e 2 , so that C-comodules are just A;[e]/e 2 -modules. Let M* be the acyclic complex 
of cofree C-comodules whose every term is equal to C and every differential is the 
operator of multiplication with e, and let 3\f* be the complex of C-comodules whose 
only nonzero term is the C-comodule k. Then the cobar complex that we want to 
compute Cotor e (N*, M*) is quasi-isomorphic to the complex N* D e M' and has a 
one-dimensional cohomology space in every degree, even though M* represents a 
zero object in D(C-comod). Therefore, a more refined version of unbounded derived 
category of C-comodules has to be considered. 

A complex of left C-comodules is called coacyclic if it belongs to the minimal 
triangulated subcategory of the homotopy category Hot(C-comod) containing the 
total complexes of exact triples '%' — > %' — > "%* of complexes of left C-comodules 
and closed under infinite direct sums. (By the total complex of an exact triple of 
complexes we mean the total complex of the corresponding bicomplex with three 
rows.) Any coacyclic complex is acyclic; any acyclic complex bounded from below 
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is coacyclic. The complex M* from the above example is acyclic, but not coacyclic. 
(Indeed, the total complex of the cobar bicomplex (OQ) is acyclic whenever M* is 
coacyclic.) The coderived category of left C-comodules D co (C-comod) is defined as the 
quotient category of the homotopy category Hot(C-comod) by the thick subcategory 
of coacyclic complexes Acycl co (C-comod). 

In the same way one can define the coderived category of any abelian category 
with exact functors of infinite direct sum. Over a category of finite homological 
dimension, every acyclic complex belongs to the minimal triangulated subcategory of 
the homotopy category containing the total complexes of exact triples of complexes, 
even without the infinite direct sum closure. 

The cotensor product N" D e M' of a complex of right C-comodules M* and a com- 
plex of left C-comodules K* is acyclic whenever one of the complexes M* and N* is 
coacyclic and the other one is a complex of injective C-comodules. Besides, the code- 
rived category D co (C-comod) is equivalent to the homotopy category Hot(C-comodj n j) 
of injective C-comodules. Thus one can define the unbounded derived functor 

Cotor e : D co (comod-C) x D co (C-comod) ► D(A;-vect) 

by restricting the functor of cotensor product to either of the full subcategories 
Hot(comod-C) x Hot(C-comodi n j) or Hot(comodi n j-C) x Hot(C-comod) of the cate- 
gory Hot(comod-C) x Hot(C-comod). 

0.2.3. If one attempts to construct a derived functor of cotensor product on the 
Carthesian product of conventional unbounded derived categories of comodules in 
the way analogous to 10.1.14 the result may not look like what one expects. 

Consider the example of a finite-dimensional coalgebra C dual to a Frobenius alge- 
bra C* = F. Let us assume the convention that left C-comodules are left F-modules 
and right C-comodules are right F-modules. Then the functor Dg is left exact and 
the functor ®f is right exact, but the difference between them is still rather small: 
if either a left (co)module M, or a right (co)module N is projective-injective, then 
there is a natural isomorphism iV Dg M ~ (N Dg F) ®f M, and after one chooses an 
isomorphism between the left modules F and C, the right modules N and N Hq F 
will only differ by the Frobenius automorphism of the Frobenius algebra F. 

So if one defines "coflat" complexes of C-comodules as the complexes whose coten- 
sor product with acyclic complexes is acyclic, then the quotient category of the ho- 
motopy category of "coflat" complexes by the thick subcategory of acyclic "coflat" 
complexes will be indeed equivalent to the derived category of comodules, and one 
will be able to define a "derived functor of cotensor product over C" in this way, 
but the resulting derived functor will coincide, up to the Frobenius twist, with the 
functor Tor F . (Indeed, any flat complex of flat modules will be "coflat".) When the 
complexes this functor is applied to are concentrated in degree 0, this functor will 
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produce a complex situated in the negative cohomological degrees, as is characteristic 
of Tor F , and not in the positive ones, as one would expect of Cotor e . 

Likewise, if one attempts to construct a derived functor of tensor product on the 
Carthesian product of coderived categories of modules in the way analogous to 10.2.21 
one will find, in the Frobenius algebra case, that the tensor product of a complex 
of projective F-modules with a coacyclic complex is acyclic, the homotopy category 
of complexes of projective modules is indeed equivalent to the coderived category 
of F-modules, and one can define a "derived functor of tensor product over F" by 
restricting to this subcategory, but the resulting derived functor will coincide, up to 
the Frobenius twist, with the functor Cotor e . 

Nevertheless, it is well known how to define a derived functor of cotensor prod- 
uct on the conventional unbounded derived categories of comodules (see IU.2.101 cf. 
Remark [277]). 

0.2.4. The category /c-vect op opposite to the category of vector spaces has a natural 
structure of a module category over the tensor category /c-vect with the action func- 
tor A;-vect x fc-vect op — > k-vect op defined by the rule (V, W op ) i — > Eom k (V, W) op . 
More precisely, there are two module category structures associated with this func- 
tor: the left module category with the associativity constraint Hom^f/ ® k V, W) ~ 
Hom fc ([7, Hom fc (V, W)) and the right module category with the associativity con- 
straint Homfc(f/®fc V, W) ~ Homfc(V, Hornet/, W)). The category of left contramod- 
ules over a coalgebra C is the opposite category to the category of comodule objects 
in the right module category fc-vect op over the coring object C in the tensor category 
k-vect. Explicitly, a C-contramodule ^3 is a fc-vector space endowed with a con- 
traaction map 7r<p: Homfc(C, *J}) — > <J} satisfying the contraassociativity and counity 
equations 7r<p o Hom(ide, = n^o Hom(/ie, id<p) and n<p o Hom(ee, id<p) = idtp. 

For any right C-comodule N and any k- vector space V the space Honifc(3\f, V) has 
a natural structure of left C-contramodule. The category of left C-contramodules is 
abelian. We will denote it by C-contra. Both infinite direct sums and infinite products 
exist in the category of contramodules, but only the infinite products are preserved 
by the forgetful functor C-contra — > k-vect (while the infinite direct sums are not 
even exact in C-contra). The category of contramodules has enough projectives. 
Besides, a C-contramodule is projective if and only if it is a direct summand of a 
free C-contramodule of the form Homfc(C, V) for some vector space V. The space 
of contramodule homomorphisms from the free C-contramodule is described by the 
formula Hom e (Hom fe (C, V), «p) ~ Hom fc (V, *p). 
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Let M be a left C-comodule and *}3 be a left C-contramodule. The space of coho- 
momorphisms Cohome(M, ^J) is denned as the cokernel of the pair of maps 

(Hom(z/ M , idqj), Hom(id M , 7r«p)) : 

Hom fe (C k M, <P) = Hom fc (M, Hom fc (C, «p)) =4 Hom fe (M, <p). 

This is the dual construction to that of the space of homomorphisms between two 
modules over a ring. There are natural isomorphisms Cohonie(C,^3) ~ ^3 and 
Cohomg(M, Homfc(N, V)) ~ Hom^WDgM, V). The functor of cohomomorphisms 
over C is right exact. 

0.2.5. The complex of cohomomorphisms Cohome(M # , *}3 # ) from a complex of left 
C-comodules M* to a complex of left C-contramodules *}3 # is defined as the total 
complex of the bicomplex Cohom e (M\ constructed by taking infinite products 
along the diagonals. Let us define the derived functor Coexte of the functor of 
cohomomorphisms. 

A complex of C-contramodules is called contraacyclic if it belongs to the min- 
imal triangulated subcategory of the homotopy category Hot(C-contra) containing 
the total complexes of exact triples 'R° — > A' — > of complexes of C-contramod- 
ules and closed under infinite products. Any contraacyclic complex is acyclic; any 
acyclic complex bounded from above is contraacyclic. The contraderived category 
of C-contramodules D ctr (C-contra) is defined as the quotient category of the homo- 
topy category Hot(C-contra) by the thick subcategory of contraacyclic complexes 
Acycl ctr (C-contra). 

The complex of cohomomorphisms Cohome(M', ^3') is acyclic whenever either M 
is a complex of injective C-comodules and ^3 is contraacyclic, or M is coacyclic and 
*}3 is a complex of projective C-contramodules. Besides, the contraderived category 
D ctr (C-contra) is equivalent to the homotopy category of projective C-contramodules 
Hot(C-contra pro j). Thus one can define the derived functor 

Coext e : D co (C-comod) op x D ctr (C-contra) ► D(ife-vect) 

by restricting the functor Cohome to either of the subcategories Hot(C-comodj n j) op x 
Hot(C-contra) or Hot(C-comod) op x Hot(C-contra pro j) of the Carthesian product 
Hot(C-comod) op x Hot(C-contra). 

The contramodule version of bar construction provides a functorial complex com- 
puting Coexte- Namely, for any complex of left C-comodules M* and complex of left 
C-contramodules ^3* the total complex of the bicomplex 

••• ► Hom fc (e<g> fc e<g> fc M*, ► Hom fc (e<g> fc M*, <P") > Hom^M*^*), 

constructed by taking infinite products along the diagonals, represents the object 
Coexte(M*,<P*) in D(ifc-vect). 
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0.2.6. The categories of left C-comodules and left C-contramodules are isomorphic if 
the coalgebra 6 is finite-dimensional, but in general they are quite different. However, 
the coderived category of left C-comodules is naturally equivalent to the contraderived 
category of left C-contramodules, D co (C-comod) ~ D ctr (C-contra). 

Indeed, the coderived category D co (C-comod) is equivalent to the homotopy cat- 
egory Hot(C-comodj n j) and the contraderived category D ctr (C-contra) is equivalent 
to the homotopy category Hot(C-contra pro j). Furthermore, the additive category of 
injective C-comodules is the idempotent closure of the category of cofree C-comodules 
and the additive category of projective C-contramodules is the idempotent clo- 
sure of the category of free C-contramodules. One has Homg(C (£) k U, C <g> k V) — 
Hom k (e® k U, V) = Hom fe (C/, Hom fe (C,y)) = Hom e (Hom fc (C, U), Hom fc (C, V)), so 
the categories of cofree comodules and free contramodules are equivalent. 

To describe this equivalence of additive categories in a more invariant way, let us 
define the operation of contratensor product of a comodule and a contramodule. 

Let 3\f be a right C-comodule and be a left C-contramodule. The contratensor 
product N 0g ^3 is defined as the cokernel of the pair of maps 

((idjv®ev e ) o (y N <g> id Ho m fc (e,?p)), idjv °tt<p) : N ® k Hom fc (C, ty) =^:N"<g> fc <p, 

where evg denotes the evaluation map C ® k Hom^(C, ^J) — > ^J. The contratensor 
product functor is not a part of any tensor or module category structure; instead, it is 
dual to the functors Horn in the categories of C-comodules and C-contramodules. The 
functor of contratensor product over C is right exact. There are natural isomorphisms 
N O e Hom fc (C, V) ~ N ® k V and Hom fc (N © e % V) ~ Hom e (<p, Hom fc (N, V)). 

The desired equivalence between the additive categories of injective left C-comod- 
ules and projective left C-contramodules is provided by the pair of adjoint func- 
tors \&e(M) = Hom e (C, M) and <E> e 0P) = C O e between the categories of left 
C-comodules and left C-contramodules. Here the space Homg(C, M) is endowed 
with a C-contramodule structure as the kernel of a pair of contramodule morphisms 
Homfc(C,M) =4 Homfc(C, C®fcM) (where the contramodule structure on Homfc(C,M) 
and Hom fe (C, C ® k M) comes from the right C-comodule structure on C), while the 
space C Oe is endowed with a left C-comodule structure as the cokernel of a pair 
of comodule morphisms C ® k Hom fc (C, *p) =4 C ® k 

0.2.7. The following examples illustrate the necessity of considering the exotic de- 
rived categories in the above construction of the derived comodule-contramodule 
correspondence. Let W be a vector space and C be the symmetric coalgebra of W. 
One can construct C as the subcoalgebra of the tensor coalgebra 0^1 o W® n formed 
by the symmetric tensors. Consider the trivial left C-contramodule k; it has a left 
projective C-contramodule resolution of the form 

••• ► Hom fc (C, (Afc^T) ► Hom fc (C,H/*) > Rom k (e,k). 
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Applying the functor $e to the above complex of contramodules, one obtains the 
complex of injective left C-comodules 

(2) ••■ — >e® k (/\ 2 k wy — >e® k w* — > e. 

When W is finite-dimensional, the complex (j2J) has its only nonvanishing cohomol- 
ogy in the degree — dim W; this cohomology a trivial one-dimensional C-comodule 
naturally isomorphic to det(W)* = {/\^ raW W)* as a vector space. When W is 
infinite-dimensional, the complex (jSJ) is acyclic; one can think of it as an "injec- 
tive resolution of a one-dimensional C-comodule concentrated in the degree — oo". 
So when dimly = oo the equivalence of categories D co (C-comod) ~ D ctr (C-contra) 
transforms the acyclic complex of C-comodules (j2j) into the trivial C-contramodule k 
considered as a complex concentrated in degree 0, and back. 

Analogously, consider the trivial left C-comodule k; it has a right injective 
C-comodule resolution of the form 

e — ► e ® k w — ► e ® k /\ 2 k w — > ■ ■ ■ 

Applying the functor to this complex of comodules, one obtains the complex of 
projective left C-contramodules 

Hom fc (C,A;) ► Hom fc (C,^) > Rom k (G, /\ 2 k W) > ■•• 

When W is finite-dimensional, the latter complex has its only nonvanishing coho- 
mology in the degree dimp^; the cohomology a trivial one-dimensional C-contra- 
module naturally isomorphic to det(W) as a vector space. When W is infinite- 
dimensional, this complex is acyclic; one can think of it as a "projective resolution 
of a one-dimensional C-contramodule concentrated in the degree +00" . In this case, 
the equivalence of categories D co (C-comod) ~ D ctr (C-contra) transforms the trivial 
C-comodule k considered as a complex concentrated in degree into this acyclic 
complex of C-contramodules, and back. 

The cohomology computations above are very similar to computing Extn(k, R) for 
the algebra R of polynomials in a finite or infinite number of variables over a field k. 

0.2.8. The functor Ext e : D co (C-comod) op x D co (C-comod) — ► D(fc-vect) of ho- 
momorphisms in the coderived category D co (C-comod) can be computed by re- 
stricting the functor Hom e : Hot(C-comod) op x Hot(C-comod) — > Hot(fc-vect) of 
homomorphisms in the homotopy category Hot(C-comod) to the full subcategory 
Hot(C-comod) op x Hot(C-comod in j) of the category Hot(C-comod) op x Hot(C-comod). 
The complex Homg(£*, M*) is acyclic whenever £j* is a coacyclic complex of left 
C-comodules and M* is a complex of injective left C-comodules. 

Analogously, the functor Ext e : D ctr (C-contra) op x D ctr (C-contra) — > D(k-vect) of 
homomorphisms in the contraderived category D ctr (C-contra) can be computed by re- 
stricting the functor Hom e : Hot(C-contra) op x Hot(C-contra) — ► Hot(fc-vect) to the 
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full subcategory Hot(e-contra pro j) op x Hot(e-contra) of the category Hot(e-contra) op x 
Hot(C-contra). The complex Hom e (*}3*, £}') is acyclic whenever *}3* is a complex of 
projective C-contramodules and H* is a contraacyclic complex of C-contramodules. 

The contratensor product N* 0g ^3* of a complex of right C-comodules N* and a 
complex of left C-contramodules ^3* is defined as the total complex of the bicomplex 
N^Og^J 3 , constructed by taking infinite direct sums along the diagonals. The complex 
3Sf* ©e^P* is acyclic whenever N* is a coacyclic complex of right C-comodules and ^3* 
is a complex of projective left C-contramodules. The left derived functor Ctrtor e of 
the functor of contratensor product, 

Ctrtor e : D co (comod-C) x D ctr (C-contra) ► D(Jfe-vect), 

is defined by restricting the functor of contratensor product to the full subcategory 
Hot(comod-C) x Hot(C-contra pro j) of the category Hot(comod-C) x Hot(C-contra). 
Notice that the (abelian or homotopy) category of right C-comodules does not contain 
enough objects adjusted to contratensor product. 

The equivalence of triangulated categories D co (C-comod) ~ D ctr (C-contra) trans- 
forms the functor Coexte into either of the functors Exte or Ext e and the functor 
Cotor 6 into the functor Ctrtor e . 

0.2.9. A left C-comodule 3YC is called coflat if the functor N i — > HDeM is exact on 
the category of right C-comodules. A left C-comodule M is called coprojective if the 
functor *}3 i — > Cohome(M, ^3) is exact on the category of left C-contramodules. It is 
easy to see that an injective comodule is coprojective and a coprojective comodule 
is coflat. Using the fact that any comodule is a union of its finite-dimensional sub- 
comodules, one can show that any coflat comodule is injective. Thus all the three 
conditions are equivalent. 

A left C-contramodule ^3 is called contraflat if the functor N i — > N©e^3 is exact on 
the category of right C-comodules. A left C-contramodule ^3 is called coinjective if the 
functor M i — > Co home (M, ^3) is exact on the category of left C-comodules. It is easy 
to see that a projective contramodule is coinjective and a coinjective contramodule 
is contraflat. We will show in !5.2l that any coinjective contramodule is projective and 
in IA. 31 that any contraflat contramodule is projective. Thus all the three conditions 
are equivalent. 

0.2.10. Our definition of the derived functor of cotensor product for unbounded 
complexes differs from the most traditional one, which was introduced (in the 
greater generality of DG-coalgebras and DG-comodules) by Eilenberg and Moore [21] . 
Husemoller, Moore, and Stasheff [27] call the functor defined by Eilenberg-Moore the 
differential derived functor of cotensor product of the first kind and denote it by 
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Cotor 6 ' 7 or simply Cotor 6 , while the functor Cotor e defined in 10.2.21 is (the nondif- 
ferential particular case of) what they call the differential derived functor of cotensor 
product of the second kind and denote by Cotor e,7/ . 

The functor Cotor 6 ' 7 is computed by the total complex of the cobar bicomplex (pQ), 
constructed by taking infinite products along the diagonals (while the tensor product 
complexes N* <g> C <g> ■ ■ ■ <g> C ® M" constituting the cobar bicomplex are still defined as 
infinite direct sums) . It is indeed a functor on the Carthesian product of conventional 
unbounded derived categories D(comod-C) and D(C-comod). 

The unbounded derived functor Tor^ defined in IU.1.11 is a derived functor of the 
first kind in this terminology. Roughly, derived functors of the first kind correspond 
to the conventional derived categories D (which can be therefore called derived cat- 
egories of the first kind), while derived functors of the second kind correspond to 
the coderived and contraderived categories D co and D ctr (which can be called derived 
categories of the second kind). The distinction, which is only relevant for unbounded 
complexes of modules (comodules, or contramodules), manifests itself also for quite 
finite-dimensional DG-modules (DG-comodules, or DG-contramodules). 

The coderived categories of comodules were introduced by K. Lefevre-Hasegawa 
[35] [32] in the context of Koszul duality; our definition is equivalent to (the nondif- 
ferential case of) his one. They first appeared in the author's own research in the 
very same context. An elaborate discussion of the two kinds of derived categories 
and their roles in Koszul duality can be found in [H]; a proof of the equivalence of 
the two definitions is also given there. Contramodules were defined by Eilenberg and 
Moore in [20] and studied by Barr in [I]. 

All the most important results of this subsection can be extended straightforwardly 
to DG-coalgebras and even CDG-coalgebras (see 10.4.31 and [TT.2.21 for the definition). 
Generally, the constructions of derived categories and functors of the first kind can be 
generalized to Aoo-algebras, while the constructions of derived categories and functors 
of the second kind can be naturally extended to CDG-coalgebras. 

0.3. Semialgebras over coalgebras over fields. The notion of a semialgebra over 
a coalgebra is dual to that of a coring over a noncommutative ring. The similarity 
between the two theories only goes so far, however. 

0.3.1. Let C and D be two coalgebras over a field k. A C-D -bicomodule X is /c-vector 
space endowed with a left C-comodule and a right 2)-comodule structures such that 
the left C-coaction map u' x : % — > C ®fc % is a morphism of right 'D-comodules, 
or, equivalently, the right D-coaction map u'^- : % — > % ®fc D is a morphism of left 
C-comodules. A bicomodule can be also defined as a vector space endowed with a bi- 
coaction map % — > C<8>fc3C<S>fcI ) satisfying the coassociativity and counity equations. 
The category of C-D-bico modules is abelian. We will denote it by C-comod-CD. 
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Let C, 2), and £ be three coalgebras, N be a C-2)-bicomodule, and M be a D-£-bi- 
comodule. Then the cotensor product N Hd M is endowed with a C-£-bicomodule 
structure as the kernel of a pair of bicomodule morphisms N 0^ M =4 N ®fe D ®fc M. 
The cotensor product of bicomodules is associative: for any coalgebras C and D, any 
right C-comodule 3Sf, left 2)-comodule M, and C-D-bicomodule X there is a natural 
isomorphism X D e (DC Dj, M) ~ (N D e X) M. 

0.3.2. In particular, the category of C-C-bicomodules is an associative tensor cate- 
gory with the unit object C. A semialgebra S over C is an associative ring object with 
unit in this tensor category; in other words, it is a C-C-bicomodule endowed with a 
semi-multiplication map m§ : S D e S — ► S and a semiunit map e§ : C — > S which 
have to be C-C-bicomodule morphisms satisfying the associativity and unity equations 
m s o (m s □ id§) = m s ° (ids C m s) and m s ° ( e s □ ids) = ids = m s o (id§ □ e§) . 

The category of left C-comodules is a left module category over the tensor cat- 
egory C-comod-C, and the category of right C-comodules is a right module cate- 
gory over it. A left semimodule M over S is a module object in this left mod- 
ule category over the ring object S in this tensor category; in other words, it 
is a left C-comodule endowed with a left semiaction map n^: S De 3VC — > 3VC, 
which has to be a morphism of left C-comodules satisfying the associativity and 
unity equations n M o(m s □ id M ) = n M o(id s □ n M ) and n M o(e s □ id M ) = id M . A 
right semimodule N over S is a right C-comodule endowed with a right semiac- 
tion morphism of right C-comodules n^: 3V Dg S — ► N satisfying the equations 
nT Sr o(n^nids) = n^c^id^D m s ) and n^c^id^D e s ) = id K - 

For any left C-comodule £, the cotensor product Sde£< has a natural left semimod- 
ule structure. It is called the left S-semimodule induced from a left C-comodule £. 
The space of semimodule homomorphisms from the induced semimodule is described 
by the formula Homs(S OqL, 3VC) — Home(£,M). We will denote the category of 
left S-semimodules by S-simod and the category of right S-semimodules by simod-S. 
The category of left S-semimodules is abelian provided that S is an injective right 
C-comodule. Moreover, S is an injective right C-comodule if and only if the category 
S-simod is abelian and the forgetful functor S-simod — > C-comod is exact. 

The operation of cotensor product over C provides a pairing functor comod-C x 
C-comod — > k-vect compatible with the right module category structure on 
comod-C and the left module category structure on C-comod over the tensor cat- 
egory C-comod-C. The semitensor product "N 0s 3Vt of a right S-semimodule 3V and 
a left S-semimodule M is defined as the cokernel of the pair of maps 

(n^Didovt, id^On^): Js{ Q e § Q e M =4 N D e M. 

There are natural isomorphisms NOs(SDe^) — NDe^ and (ftD e S)0s3Vt ~ &D e M. 
The functor of semitensor product is neither left, nor right exact. 
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0.3.3. The semitensor product 3ST (}§ 3Vt* of a complex of right S-semimodules ]NT 
and a complex of left S-semimodules is defined as the total complex of the 
bicomplex J\P OgM- 7 , constructed by taking infinite direct sums along the diagonals. 
Assume that S is an injective left and right C-comodule. We would like to define the 
double-sided derived functor SemiTor 8 of the functor of semitensor product. 

The semiderived category of left S-semimodules D sl (S-simod) is defined as the 
quotient category of the homotopy category Hot(S-simod) by the thick subcategory 
Acyd co ~ e (S-simod) of complexes of S-semimodules that are coacyclic as complexes 
of Q-comodules. For example, if the coalgebra C coincides with the ground field k, 
and S = R is just a A;-algebra, then the semiderived category D sl (S-simod) coincides 
with the derived category D(i?-mod), while if the semialgebra S coincides with the 
coalgebra C, then the semiderived category D sl (S-simod) coincides with the coderived 
category D co (C-comod). 

A complex of left C-comodules M* is called semiflat if the semitensor product 
]\f* Os 3Vt* is acyclic for any C-coacyclic complex of right S-semimodules ]\T. For 
example, the complex of S-semimodules SDe^* induced from a complex of injective 
C-comodules £' is semiflat. 

The quotient category of the homotopy category Hot sif |(S-simod) of semiflat com- 
plexes of S-semimodules by the thick subcategory of C-coacyclic semiflat complexes 
Acycl co " e (S-simod) D Hot sif |(S-simod) is equivalent to the semiderived category of 
S-semimodules. The derived functor 

SemiTor 8 : D si (simod-S) x D si (S-simod) ► D(ife-vect) 

is defined by restricting the functor of semitensor product over S to either of the full 
subcategories Hot(simod-S) x Hot sif |(S-simod) or Hot sif |(simod-S) x Hot(S-simod) of 
the category Hot(simod-S) x Hot(S-simod). 

0.3.4. Let C and D be two coalgebras, X be a C-2)-bicomodule, and ^ be a left 
C-contramodule. Then the space of cohomomorphisms Cohom e (DC, *P) is endowed 
with a left D-contramodule structure as the cokernel of a pair of 2)-contramodule 
morphisms Hom fc (C ® fc X, <p) = Hom fc (X, Hom fc (C, <p)) =4 Rom k (X, <p). For any left 
2)-comodule M, left C-contramodule ^3, and C-D-bicomodule X there is a natural 
isomorphism Cohom e (DC Dd M, ^3) ~ CohomD(M, Cohom e (D<:, *P)). 

0.3.5. Therefore, the category opposite to the category of left C-contramodules 
is a right module category over the tensor category of C-C-bicomodules with re- 
spect to the action functor Cohome- The category of left S-semicontramodules is 
the opposite category to the category of module objects in the right module cat- 
egory C-contra op over the ring object S in the tensor category C-comod-C. In 
other words, a left semicontramodule ^3 over S is a left C-contramodule endowed 
with a left semicontraaction map p$p: ^3 — > Cohome(S, $P), which has to be a 
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morphism of left C-contramodules satisfying the associativity and unity equations 
Cohom(id§, p«j) o p«p = Cohom(ms, id«p) o p«p and Cohom(es, id«p) o p$p = id«p. 

For example, if the coalgebra C coincides with the ground field k, and S = R is 
just a A;-algebra, then left S-semicontramodules are simply left i?-modules. 

For any right S-semimodule N and any k- vector space V the space Hom fc (N, V) 
has a natural structure of left S-semicontramodule. For any left C-contramodule 0, 
the space of cohomomorphisms Cohome(S, 0) has a natural structure of left semicon- 
tramodule. It is called the left S-semicontramodule coinduced from a left C-contra- 
module 0. The space of semicontramodule homomorphisms into the coinduced semi- 
contramodule is described by the formula Hom s (^3, Cohomg(S, 0)) ~ Hom e (^3,0). 
We will denote the category of left S-semicontramodules by S-sicntr. The category of 
left S-semicontramodules is abelian provided that S is an injective left C-comodule. 
Moreover, S is an injective left C-comodule if and only if the category S-sicntr is 
abelian and the forgetful functor S-sicntr — > C-contra is exact. 

The functor Cohonig P : C-comod x C-contra op — > A;-vect op is a pairing compatible 
with the left module category structure on C-comod and the right module category 
structure on C-contra op over the tensor category C-comod-C. Thus one can define 
the space of semihomomorphisms SemiHom§(M, ^3) from a left S-semimodule M to 
a left S-semicontramodule ^3 as the kernel of the pair of maps 

(Cohom(n 3vt , id*p), Cohom(id 3vt , p«p)) : 

Cohom e (M,^p) =4 Cohom e (S D e M, «p) = Cohom e (M, Cohom e (S, «£)). 

There are natural isomorphisms SemiHom§(S Dq £, ^J) ~ Cohom e (X,*p) and 
SemiHom s (M, Cohom e (S, Q)) ~ Cohom e (M, 0). The functor of semihomomor- 
phisms is neither left, nor right exact. 

0.3.6. The complex of semihomomorphisms SemiHom§([M", ^3") from a complex 
of left S-semimodules HVC* to a complex of left S-semicontramodules ^3* is defined 
as the total complex of the bicomplex SemiHonis(M\ constructed by taking 
infinite products along the diagonals. Assume that S is an injective left and right 
C-comodule. Let us define the double-sided derived functor SemiExtg of the functor 
of semihomomorphisms. 

The semiderived category D SI (S-sicntr) of left S-semicontramodules is defined as the 
quotient category of the homotopy category Hot(S-sicntr) by the thick subcategory 
Acycl ctr " e (S-sicntr) of complexes of S-semicontramodules that are contraacyclic as 
complexes of C-contramodules. 

A complex of left S-semimodules is called semiprojective if the complex 
SemiHoms(M", ^3*) is acyclic for any C-contraacyclic complex of left S-semicontra- 
modules ^3*. A complex of left S-semicontramodules ^3* is called semiinjective if the 
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complex SemiHoms(3VC*, ^3") is acyclic for any C-coacyclic complex of left S-semi- 
modules 3Vt*. For example, the complex of S-semimodules S Dq L° induced from a 
complex of injective C-comodules L' is semiprojective. Any semiprojective complex 
of semimodules is semiflat. The complex of S-semicontramodules Cohom e (S, 0*) 
coinduced from a complex of projective C-contramodules H* is semiinjective. 

The quotient category of the homotopy category Hot s j pr (S-simod) of semiprojec- 
tive complexes of S-semimodules by the thick subcategory of C-coacyclic semiprojec- 
tive complexes Acycl co_e (S-simod) fl Hot s [ pr (S-simod) is equivalent to the semiderived 
category of S-semimodules. Analogously, the quotient category of the homotopy 
category Hot s ij n (S-sicntr) of semiinjective complexes of S-semicontramodules by the 
thick subcategory of C-contraacyclic semiinjective complexes Acycl ctr_e (S-sicntr) n 
Hot si j n (S-sicntr) is equivalent to the semiderived category of S-semicontramodules. 
The derived functor 

SemiExt§: D si (S-simod) op x D si (S-sicntr) ► D(ife-vect) 

is defined by restricting the functor of semihomomorphisms to either of the full sub- 
categories Hot sipr (S-simod) op x Hot(S-sicntr) or Hot(S-simod) op x Hot siin (S-sicntr) of 
the category Hot(S-simod) op x Hot(S-sicntr). 

0.3.7. Assume that S is an injective left and right C-comodule. One can check that 
the adjoint functors ^q: C-comod — ► C-contra and $e: C-contra — > C-comod 
transform left C-comodules with an S-semimodule structure into left C-contramod- 
ules with an S-semicontramodule structure and vice versa. Therefore, there is a 
pair of adjoint functors S-simod — > S-sicntr and S-sicntr — > S-simod 
agreeing with the functors an d $e an d providing an equivalence between the 
exact categories of C-injective left S-semimodules and C-projective left S-semicontra- 
modules. 

To construct this pair of adjoint functors in a natural way, let us define the oper- 
ation of contratensor product of a semimodule and a semicontramodule. 

Let ]\T be a right S-semimodule and be a left S-semicontramodule. The contra- 
tensor product N ©s is defined as the cokernel of the pair of maps 

(n N id*p, v§ o (id^n e s © P*p)) : (N de §) ©e V =4 N ©e V 

where the natural "evaluation" map rjx'- (N 3C) Qt> Cohonie(3C, ^3) — > N ©e ^3 
exists for any right C-comodule N, left C-contramodule *}3, and C-2)-bicomodule % 
and is dual to the map 

Rom k (r) X , V) = Cohom e (3C, -) : 

Hom e (^,Hom fe (K,\/)) ► Hom^Cohom^OC, Cohom e (9C, Hom fc (X, V))) 
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for any A;- vector space V. There are natural isomorphisms (^□eS)@s^P — ftOe^P and 
Hom fc (]\T ©s ^J, V) ~ Hom s (*P, Hom fc (N, V)). The functor of contratensor product 
over S is right exact whenever S is an injective left C-comodule. 

The adjoint functors and $s can be defined by the formulas ^§(M) = 
Hom s (S, M) and $s(^P) = S ©s ^P- Here the space Hom§(S, M) is endowed with 
a left S-semicontramodule structure as a subsemicontramodule of the semicontra- 
module Honn^S, 3Vt), while the space S ©§ ^P is endowed with a left S-semimodule 
structure as a quotient semimodule of the semimodule S ®k ^P- 

The quotient category of the homotopy category of C-injective S-semimodules 
Hot(S-simodj n j_e) by the thick subcategory of C-contractible complexes of C-injec- 
tive S-semimodules is equvalent to the semiderived category of S-semimodules. 
Analogously, the quotient category of the homotopy category Hot(S-sicntr pro j_ e ) of 
C-projective S-semicontramodules by the thick subcategory of C-contractible com- 
plexes of C-projective S-semicontramodules is equivalent to the semiderived category 
of S-semicontramodules. Thus the semiderived categories of left S-semimodules and 
left S-semicontramodules are equivalent, D sl (S-simod) ~ D sl (S-sicntr). 

When S is not an injective left or right C-comodule, the exact categories of 
C-injective S-semimodules and C-projective S-semicontramodules are still equivalent, 
even though the functors and <£>§ are not defined on the whole categories of all 
comodules and contramodules. 

0.3.8. The functor Ext§ : D si (S-simod) op x D si (S-simod) — ► D(Jfe-vect) of homo- 
morphisms in the semiderived category D sl (S-simod) can be computed by restrict- 
ing the functor Hom s : Hot(S-simod) op x Hot(S-simod) — > Hot(/c-vect) of homo- 
morphisms in the homotopy category Hot(S-simod) to an appropriate subcategory 
of the Carthesian product Hot(S-simod) op x Hot(S-simod). Namely, a complex 
of left S-semimodules £* is called projective relative to C (S/ C-projective) if the 
complex Homs(X*,M') is acyclic for any C-contractible complex of C-injective left 
S-semimodules M*. For example, the complex of S-semimodules S Uq £* induced 
from a complex of C-comodules L' is projective relative to C. The quotient cate- 
gory of the homotopy category Hot pro j_s/e(S-simod) of S/C-projective complexes of 
S-semimodules by the thick subcategory Acycl co_e (S-simod) n Hot pro j_s/e(S-simod) 
of C-coacyclic S/C-projective complexes is equivalent to the semiderived category 
of S-semimodules. The functor Ext§ can be obtained by restricting the functor 
Hom§ to the full subcategory Hot pro j_s/ e (S-simod) op x Hot(S-simod in j_ e ) of the cate- 
gory Hot(S-simod) op x Hot(S-simod). 

Analogously, the functor Ext s : D si (S-sicntr) op x D si (S-sicntr) — > D(fc-vect) of 
homomorphisms in the semiderived category D sl (S-sicntr) can be computed by re- 
stricting the functor Horn 8 : Hot(S-sicntr) op x Hot(S-sicntr) — > Hot(/c-vect) to an 
appropriate subcategory of the Carthesian product Hot(S-sicntr) op x Hot(S-sicntr). 
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A complex of S-semicontramodules £J* is called injective relative to C (S/C-injective) 
if the complex Hom 8 (^3", £2*) is acyclic for any C-contractible complex of C-projec- 
tive S-semicontramodules ^3*. For example, the complex of S-semicontramodules 
Cohom e (S, £}*) coinduced from a complex of C-contramodules 0* is S/C-injective. 
The quotient category of the homotopy category Hot in j_§/ e (S-sicntr) of S/C-injective 
complexes of S-semicontramodules by the thick subcategory Acycl ctr_e (S-sicntr) n 
Hotj n j_g/e(S-sicntr) of C-contraacyclic S/C-injective complexes is equivalent to the 
semiderived category of S-semicontramodules. The functor Ext 8 can be obtained 
by restricting the functor Horn 8 to the full subcategory Hot(S-sicntr pro j_ e ) op x 
Hot in j_s/ e (S-sicntr) of the category Hot(S-sicntr) op x Hot(S-sicntr). 

The contratensor product N* ©§ ^3* of a complex of right S-semimodules ]\T and a 
complex of left S-semicontramodules ^3* is defined as the total complex of the bicom- 
plex ]\P ©s^P J , constructed by taking infinite direct sums along the diagonals. Let us 
define the left derived functor CtrTor 8 of the functor of contratensor product over S. 
A complex of right S-semimodules N* is called contraflat relative to C (S/C-contraflat) 
if the complex N* @§ ^3* is acyclic for any C-contractible complex of C-projective 
S-semicontramodules ^3*. For example, the complex of S-semimodules 31* Dq§ in- 
duced from a complex of right C-comodules ft* is contraflat relative to C. A complex 
of right S-semimodules Tsf* is contraflat relative to C if and only if the complex of 
left S-semimodules Honifc(N*, k) is injective relative to C. The quotient category 
of the homotopy category Hot ctr fi_s/e(simod-C) of S/C-contraflat complexes of right 
S-semimodules by the thick subcategory Acycl co " e (simod-S) fl Hot ctrf |_s/e(simod-C) of 
C-coacyclic S/C-contraflat complexes is equivalent to the semiderived category of 
right S-semimodules. The left derived functor 

CtrTor 8 : D si (simod-S) x D si (S-sicntr) ► D(Jfe-vect) 

is defined by restricting the functor of contratensor product to the full subcategory 
Hot ctr fi_s/e(simod-S) x Hot(S-sicntr pro j_e) of the category Hot(simod-S) x Hot(S-sicntr). 

The equivalence of triangulated categories D sl (S-simod) ~ D sl (S-sicntr) transforms 
the double-sided derived functor SemiExtg into the functor Ext in either of the semi- 
derived categories and the double-sided derived functor SemiTor 8 into the left derived 
functor CtrTor 8 . 

0.3.9. Any semiprojective complex of S-semimodules is S/C-projective. An S/C-pro- 
jective complex of C-injective S-semimodules is semiprojective. The homotopy cat- 
egory of semiprojective complexes of C-injective S-semimodules is equivalent to the 
semiderived category of S-semimodules. 

Analogously, any semiinjective complex of S-semicontramodules is S/C-injective. 
An S/C-injective complex of C-projective S-semicontramodules is semiinjective. The 
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homotopy category of semiinjective complexes of C-injective S-semicontramodules is 
equivalent to the semiderived category of S-semicontramodules. 

Our definitions of S/C-projective and S/C-injective complexes differ from the tra- 
ditional ones; cf. IB. 31 and Remark 19.21 1. 

0.4. Nonhomogeneous Koszul duality over a base ring. This subsection is 
intended to supply preliminary material for Section [11] and Appendix [Dl 

0.4.1. A graded ring S = So © Si © S 2 © • • • is called quadratic if it is generated 
by Si over So with relations of degree 2 only. In other words, this means that if 
one considers the graded ring freely generated by the So-So-bimodule Si (the "tensor 
ring" of the So-So-bimodule ^i), i- e -' the graded ring with components sf s ° n = 

Si ®5 5*1 (g>s • ■ • (g>s Si, then the ring S should be isomorphic to the quotient ring 
of T5 0i 5 1 by the ideal generated by a certain subbimodule Is in Si <S>s Si. 

A quadratic ring S is called 2-left finitely projective if both left S -modules Si 
and 52 are projective and finitely generated. A quadratic ring is called 3-left finitely 
projective if the same applies to Si, S2, and S3. Further conditions of this kind are 
not very sensible to consider for general quadratic rings. Analogously one defines 
2-right finitely projective and 3-right finitely projective quadratic rings. 

There is an anti-equivalence between the category of 2-left finitely projective qua- 
dratic rings and the category of 2-right finitely projective quadratic rings, called 
the quadratic duality. The duality functors are defined by the formulas R = S , 
Ri = Hom 5o (Si,S ), R 2 = Hom 5o (/ 5 ,S ), I R ~ Hom 5o (S 2 , S ), and conversely, 
Si = Hom il op( J R 1 , J R ), S 2 = YLom R op(I R ,R ), I s ~ Rom R o P (R 2 , R ). Here we use 
the natural isomorphism 

Rom So (N, S ) ® 5o Hom 5o (M, S ) ~ Hom 5o (M ® So N, S ) 

for S -S -bimodules M and that are projective and finitely generated left 
So-modules, and the analogous isomorphism 

Rom R ° P {N, Rq) ® % Rom R o P (M, R ) ~ Rom R o P {M ® Ro N, Rq) 

for i? --Ro-bimodules M and that are projective and finitely generated right 
i?o-modules. 

The duality functor sends 3-left finitely projective quadratic rings to 3-right finitely 
projective quadratic rings and vice versa. Indeed, set J5 = Is ®s Si PI Si ®5 Is C 

Si ® 5o Si <g>s Si; then 

► I s > I a ®s Si © Si ® So I a ► Si ® 5o Si ®s Si ► S 3 ► 

is an exact sequence of finitely generated projective left So-modules, and R3 ~ 
Hom5 (J5, So), since the sequence remains exact after applying Honi5 (- , So). 
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0.4.2. A graded ring S — S © Si © S 2 © • • • is called left flat Koszul if it is flat 
as a left So-module and one has Tor^So, Sq) = for i ^ j. Here Sq is endowed 
with the right and left S-module structures via the augmentation map S — ► So and 
the second grading j on the Tor is induced by the grading of S. Right flat Koszul 
graded rings are defined in the analogous way. A left /right flat Koszul ring is called 
left /right (finitely) projective Koszul, if it is a projective (with finitely generated 
grading components) left/right So-module. 

Notice that when S is a flat left So-module, the reduced relative bar construction 

• • • ► S ®5 S/S ® S/So ► S ® S/S > S 

is a flat resolution of the left S-module So, so one can use it to compute Tor 5 (S'o, So). 
When S is a projective left S-module, the same resolution can be used to compute 
Exts(S , S ). Assume that the grading components of S are finitely generated pro- 
jective left So-modules; then it follows that S is left finitely projective Koszul if and 
only if Extg^jSo, Sq) = for i ^ j and Extg l (£b, So) are projective right So-modules. 

Assume that a graded ring S is a flat left So-module. Then S is left flat Koszul if 
and only if it is quadratic and for each degree n the lattice of subbimodules in sf s ° n 
generated by the n — 1 subbimodules 5 , ® s °* ® So J 5 ® Sq g® s o n 1 j s distributive. 
This means that for any three subbimodules X, Y , Z that can be obtained from 
the generating subbimodules by applying the operations of sum and intersection one 
should have (X + Y)nZ = XnZ + YnZ. Furthermore, if S is a left finitely projective 
Koszul ring, then the ring R quadratic dual to S is right finitely projective Koszul, 
and vise versa; besides, in this case the graded ring Ext 5 (So, So) is isomorphic to R op 
and the graded ring Ext^o P (i? , Rq) is isomorphic to S. 

0.4.3. Let S be a 3-left finitely projective quadratic ring. Suppose that we are given 
a ring S~ endowed with an increasing filtration F S~ C FiS~ C F 2 S~ C • • • such 
that S = |J n F n S~ and the associated graded ring gr F S~ is identified with S. Such 
a ring S~ will be called a 3-left finitely projective nonhomogeneous quadratic ring. If 
the graded ring S is left finitely projective Koszul, the filtered ring S~ is called a left 
finitely projective nonhomogeneous Koszul ring. 

Let R be the 3-right finitely projective quadratic ring dual to S. We would like to 
describe the additional structure on the ring R corresponding to the data of a filtered 
ring S~ endowed with an isomorphism gr F S~ ~ S. 

A CDG-ring (curved differential graded ring) is a graded ring R = @ n R n endowed 
with an odd derivation d of degree 1 and a "curvature element" h G R 2 such that 
d 2 (x) = [h,x] for all x e R and d(h) = 0. A morphism of CDG-rings 'R — > "R is 
a pair (/, a), where /: 'R — ► "R is a morphism of graded rings and a is an element 
in "R 1 such that f(d'(x)) = d"(f(x)) + [a, f(x)] (the supercommutator) for all x E 'R 
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and f(h') = h" + d"(a) + a 2 . Composition of morphisms is defined by the rule 
(g,b)(f,a) = (gf, b + g(a)). Identity morphisms are the morphisms (id, 0). 

So the category of CDG-rings is defined. Notice that the natural functor from the 
category of DG-rings to the category of CDG-rings is faithful, but not fully faithful. In 
other words, two DG-rings may be isomorphic in the category of CDG-rings without 
being isomorphic as DG-rings. Furthermore, two CDG-rings of the form (R, d + 
[a, •], h + d(a) + a 2 ) and (R, d, h) are always naturally isomorphic, the isomorphism 
being given by the pair (id, a). 

There is a fully faithful contravariant functor from the category of 3-left finitely 
projective nonhomogeneous quadratic rings S~ with a fixed ring -F S~ to the category 
of CDG-rings (R, d, h) with the same component R° = Fq>S~ such that the underlying 
graded ring R of the CDG-ring (R, d, h) corresponding to S~ is the 3-right finitely 
projective quadratic ring dual to the ring S = gr F S~ (in the grading Ri = R l ). 

This functor is constructed as follows. For each 3-left finitely projective nonho- 
mogeneous quadratic ring S~ choose a complementary left So = -FiS~-sub module 
V to the submodule FqS~ in the left So-module F\S~ . This can be done, because 
the quotient module Si = FiS~ / F S~ is projective. Since V maps isomorphically to 
Si = F S~/FiS~, it is endowed with a structure of an S -S -bimodule. The embed- 
ding V — > FqS~ is only a morphism of left So-modules, however; the right actions 
of So in V and FiS~ are compatible modulo -FoS~. Put q(v, s) = m(v,s) — vs for 
v G V, s G S , where m(v, s) is the product in S~ and vs denotes the right action of 
S in V. This defines a map q: V ®i S — > S . 

Let 7~ be the full preimage of the subbimodule Is C Si ®s Si under the surjective 
map Si ®i Si — >■ Si ®5 S\. Using the identification of V with Si, we will consider 
7~ as the full preimage of FiS~ under the multiplication map m: V ®% V — > S~. 
Let us split the map m: I~ — > FiS~ into two components (g, —h) according to the 
direct sum decomposition FiS~ ~ V © S , so that g: I" — >■ V and h: I" — > S . 

The differentials d : R° — ► R 1 and di : R 1 — > R 2 are defined in terms of the 
maps q and g by the formulas 

(v, d (s)) = q(y, s), (i, di(r)) = (g(t),r) - q(h, (h, r)), 

where ( , ) denotes the pairing of V with R 1 and of Is with R 2 , and % is any preimage 
of i in J~, written also as i = %i ®? 2 . The map h factorizes through I s , providing the 
curvature element in R 2 = Hom So (/ s , S ). 

Finally, to a morphism of nonhomogeneous quadratic rings / : S"~ — ► S'~ with 
chosen complementary submodules V" C F"S"~ and V C F{S'~ one assigns a 
morphism of dual CDG-rings (g, a) : ('it!, d', h') — >■ ("R, d", h") defined as follows. The 
morphism of quadratic rings g : 'R — >■ "R is the quadratic dual map to the associated 
graded morphism gr/: S" — >■ S', while the element a G "R 1 = Hom^^Sf , S ) is 
equal to minus the composition V" — >■ F{'S"~ — > F{S'~ — >■ S of the embedding 
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V" — > F{'S"~, the map /, and the projection F{S'~ — > So along V. In particular, 
for a given nonhomogeneous quadratic ring S~ changing the splitting of FiS~ by 
the rule V" — {v' — a(v') \ v' G V'} leads to a natural morphism of CDG-rings 
(id, a) : (R, d', h') — >(R,d",h"). 

One has to make quite some computations in order to check that everything is 
well-defined and compatible in this construction. In particular, the 3-left projectivity 
is actually used in the form of the duality between J$ (where some self-consistency 
equations on the defining relations of S~ live) and R 3 (where the equations d(e) = 
for e G Ir, d 2 (r) = [h,r], and d(h) = have to be verified). 

The nonhomogeneous quadratic duality functor restricted to the categories of left 
finitely projective nonhomogeneous Koszul rings and right finitely projective Koszul 
CDG-rings becomes an equivalence of categories. In other words, any CDG-ring 
whose underlying graded ring is right finitely projective Koszul corresponds to a 
left finitely projective nonhomogeneous Koszul ring. This is the statement of the 
Poincare-Birkhoff-Witt theorem for finitely projective nonhomogeneous Koszul rings. 

0.4.4. A quasi- differential ring R~ is a graded ring R~ = @ n R n ~ endowed with an 
odd derivation d of degree —1 with zero square such that the cohomology of d vanish 
(equivalently, the unit element of i2~ lies in the image of d). A quasi- differential 
structure on a graded ring R is the data of a quasi-differential ring (R~, d) together 
with an isomorphism of graded rings ker d ~ R. 

The category of quasi-differential rings is equivalent to the category of CDG-rings. 
This equivalence assigns to a CDG-ring (R, d, h) the quasi-differential ring i2~ = R[S] 
with an added generator 5 of degree 1, the relations [S,x] = d(x) (the supercommu- 
tator) for x G R and 5 2 = h, and the derivation d — d/dS (the partial derivative 
in 5, meaning the unique odd derivation d of i2~ for which d(R) = and d(5) = 1). 
Conversely, to construct a CDG-ring structure on the kernel R of the derivation d 
of a quasi-differential ring R~, it suffices to choose an element 5 G R 1 ^ such that 
d(S) = 1 and set d(x) = [5,x], h = 5 2 . Choosing two different elements 5 leads to 
two naturally isomorphic CDG-rings. 

A left CDG-module M over a CDG-ring (R, d, h) is a graded left -R-module endowed 
with a d-derivation du (that is a homogeneous map M — > M of degree 1 for 
which dM(rx) = d(r)x + (— l)^rd(x) for r G R, x G M, where |r| denotes the 
degree of a homogeneous element r) such that d 2 M (x) = hx. A quasi- differential left 
module over a quasi-differential ring i2~ is just a graded left i?~-module (without 
any differential). The category of left CDG- modules over a CDG-ring (R,d,h) is 
isomorphic to the category of quasi-differential left modules over the quasi-differential 
ring i2~ corresponding to (R, d, h); this isomorphism of categories assigns to a graded 
i?~-module structure on a graded left -R-module M the derivation d M (x) = 5x on M. 
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Analogously, a right CDG-module N over (R, d, h) is a graded right -R-module 
endowed with a <i-derivation d^ (that is a homogeneous map N — > N of degree 1 for 
which d^{xr) = dpf(x)r + (—ly x 'xd(r) for x E N, r E R) such that d 2 N (x) = —xh. 
A quasi- differential right module over a quasi-differential ring R~ is just a graded 
left _R~-module. The category of right CDG-modules over (R, d, h) is isomorphic to 
the category of quasi-differential -R~-modules when R~ corresponds to (R, d, h) ; this 
isomorphism of categories assigns to a graded -R~-module structure on a graded right 
-R-module N the derivation dj^(x) = (— 1)^ +I x5 on N. 

0.4.5. CDG-modules over a CDG-ring form a DG-category, i. e., a category where 
for any two given objects there is a complex of morphisms between them. We will 
consider the cases of left and right CDG-modules separately. 

Let L and M be two left CDG-modules over a CDG-ring (R,d,h). The com- 
plex Hom^.(L, M) is defined as follows. The component Hom^.(L, M) consists of 
all homogeneous maps L — > M of degree n supercommuting with the -R-module 
structures in L and M. This means that for / E Hom^(L, M) and r E R, x E L 
one should have f(rx) = — l n ' r 'r/(x). The differential is defined by the formula 
{df)(x) = d M f{x) — {—l)\f\fd L {x). One has d 2 (f) = 0, because f{hx) = hf(x). 

Let K and iV be two right CDG-modules over (R,d,h). The component 
Horn^fT, N) of the complex Hom^(i^, N) consists of all homogeneous maps K — > N 
of degree n commuting with the -R-module structures in L and M (without any signs). 
The differential is defined by the formula (df)(x) = d N f(x) — (—l)^'fdjc(x). 

One can see that shifts and cones exist in the DG-categories of (left or right) 
CDG-modules, and moreover, a CDG-module structure can be twisted with any 
cochain in the complex of endomorphisms satisfying the Maurer-Cartan equation jT4] . 
It follows that the homotopy categories of CDG-modules, defined as the categories 
of zero cohomology of the DG-categories of CDG-modules, are triangulated. 

Furthermore, one can speak about the total CDG-modules of complexes of 
CDG-modules, constructed by taking infinite direct sums or infinite products along 
the diagonals. In particular, there are total CDG-modules of exact triples of 
CDG-modules. This allows one to define the coderived and contraderived categories 
of CDG-modules over (R, d, h) as the quotient categories of the homotopy cate- 
gories of CDG-modules by the minimal triangulated subcategories containing the 
total CDG-modules of exact triples of CDG-modules and closed under infinite direct 
sums and infinite products, respectively. 

Notice that one cannot define the conventional derived category of CDG-modules, 
as CDG-modules don't have any cohomology groups. 

0.4.6. Let 5~ be a left finitely projective nonhomogeneous Koszul ring and (R, d, h) 
be the dual CDG-ring. Assume that the ring Sq has a finite right homological di- 
mension. Then the Koszul duality theorem claims that the derived category of right 
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S^-modules is equivalent to the coderived category of right CDG-modules N over 
(R, d, h) such that every element of N is annihilated by R n for n ^> 0. Assuming that 
So has a finite left homological dimension, the derived category of left S^-modules is 
also described as being equivalent to the contraderived category of left CDG-modules 
over (R, d, h) in which certain infinite summation operations are defined. 

One can drop the homological dimension assumptions, replacing the derived cat- 
egories of S^-modules in the formulations of these results with certain semiderived 
categories relative to Sq (see Theorem 111.81 and Remark lll.7.3[) . And the conven- 
tional derived category of right S^-modules without the homological dimension as- 
sumption on S is equivalent to the quotient category of the coderived category of 
locally nilpotent (in the above sense) right CDG-modules over (R, d, h) by its min- 
imal triangulated subcategory closed under infinite direct sums and containing all 
the CDG-modules N, where R n act by zero for all n > and which are acyclic with 
respect to djq (one has d 2 N = 0, since Nh = 0). The latter result has an obvious 
analogue in the case of left CDG-modules with infinite summation operations. 

0.4.7. The following example is thematic. Let M be a smooth affine algebraic va- 
riety and E be a vector bundle over M. Let Di&m,e denote the ring of differential 
operators acting in the sections of E. The natural filtration of DiS m,e by the order 
of differential operators makes it a left (and right) finitely projective nonhomoge- 
neous Koszul ring. To construct the dual CDG-ring, choose a global connection Ve 
in E. Let Q(M, End(E)) be the graded algebra of differential forms with coefficients 
in the vector bundle End(E') of endomorphisms of E, endowed with the de Rham 
differential dsj depending on the connection VEnd(£) corresponding to Ve and the 
element G Q 2 (M, End(E)) equal to the curvature of We- The Koszul duality the- 
orem provides an equivalence between the derived category of right Diff A /£-modules 
and the coderived category of right CDG-modules over Q(M, End(-E')). The proof of 
this result given in 111.81 generalizes easily to nonaffine varieties (the approach with 
quasi-differential structures allows to get rid of the choice of a global connection). 

These results are even valid in prime characteristic, describing the derived category 
of modules over the ring/ sheaf of crystalline differential operators (those generated by 
endomorphisms and vector fields with commutation relations analogous to the zero 
characteristic case). Furthermore, it is not difficult to see that the quotient category of 
the homotopy category of finitely generated right CDG-modules over Q(M, End(i£)) 
by its minimal thick subcategory containing the total CDG-modules of exact triples 
of finitely generated CDG-modules is a full subcategory of the coderived category of 
CDG-modules. This full subcategory is equivalent to the bounded derived category 
of finitely generated (coherent) right Diff M,£-modules. All of this is applicable to any 
smooth varieties, not necessarily affine. 
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For a smooth affine variety M, the derived category of left DiffM,£-modules is 
equivalent to the contraderived category of left CDG-modules over Q(M, End (£?)). 

0.4.8. Koszul algebras were introduced by S. Priddy; the standard contemporary 
sources are [T0~ll4T)] . Nonhomogeneous quadratic duality (the equivalence of categories 
of nonhomogeneous Koszul algebras and Koszul CDG-algebras) was developed in [39J, 
|4"0] . Homogeneous Koszul duality (the equivalence of derived categories of graded 
modules over dual Koszul algebras) was established in [TO]. Koszul duality in the 
context of A^-algebras and DG-coalgebras was worked out in [35J. All of these 
papers only consider duality over the ground field (or, in the case of [10] , a semisimple 
algebra) rather than over an arbitrary ring, as above. 

Notable attempts to define a version of derived category of DG-modules over the de 
Rham complex so that the derived category of modules over the differential operators 
would be equivalent to it were undertaken in [3D] and 0, subsection 7.2]. They were 
not entirely successful, in the present author's view, in that in [30] the analytic 
topology and analytic functions were used in the definition of an essentially purely 
algebraic category, while in [8] the right hand side of the purpoted equivalence of 
categories is to a certain extent defined in terms of the left hand side. The latter 
problem is also present in Lefevre-Hasegawa's Koszul duality [351 [32] . 
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1. Semialgebras and Semitensor Product 

Throught Sections 1-11, k is a commutative ring. All our rings, bimodules, abelian 
groups . . . will be /c-modules; all additive categories will be fc-linear. 

1.1. Corings and comodules. Let A be an associative fc-algebra (with unit). 

1.1.1. A coring C over A is a coring object in the tensor category of A-A-bimodules; 
in other words, it is a fc-module endowed with an A-A-bimodule structure and two 
A-A-bimodule maps of comultiplication C — > C <8U C and counit C — > A satisfying 
the coassociativity and counity equations: two compositions of the comultiplication 
map C — ► C®aC with the maps C<8uC =4 C(8uC<8uC induced by the comultiplication 
map should coincide with each other and two compositions C — > C ®a C =^ C of the 
comultiplication map with the maps C ®a C =4 C induced by the counit map should 
coincide with the identity map of C. 

A left comodule M over a coring C is a comodule object in the left module category 
of left A-modules over the coring object C in the tensor category of A-A-bimodules; 
in other words, it is a left A-module endowed with a left A-module map of left 
coaction M — > C ®^ M satisfying the coassociativity and counity equations: two 
compositions of the coaction map M — > Cig^M with the maps Cc^M =4 Ctgu&g^M 
induced by the comultiplication and coaction maps should coincide with each other 
and the composition M — > C <S>a M — > M of the coaction map with the map 
C <&a M — > M induced by the counit map should coincide with the identity map 
of M. A right comodule N over C is a comodule object in the right module category 
of right v4-modules over the coring object C in the tensor category of A-A-bimodules; 
in other words, it is a right A-module endowed with a right A-module map of right 
coaction TsT — > IN" ®a C satisfying the coassociativity and counity equations for the 
compositions N — > N ® A G =4 N ®a C ® a C and X — ► K (g) A G — ► X. 

1.1.2. If V is a left A-module, then the left C-comodule C CSa V is called the left 
C-comodule coinduced from an A-module V. The fc-module of comodule homomor- 
phisms from an arbitrary C-comodule into the coinduced C-comodule is described by 
the formula Home(M, C <S>a V) — Hom j 4(M, V). This is an instance of the following 
general fact, which we prefer to formulate in the tensor (monoidal) category language, 
though it can be also formulated in the monad language. 

Lemma. Let E be a (not necessarily additive) associative tensor category with a unit 
object, M be a left module category over it, R be a ring object with unit in E, and rM 
be the category of R-module objects in M. Then the induction functor M — > #M 
defined by the rule V i — ► R®V is left adjoint to the forgetful functor rM — ► M. 

Proof. For any object V and any .R-module M in M, the map Hohim(V,M) — > 
Hohim(-R <S> V, M) is a split equalizer (see [36J ) of the pair of maps Hohim(-R ® 
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V, M) =4 HoniM(-R <8> R <E> V, M) in the category of sets, with the splitting maps 
Hom M (y, M) < — Hom M (.R <8> V, M) < — Rom M (R <g> R ® V, M) induced by the unit 
morphism of i? (applied at the rightmost factor i?). □ 

We will denote the category of left C-comodules by C-comod and the category of 
right C-comodules by comod C. The category of left C-comodules is abelian whenever 
C is a flat right A-module. Moreover, the right A-module C is flat if and only if the 
category C-comod is abelian and the forgetful functor C-comod — ► A-mod is exact. 
This is an instance of a general fact applicable to any monad over an abelian category. 
The "only if" assertion is straightforwardly checked, while the "if" part is deduced 
from the observations that the coinduction functor V i — > C (gu V is right adjoint to 
the forgetful functor and a right adjoint functor is left exact. 

At the same time, for any coring C there are four natural exact categories of left 
comodules: the exact category of A-projective C-comodules, the exact category of 
A-flat C-comodules, the exact category of arbitrary C-comodules with A-split exact 
triples, and the exact category of arbitrary left C-comodules with A-pure exact triples, 
i. e., the exact triples which as triples of left A-modules remain exact after the 
tensor product with any right A-module. Besides, any morphism of C-comodules 
has a cokernel and the forgetful functor C-comod — > A-mod preserves cokernels. 
When a morphism of C-comodules has the property that its kernel in the category of 
A-modules is preserved by the functors of tensor product with C and C ® a C over A, 
this kernel has a natural C-comodule structure, which makes it the kernel of that 
morphism in the category of C-comodules. 

Infinite direct sums always exist in the category of C-comodules and the forgetful 
functor C-comod — ► A-mod preserves them. The coinduction functor A-mod — ► 
C-comod preserves both infinite direct sums and infinite products. To construct 
products of C-comodules, one can present them as kernels of morphisms of coinduced 
comodules, so the category of C-comodules has infinite products if it has kernels. 

If C is a projective right A-module, or C is a flat right A-module and A is a left 
Noetherian ring, then any left C-comodule is a union of its subcomodules that are 
finitely generated as A- modules |16j . 

1.1.3. Assume that the coring C is a flat left and right A-module and the ring A has 
a finite weak homological dimension (Tor-dimension). 

Lemma. There exists a (not always additive) functor assigning to any G-comodule 
a surjective map onto it from an A-flat Q-comodule. 

Proof. Let G(M) — > M be a surjective map onto an A-module M from a flat 
A-module G(M) functorially depending on M. For example, one can take G(M) 
to be the direct sum of copies of the A-module A over all elements of M. Let M 
be a left C-comodule. Consider the coaction map M — ► C Cgu M; it is an injective 
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morphism of left C-comodules; let 3C(M) denote its cokernel. Let Q(M) be the kernel 
of the composition G® A G(M.) — > C®aM — > DC(M). Then the composition of maps 
Q(M) — > e® A G(M) — > factorizes through the injection M — > C^M, so 

there is a natural sujective morphism of C-comodules Q(M) — > M. Let us show that 
the flat dimension df^ Q(M) of the A- module Q(M) is smaller than that of M. Indeed, 
the A-module e® A G(M) is flat, hence df A Q(M) = df A X(M)-l < df A (C® A M)-l < 
df^M — 1, because the A-module 3C(M) is a direct summand ot the A-module C(8uM 
and a flat resolution of the A-module Cigu^Vt can be constructed by taking the tensor 
product of a flat resolution of the A-module M with the A-A-bimodule C. It remains 
to iterate the functor M i — > Q(M) sufficiently many times. Notice that the co module 
Q(M) is an extension of M by a coinduced comodule C ® A ker(G(M) — > M). □ 

1.2. Cotensor product. 

1.2.1. The cotensor product N D e M of a right C-comodule INT and a left C-comodule 
M is a fc-module defined as the kernel of the pair of maps N®^ M =4 G<g> A 'M. one 
of which is induced by the C-coaction in N and the other by the C-coaction in M. The 
functor of cotensor product is neither left, nor right exact in general; it is left exact 
if the ring A is absolutely flat. For any right A- module V and any left C-comodule 
M there is a natural isomorphism (V ® A Q) O e M ~ V ® A M. This is an instance of 
the following general fact. 

Lemma. Let E be a tensor category, M be a left module category over it, N be a right 
module category, K be an additive category, and ®: NxM — > K be a pairing functor 
compatible with the module category structures on M and N. Let R be a ring object 
with unit in E, M be an R-module object in M, and V be an object of N. Then the 
morphism V <E> -R <8> M — > V <E> M induced by the action of R in M is a cokernel of 
the pair of morphisms V®R®R®M^V®R® M , one of which is induced by 
the multiplication in R and the other by the R-action in M . 

Proof. The whole bar complex • • • — > V®R®R®M — ► V®R®M — > V®M — > 
is contractible with contracting homotopy • • • < — V ®R®R®M < — V ®R®M < — 
V ® M induced by the unit morphism of R (applied at the leftmost factor R). □ 

1.2.2. Assume that C is a flat right A-module. A right comodule N over C is called 
coflat if the functor of cotensor product with X is exact on the category of left 
C-comodules. It is easy to see that any coflat C-comodule is a flat A-module. The 
C-comodule coinduced from a flat A-module is coflat. A left comodule JVC over C is 
called coflat relative to A (C/A-coflat) if its cotensor product with any exact triple of 
A-flat right C-comodules is an exact triple. Any coinduced C-comodule is C/A-coflat. 

The definition of a relatively coflat C-comodule does not really depend on the 
flatness assumption on C, but appears to be useful when this assumption holds. 
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Lemma. The classes of coflat right Q-comodules and Q/A-coflat left Q-comodules 
are closed under extensions. The quotient comodule of a Q/A-coflat left Q-comodule 
by a Q/A-coflat subcomodule is Q/A-coflat; an A-flat quotient comodule of a coflat 
right Q-comodule by a coflat subcomodule is coflat. The cotensor product of an exact 
triple of coflat right Q-comodules with any left Q-comodule is an exact triple and the 
cotensor product of an A-flat right Q-comodule with an exact triple of Q/A-coflat left 
Q-comodules is an exact triple. 

Proof. All of these results follow from the standard properties of the right derived 
functor of the left exact functor of cotensor product on the Carthesian product 
of the exact category of A-flat right C-comodules and the abelian category of left 
C-comodules. One can simply define the fc-modules Cotorf (3Sf, M), i — 0, — 1, . . . as 
the cohomology of the cobar complex 3Sf ® A M — > INT Cgu Q ®a 3VC — > 3Sf <8u C ®a 
CiEuM — > ■ ■ ■ for any A-flat right C-comodule N and any left C-comodule M. Then 
Cotorf (N, M) ~ N D e M, and there are long exact sequences of Cotor^ associated 
with exact triples of C-comodules in either argument, since in both cases the cobar 
complexes form an exact triple. Now an A-flat right C-comodule 3\f is coflat if and 
only if Cotorf (N, M) = for any left C-comodule M and all % < 0. Indeed, the "if" 
assertion follows from the homo logical exact sequence, and "only if" holds since the 
cobar complex is the cotensor product of the comodule 3\f with the cobar resolution of 
the comodule M, which is exact except in degree 0. Analogously, a left C-comodule 
M is C/A-coflat if and only if Cotorf (N, M) = for any A-flat right C-comodule N 
and all % < 0, since the cobar resolution of the comodule N is a complex of A-flat 
right C-comodules, exact except in degree and split over A. The rest is obvious. □ 

Remark. A much more general construction of the double-sided derived functor 
Cotorf (N, M) defined for arbitrary C-comodules M and N will be given, in the as- 
sumptions of 11.1.31 in Section [21 Using this construction, one can prove somewhat 
stronger results. In particular, Cotorf (M, H) = for any C/A-coflat left C-comodule 
M, any right C-comodule IN", and all i < 0, since the fc-modules Cotorf (M, IN") can be 
computed using a left resolution of N consisting of A-flat right C-comodules (see 12.81) . 
Therefore, any A-flat C/A-coflat C-comodule is coflat. It follows that the construction 
of Lemma fl . 1 . 31 assigns to any C/A-coflat C-comodule a surjective map onto it from 
a coflat C-comodule with a C/A-coflat kernel. 

1.2.3. Now let C be an arbitrary coring. Let us call a left C-comodule M quasicoflat 
if the functor of cotensor product with M is right exact on the category of right 
C-comodules, i. e., this functor preserves cokernels. Any coinduced C-comodule is 
quasicoflat. Any quasicoflat C-comodule is C/A-coflat. 

Proposition. Let N be a right Q-comodule, % be a left Q-comodule endowed with a 
right action of a k-algebra B by comodule endomorphisms, and M be a left B-module. 
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Then there is a natural k-module map (N Dq X) ®b M — > 2NT Oq (X ®# M), which 
is an isomorphism, at least, in the following cases: 

(a) M is a flat left B -module; 

(b) N is a quasicoflat right G-comodule; 

(c) C is a flat right A-module, N is a flat right A-module, % is a G/A-coflat left 
Q-comodule, % is a flat right B-module, and the ring B has a finite weak 
homological dimension; 

(d) % as a left Q-comodule with a right B-module structure is coinduced from an 
A-B-bimodule. 

Besides, in the case (c) the cotens or product NDglJC is a flat right B-module. 

Proof. The map (N D e X) ® B M — ► INT ® A X ® B M obtained by taking the tensor 
product of the map NDe3C — » J4®aX with the -B-module M has equal compositions 
with two maps N ®a X ®b M =} 74 ®a C (B)a X®b M, hence there is a natural map 
(N n e X) ® B M — ► WD e (3C ® B M). The case (a) is obvious. In the case (b), 
it suffices to present M as the cokernel of a map of flat -B-modules. To prove (c) 
and (d), consider the cobar complex 

(3) Nn e x — ► x ® A x — ► 74 ®a c ®a x — > N® A e® A e®AX — ► ■ • • 

In the case (c) this complex is exact, since it is the cotensor product of a C/A-coflat 
C-comodule X with an A-split exact complex of A-flat C-comodules 2NT — ► Nc§uC — ► 
N <Su C ®a C — > ■ ■ ■ Since all the terms of the complex Q, except possibly the 
leftmost one, are flat right I?-modules and the weak homological dimension of the 
ring B is finite, the leftmost term X Dg M is also a flat I?-module and the tensor 
product of this complex with the left -B-module M is exact. In the case (d), the 
complex ([3]) is exact and split as a complex of right -B-modules. □ 

1.2.4. Let C be a coring over a fc-algebra A and D be a coring over a fc-algebra B. A 
C-D -bicomodule X is an A-i?-bimodule in the category of /c-modules endowed with 
a left C-comodule and a right 2)-comodule structures such that the right D-coaction 
map X — > X ®s D is a morphism of left C-comodules and the left C-coaction map 
X — > Q®aX is a morphism of right -B-modules, or equivalently, the right D-coaction 
map is a morphism of left A-modules and the left C-coaction map is a morphism of 
right D-comodules. Equivalently, a C-2?-bicomodule is a A;-module endowed with an 
A-B-bimodule structure and an A-S-bimodule map of bicoaction X — > 6(8>a3C®b2) 
satisfying the coassociativity and counity equations. We will denote the category of 
C-D-bicomodules by C-comod-D. 

Assume that C is a flat right A-module and D is a flat left -B-module. Then the 
category of C-2?-bicomodules is abelian and the forgetful functor C-comod-D — > 
fc-mod is exact. Let £ be a coring over a fc-algebra F. Let 3Sf be a C-£-bicomodule 
and M be a £-D-bicomodule. Then the cotensor product N Dg M can be endowed 
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with a C-D-bicomodule structure as the kernel of a pair of bicomodule morphisms 
N Of M =4 N ® F £ ® F M. 

More generally, let C, 2), and £ be arbitrary corings. Assume that the functor of 
tensor product with C over A and with D over B preserves the kernel of the pair of 
maps N <g> F M =^ N <g> F £ <g> F M, that is the natural map C <gu (N Dg M) <g>£ D — > 
(C <S>a N) Dg (M ®b D) is an isomorphism. Then one can define a bicoaction map 
N Dg M — >■ 6®i (ND £ M) ® B B taking the cotensor product over £ of the left 
C-coaction map N — > Q <S>a N and the right D-coaction map M — > M(8)b D. One 
can easily see that this bicoaction is counital and coassociative, at least, if the natural 

maps e <g> A e <g> A (N n £ m) — ^e^e ® A >0 °£ M and °£ m) ® B d ® B d — ► 

N Dg (M ®g!D ®b 2)) are also isomorphisms. 

In particular, if 6 is a flat right A-module and either D is a flat left -B-module, or 
N is a quasicoflat right £-comodule, or N is a flat right F-module, £ is a flat right 
F-module, M is an £/F-coflat left £-comodule, M is a flat right .B-module, and B 
has a finite weak homological dimension, or M as a left £-comodule with a right 
-B-module structure is coinduced from an F-5-bimodule, then the cotensor product 
NDg M has a natural C-D-bicomodule structure. 

1.2.5. Let C be a coring over a A;-algebra A and D be a coring over a /c-algebra .B. 

Proposition. Let N be a right Q-comodule, % be a C-D -bicomodule, and ]\l be a left 
D-comodule. Then the iterated cotensor products (Nn e D<C) DdM and Nd e (DCD© M) 
are naturally isomorphic, at least, in the following cases: 

(a) C is a flat right A-module, N is a flat right A-module, D is a flat left B -module, 
and M is a flat left B -module; 

(b) 6 is a flat right A-module and N is a coflat right Q-comodule; 

(c) C is a flat right A-module, N is a flat right A-module, % is a Q/A-coflat left 
Q-comodule, % is a flat right B-module, and the ring B has a finite weak 
homological dimension; 

(d) C is a flat right A-module, N is a flat right A-module, and % as a left Q-co- 
module with a right B-module structure is coinduced from an A-B -bimodule; 

(c) M is a quasicoflat left Q-comodule and % as a left Q-comodule with a right 

B-module structure is coinduced from an A-B-bimodule; 
(f ) % as a left Q-comodule with a right B-module structure is coinduced from an 
A-B-bimodule and % as a right Ti-comodule with a left A-module structure is 
coinduced from an A-B-bimodule. 
More precisely, in all cases in this list the natural maps from both iterated cotenzor 
products to the k-module N ®a ®b M are injective, their images coincide and are 
equal to the intersection of two submodules (N ® A %) M and N Hq {% ®b 3Vt) in 
the k-module N ®a K®b 3VC. 
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Proof. One can easily see that whenever both maps (3NTDe3C)®BM — > N\3q(X®bM) 
and (N\3 e X) <g) B T> ® B M. — > CNT D e (X <g> B D ® B M) are isomorphisms, the natural 
map pSTDe 3C) M — > DC ®b M is injective and its image coincides with the 
desired intersection of two submodules in N cg)^ 3C® B M. Thus it remains to apply 
Proposition 11.2.31 □ 

When associativity of cotensor product of four or more (bi)comodules is an issue, 
it becomes important to know that the pentagonal diagrams of associativity isomor- 
phisms are commutative. Since each of the five iterated cotensor products of four 
factors of the form N Oq X Dg L Dd M is endowed with a natural map into the tensor 
product N ®a X (S>f £ ®b M and the associativity isomorphisms are, presumably, 
compatible with these maps, it suffices to check that at least one of these five maps 
is injective in order to show that the pentagonal diagram commutes. In particular, 
if the above Proposition provides all the five associativity isomorphisms constituting 
the pentagonal diagram and either M is a flat left .B-module, or N is a flat right 
A-module, or both X and L as left (right) comodules with right (left) module struc- 
tures are coinduced from bimodules, then the pentagonal diagram is commutative. 

We will say that a multiple cotensor product of several bicomodules INXJe • • • DuM 
is associative if for any way of putting parentheses in this product all the intermedi- 
ate cotensor products can be endowed with bicomodule structures via the construc- 
tion of 11.2.41 a U possible associativity isomorphisms between intermediate cotensor 
products exist in the sense of the last assertion of Proposition and preserve bicomod- 
ule structures, and all the pentagonal diagrams commute. This definition allows to 
consider associativity of cotensor products as a property rather than an additional 
structure. In particular, associativity isomorphisms and bicomodule structures on as- 
sociative multiple cotensor products are preserved by the morphisms between them 
induced by any bicomodule morphisms of the factors. 

1.3. Semialgebras and semimodules. 

1.3.1. Assume that the coring C over A is a flat right A-module. 

It follows from Proposition 11.2.5( b) that the category of C-C-bicomodules which 
are coflat right C-comodules is an associative tensor category with a unit object C, 
the category of left C-comodules is a left module category over it, and the category 
of coflat right C-comodules is a right module category over this tensor category. 
Furthermore, it follows from Proposition 11.2.5( c) that whenever the ring A has a 
finite weak homological dimension, the C-C-bicomodules that are flat right A-modules 
and C/A-coflat left C-comodules also form a tensor category, left C-comodules form 
a left module category over it, and A-flat right C-comodules form a right module 
category over this tensor category. Finally, it follows from Proposition 11.2.5( a) that 
whenever the ring A is absolutely flat, the categories of left and right C-comodules 
are left and right module categories over the tensor category of C-C-bicomodules. In 
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each case, the cotensor product operation provides a pairing between these left and 
right module categories compatible with their module category structures and taking 
values in the category of /c-modules. 

A semialgebra over C is a ring object with unit in one of the tensor categories 
of C-C-bicomodules of the kind described above. In other words, a semialgebra S 
over C is a C-C-bicomodule satisfying appropriate (co)flatness conditions guaranteeing 
associativity of cotensor products S Dg • • ■ De S of any number of copies of S and 
endowed with two bicomodule morphisms of semimultiplication S Uq S — > S and 
semiunit C — > S satisfying the associativity and unity equations. Namely, two 
compositions SDeSdeS =4 SDeS — ► S of the morphisms SD e SDeS =4 SDeS induced 
by the semimultiplication morphism with the semimultiplication morphism SDgS — > 
S should coincide with each other and two compositions S =4 S □<= S — * S of the 
morphisms S =| SDeS induced by the semiunit morphism with the semimultiplication 
morphism should coincide with the identity morphism of S. 

A left semimodule over S is a module object in one of the left module cate- 
gories of C-comodules of the above kind over the ring object S in the correspond- 
ing tensor category of C-C-bicomodules. In other words, a left S-semimodule 3VC 
is a left C-comodule endowed with a left C-comodule morphism of left semiaction 
S Dq M — > M satisfying the associativity and unity equations. Namely, two com- 
positions S D e S D e M =^ S D e M — ► M of the morphisms S O e S O e M =4 S O e M 
induced by the semimultiplication and the semiaction morphisms with the semiac- 
tion morphism SDgM — ► M should coincide with each other and the composition 
DVt — > § Dq M — > UVt of the morphism 3Vt — > SD^M induced by the semi- 
unit morphism with the semiaction morphism should coincide with the identity mor- 
phism of DVt. For this definition to make sense, (co)flatness conditions imposed on 
S and/or 3VC must guarantee associativity of multiple cotensor products of the form 
S Oq ■ ■ ■ Dq S Dq 2IVC. Right semimodules over S are defined in the analogous way. 

If £ is a left C-comodule for which the multiple cotensor products §Dq- ■ •□ e SDe£ 
are associative, then there is a natural left S-semimodule structure on the cotensor 
product SDgL. The left semimodule SDe<£ is called the left S-semimodule induced 
from a C-comodule L. According to Lemma 11.1.21 the fc-module of semimodule 
homomorphisms from the induced S-semimodule to an arbitrary S-semimodule is 
described by the formula Hom§(S Dq £j, JvV) ~ Home(£, 3VC). 

We will denote the category of left S-semimodules by S-simod and the category 
of right S-semimodules by simod-S. This notation presumes that one can speak of 
(left or right) S-semimodules with no flatness conditions imposed on them. If S is a 
coflat right C-comodule, the category of left semimodules over S is abelian and the 
forgetful functor S-simod — ► C-comod is exact. 

Assume that either S is a coflat right C-comodule, or S is a flat right A-module 
and a C/A-coflat left C-comodule and A has a finite weak homological dimension, 
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or A is absolutely flat. Then both infinite direct sums and infinite products exist in 
the category of left S-semimodules, and both are preserved by the forgetful functor 
S-simod — > C-comod, even though only infinite direct sums are preserved by the 
full forgetful functor S-simod — > A-mod. 

If S is a flat right A-module and a C/A-coflat left C-comodule and A has a finite 
weak homological dimension, then the category of A- flat right S-semimodules is exact. 
Of course, if S is a coflat right C-comodule, then the category of A-flat left S-semimod- 
ules is exact. In both cases there are exact categories of C-coflat right S-semimodules 
and C/A-coflat left S-semimodules. If A is absolutely flat, there are exact categories 
of C-coflat left and right S-semimodules. Infinite direct sums exist in all of these 
exact categories, and the forgetful functors preserve them. 

1.3.2. Assume that the coring C is a flat left and right A-module, the semialgebra 
S is a flat left A-module and a coflat right C-comodule, and the ring A has a finite 
weak homological dimension. 

Lemma. There exists a (not always additive) functor assigning to any left S-semi- 
module a surjective map onto it from an A-flat left S-semimodule. 

Proof. Let y(M) — ► M denote the functorial surjective morphism onto a C-comodule 
M from an A-flat C-comodule T(M) constructed in Lemma 11.1.31 Then for any 
left S-semimodule M the composition of maps S Dq CP(3VC) — ► S De M — > M 
provides the desired surjective morphism of S-semimodules. According to the last 
assertion of Proposition II .2.31 (with the left and right sides switched), the A-module 
T(M) = S D e T(M) is flat. □ 

Remark. In the above assumptions, the same construction provides also a (not 
always additive) functor assigning to any C/A-coflat right S-semimodule a surjective 
map onto it from a semiflat right S-semimodule (see 11.4.21) with a C/A-coflat kernel. 
This follows from Lemma 11.2.21 and Remark ll.2.2[ since the cotensor product with S 
over C preserves the kernel of the morphism CP(DNT) — > JVf and the kernel of the map 
N Dg S — > JVf is isomorphic to a direct summand of JVf De S as a right C-comodule. 

1.3.3. Assume that the coring C is a flat right A-module, the semialgebra S is a 
C/A-coflat left C-comodule and a coflat right C-comodule, and the ring A has a finite 
weak homological dimension. 

Lemma. There exists an exact functor assigning to any A-flat right S-semimod- 
ule an injective morphism from it into a coflat right S-semimodule with an A-flat 
quotient semimodule. Besides, there exists an exact functor assigning to any left 
S-semimodule an injective morphism from it into a Q/A-coflat left S-semimodule. 

Proof. For any A-flat right C-comodule N, set S(N) = N ®a C. Then the coaction 
map 3\f — > S(N) is an injective morphism of C-comodules, the comodule S(N) is 
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coflat, and the quotient comodule S(N)/N is A-flat. Now let N be an A-flat right 
S-semimodule. The semiaction map NdgS — > N is a surjective morphism of A-flat 
S-semimodules; let 9C(3V) denote its kernel. The map NDgS — ► S(N) EUg S is 
an injective morphism of A-flat S-semimodules with an A-flat quotient semimodule 
(S(N)/N) D e S. Let Q(N) be the cokernel of the composition 3C(N) — ► NDgS — ► 
S(]Sf) DeS- Then the composition of maps Tsf DgS — >■ S(N) — >■ factorizes 
through the surjection N Dg S — > "N, so there is a natural injective morphism of 
S-semimodules N — >■ Q(N). The quotient semimodule Q(N)/N is isomorphic to 
(S(N)/N) Dg S, hence both Q(N)/N and Q(N) are flat A-modules. 

Notice that the semimodule morphism N — > Q(N) can be lifted to a comodule 
morphism INT — > S(N) EUg S. Indeed, the map N — > Q(N) can be presented as the 
composition N — ► ND e S — ► S(N) DgS — ► Q(7sf), where the map N — ► ND e S 
is induced by the semiunit morphism 6 — > S of the semialgebra S. 

Iterating this construction, we obtain an inductive system of C-comodule mor- 
phisms N — > S(N) D e S — ► Q(N) — ► S(Q(N)) DgS — > Q(Q(N)) — ► • • • , where 
the maps N — ► Q(N) — ► Q(Q(N)) — ► • • • are injective morphisms of S-semimod- 
ules with A-flat cokernels, while the C-comodules S(N) DeS, 9(Q(N)) DeS, ... are 
coflat. Denote by 0(N) the inductive limit of this system; then N — > 0(N) is an in- 
jective morphism of S-semimodules with an A-flat cokernel and the C-comodule 
is coflat (since the functor of cotensor product preserves filtered inductive limits). 

A functorial injection M — > of any left S-semimodule M into a C/A-coflat 

left S-semimodule 0(M) is provided by the same construction (with the left and right 
sides switched). The only changes are that A-modules are no longer flat, for any left 
C-comodule M the C-comodule S(M) = C <gu M is C/A-coflat, and therefore the 
S-semimodule S D e S(M) is C/A-coflat. 

Both functors are exact, since the kernels of surjective maps, the cokernels of 
injective maps, and the filtered inductive limits preserve exact triples. □ 

1.4. Semitensor product. 

1.4.1. Assume that the coring C is a flat right A- module, the semialgebra S is a 
flat right A-module and a C/A-coflat left C-comodule, and the ring A has a finite 
weak homological dimension. Let HVC be a left S-semimodule and "N be an A-flat 
right S-semimodule. The semitensor product Tsf Os 3Vt is a /c-module defined as the 
cokernel of the pair of maps NDeSDeM =4 NDgM one of which is induced by the 
S-semiaction in ]\f and another by the S-semiaction in M. Even under the strongest 
of our (co)flatness conditions on C and S, the flatness of either ]\f or M is still needed 
to guarantee that the triple cotensor product N Dg S Dg 3VC is associative. 

For any A-flat right S-semimodule N and any left C-comodule £ there is a natural 
isomorphism N(>s(Sn e £) ~ NDg£. Analogously, for any A-flat right C-comodule 3? 
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and any left S-semimodule JVC there is a natural isomorphism (CREJgS) Os^VC ~ DIDqJ\/1. 
These assertions follow from Lemma 11.2.11 

1.4.2. If the coring C is a flat right A-module and the semialgebra S is a coflat right 
C-comodule, one can define the semitensor product of a C-coflat right S-semimodule 
and an arbitrary left S-semimodule. In these assumptions, a C-coflat right S-semi- 
module JV is called semiflat if the functor of semitensor product with JV is exact on 
the abelian category of left S-semimodules. The S-semimodule induced from a coflat 
C-comodule is semiflat. 

If C is a flat right A- module, S is a coflat right C-comodule and C/A-coflat left 
C-comodule, and the ring A has a finite weak homological dimension, one can de- 
fine semiflat S-semimodules as A-flat right S-semimodules such that the functors 
of semitensor product with them are exact. Then one can prove that any semiflat 
S-semimodule is a coflat C-comodule. 

When the ring A is absolutely flat, the semitensor product of arbitrary two S-semi- 
modules is defined without any conditions on the coring C and the semialgebra S. 

1.4.3. Let S be a semialgebra over a coring C over a fc-algebra A and 7 be a semi- 
algebra over a coring D over a fc-algebra B. Let DC denote a C-D-bicomodule. One 
can speak about S-7-bisemimodule structures on DC if the (co)flatness conditions im- 
posed on S, 7, and DC guarantee associativity of multiple cotensor products of the 
form SDq • ■ • DqSUqDC 7 Dd ■ • ■ Dd 7. Assuming that this is so, DC is called an 
S-CT-bisemimodule if it is endowed with a left S-semimodule and a right CT-semimod- 
ule structures such that the right CT-semiaction map DC Dd 7 — > DC is a morphism 
of left S-semimodules and the left S-semiaction map S n g DC — > DC is a morphism of 
right D-comodules, or equivalently, the right CT-semiaction map is a morphism of left 
C-comodules and the left S-semiaction map is a morphism of right CT-semimodules. 
Equivalently, the C-D-bicomodule DC is called an S-CT-bisemimodule if it is endowed 
with a C-D-bicomodule morphism of bisemiaction SDeCCDipCT — > DC satisfying the 
associativity and unity equations. 

In particular, one can speak about S-CT-bisemimodules DC without imposing any 
(co)flatness conditions on DC if C is a flat right A-module and either S is a coflat 
right C-comodule, or S is a flat right A- module and a C/A-coflat left C-comodule 
and A has a finite weak homological dimension, while D is a flat left 5-module and 
either 7 is a coflat left D-comodule, or 7 is a flat left B- module and a D/.B-coflat 
right D-comodule and B has a finite weak homological dimension. We will denote 
the category of S-CT-bisemimodules by S-simod-CT. Besides, one can consider £>-flat 
S-CT-bisemimodules if C is a flat right A-module and S is a coflat right C-comodule, 
while D is a flat right 5-module, 7 is a flat right 5-module and a D/I?-coflat right 
D-comodule, and B has a finite weak homological dimension; and one can consider 
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D-coflat S-CT-bisemimodules if 6 is a flat right A-module and S is a coflat right 
C-comodule, while D is a flat right S-module and 7 is a coflat right D-comodule. 

1.4.4. Let Dl be a semialgebra over a coring £ over a A;-algebra F. Let N be an 
S-CR-bisemimodule and HVC be an CR-CT-bisemimodule. We would like to define an 
S-CT-bisemimodule structure on the semitensor product N Ok M. 

Assume that multiple cotensor products of the form S Uq ■ ■ ■ Dq S Dq N Dg CR Dg 
3VC Dd CT n<D ■ ■ ■ Dd 7 are associative. Then, in particular, the semitensor products 
(S^DeN) ()oi(Jvlnx)7 nm ) can be defined. Assume in addition that multiple cotensor 
products of the form S Dg • • • Dg S De 3V M □•£> 7 Dd ■ • ■ CT are associative. 
Then the semitensor products (S Dn □<= N) Ok (M □© CT Dm ) have natural C-D-bico- 
module structures as cokernels of C-D-bicomodule morphisms. Assume that multiple 
cotensor products of the form S D e • • • D e S D e (N Ok M) Dd CT • • • CT are also 
associative. Finally, assume that the semitensor product with S nn over C and with 
T Dm over D preserves the cokernel of the pair of morphisms NdgCRDgM =4 NDgM 
for n + m = 2, that is the bicomodule morphisms (S Dri D e N) Ok (M CT Dm ) — ► 
S Dri D e (3V Ok M) Db CT Dm are isomorphisms. Then one can define an associative 
and unital bisemiaction morphism S Dg (3V Ok 3VC) Dd CT — > 3V Ok 3VC taking the 
semitensor product over CR of the morphism of S-semiaction in N and the morphism 
of CT-semiaction in 

For example, if C is a flat right A-module, S is a coflat right C-comodule, D is 
a flat left 5-module, 7 is a coflat right D-comodule, £ is a flat right F-module, 
31 is a flat right F-module and a £/F-coflat left £-comodule, and F has a finite 
weak homological dimension, then the semitensor product of any F-flat S-CR-bisemi- 
module N and any CR-CT-bisemimodule M has a natural S-CT-bisemimodule structure. 
Since the category of S-CT-bisemimodules is abelian in this case, the bisemimodule 
NOkM can be simply defined as the cokernel of the pair of bisemimodule morphisms 
NDgCRDgM =4 ND £ M. 

Proposition. Let N be a right S-semimodule, 0C be an §>-7 -bisemimodule, and M 
be a left 7-semimodule. Then the iterated semitensor products (INT 0§ DC) 0t 3VC and 
N 0s (3C 0t are well-defined and naturally isomorphic, at least, in the following 
cases: 

(a) C is a flat right A-module, § is a coflat right C-comodule, INT is a coflat right 
C-comodule, D is a flat left B -module, 7 is a coflat left D-comodule, and M 
is a coflat left D-comodule; 

(b) C is a flat right A-module, § is a coflat right C-comodule, N is a semiflat right 
S-semimodule, and either 

• D is a flat right B-module, 7 is a coflat right D-comodule, and DC is a 
coflat right D-comodule, or 
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• CD is a flat right B -module, 7 is a flat right B-module and a D / B-coflat 
left D-comodule, the ring B has a finite weak homological dimension, and 
DC is a flat right B-module, or 

• T) is a flat left B-module, 7 is a flat left B-module and a T> / 'B-coflat 
right D-comodule, the ring B has a finite weak homological dimension, 
and M is a flat left B-module, or 

• the ring B is absolutely flat; 

(c) C is a flat right A-module, § is a coflat right G-comodule, N is a coflat right 
Q-comodule, and either 

• D is a flat right B-module, 7 is a coflat right r D-comodule, and OC as a 
left S-semimodule with a right D-comodule structure is induced from a 
D-coflat Q-D -bicomodule, or 

• D is a flat right B-module, 7 is a flat right B-module and a D / 'B-coflat 
left D-comodule, the ring B has a finite weak homological dimension, and 
OC as a left S-semimodule with a right D-comodule structure is induced 
from a B-flat Q-D -bicomodule, or 

• T) is a flat left B-module, 7 is a flat left B-module and a D / 'B-coflat 
right D-comodule, the ring B has a finite weak homological dimension, 
DC as a left S-semimodule with a right D-comodule structure is induced 
from a Q-D -bicomodule, and JA is a flat left B-module, or 

• the ring B is absolutely flat and OC as a left S-semimodule with a right 
T)-comodule structure is induced from a B-flat Q-D -bicomodule. 

More precisely, in all cases in this list the natural maps into both iterated semitensor 
products from the k-module (Na^OC) DdM ~ DSTDg (3CDx>3VC) are surjective, their 
kernels coincide and are equal to the sum of the kernels of two maps from this module 
onto its quotient modules (NOqOC) Ot^VC and Tsf Os (^CDd^VC). 

Proof. It follows from Proposition ll.2.5l that all multiple cotensor products of the form 
]\T De S De ' ' ' S 3C Oq 7 ■ ■ ■ D<r> 7 Dd 3VC are associative. Multiple cotensor 
products N D e S □<=> • ■ ■ □<= S □<= (OC Ot M) and (N S 3C)D 13 JD I) ---D S 7D J )M are 
also associative by the same Proposition (here one has to notice that the semitensor 
product NOs^ is a coflat right 2)-comodule whenever DC is a coflat right D-comodule 
and N is a semiflat right S-semimodule). The map 'NDeOCOv'M — > (N()sOC)n T >'M 
factorizes through the surjection N De OC Od M — > N Os Od M), hence there 
is a natural map N Os On 3VC) — > (N Os OC) 0%, M. One can easily see that 
whenever this map and the analogous maps for 7, 7 □£> 7, and 7 Dd 3Vt in place 
of M are isomorphisms, the iterated semitensor product (3ST Os Ot 3Vt is defined, 
the natural map 3V Dq OC Dd M — > (3V Os ^) Ot 3Vt is surjective, and its kernel 
is equal to the desired sum of two kernels of maps from N \3q OC 0<r> M onto its 
quotient modules. Thus it remains to prove that the map N Os D<x> DVC) — ► 



48 



(]\T Os DC) Dd 3VC is an isomorphism, i. e., the exact sequence of right D-comodules 
NDeSDe^ — y NU^DC — > N()gOC — > remains exact after taking the cotensor 
product with M over D. This is obvious if M is a quasicoflat D-comodule. If 
N is a semiflat S-semimodule, it suffices to present M as a kernel of a morphism 
of (quasi) coflat D-comodules. Finally, if DC as a left S-semimodule with a right 
D-comodule structure is induced from a C-D-bicomodule, then our exact sequence of 
right D-comodules splits. □ 
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2. Derived Functor SemiTor 



2.1. Coderived categories. A complex C* over an exact category A is called exact 
if it is composed of exact triples Z % —>■ C l — ► Z l+1 in A. A complex over A is called 
acyclic if it is homotopy equivalent to an exact complex (or equivalently, if it is a 
direct summand of an exact complex). Acyclic complexes form a thick subcategory 
Acycl(A) of the homotopy category Hot(A) of complexes over A. All acyclic complexes 
over A are exact if and only if A contains images of idempotent endomorphisms [37] . 
The quotient category D(A) = Hot(A)/Acycl(A) is called the derived category of A. 

Let A be an exact category where all infinite direct sums exist and the functors of 
infinite direct sum are exact. By the total complex of an exact triple 'K* — > K' — > "K* 
of complexes over A we mean the total complex of the corresponding bicomplex with 
three rows. A complex C over A is called coacyclic if it belongs to the minimal 
triangulated subcategory Acycl co (A) of the homotopy category Hot(A) containing all 
the total complexes of exact triples of complexes over A and closed under infinite 
direct sums. Any coacyclic complex is acyclic. Acyclic complexes are not always 
coacyclic (see I0.2.2[) . It follows from the next Lemma that any acyclic complex 
bounded from below is coacyclic. 

Lemma. Let — > M '* — > M 1 '* — > ■ ■ ■ be an exact sequence, bounded from below, 
of arbitrary complexes over A. Then the total complex T' of the bicomplex M*'' 
constructed by taking infinite direct sums along the diagonals is coacyclic. 

Proof. An exact sequence of complexes — > M '* — > M 1 '* can be presented 

as the inductive limit of finite exact sequences of complexes — > M '* 
M n,# — ► Z n+1,m — > 0. The total complex T* of the latter finite exact sequence is 
homotopy equivalent to a complex obtained from total complexes of the exact triples 
Z n >' — > M n,m — > Z n+1 '* using the operations of shift and cone. Hence the complexes T° 
are coacyclic. The complex T' is their inductive limit; moreover, the inductive system 
of T' is obtained by applying the functor of total complex to a locally stabilizing 
inductive system of bicomplexes. Therefore, the construction of homotopy inductive 
limit provides an exact triple of complexes ® n T' — > @ n T' — > T*. Since the total 
complex of this exact triple is coacyclic and the direct sum of coacyclic complexes is 
coacyclic, the complex T' is coacyclic. (In fact, this exact triple of complexes is split 
in every degree, so its total complex is even contractible.) □ 

The category of coacyclic complexes Acycl co (A) is a thick subcategory of the ho- 
motopy category Hot(A), since it is a triangulated subcategory with infinite direct 
sums [37J[38]. The coderived category D co (A) of an exact category A is defined as the 
quotient category Hot(A)/Acycl co (A). 

Remark. If an exact category A has a finite homological dimension, then the mini- 
mal triangulated subcategory of the homotopy category Hot(A) containing the total 
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complexes of exact triples of complexes over A coincides with the subcategory of 
acyclic complexes. Indeed, let C be an exact complex over A and n be a number 
greater than the homological dimension of A. Let Z l be the objects of cycles of the 
complex C* . Then for any integer j the Yoneda extension class represented by the 
extension Z^ n -> C 2jn ->•••-»■ C 2jn+n - 1 -> Z 2 i n+n is trivial, and therefore, this 
extension can be connected with the split extension by a pair of extension morphisms 

^ Z 2jn ^ (j2 jn ^ _ _ _ ^ Q2jn+n—l ^ Z 2jn~j y fg2jn ^ I(j2jn ^ , . . ^ I Q2jn+n— 1 y 

Z 2jn+n^ < ( Z 2jn Z 2jn _^ q _^ . . . _^ q _^ Z 2jn+n _^ tfjn+ny Let 'Q' be 

the complex obtained by replacing all the even segments C 2 ^ n (7 2 -' n+n-1 
of the complex C* with the segments 'C 2 ^ n / (7 2 i n +™- 1 while leaving the 

odd segments C 2 i n+n C ,2 ^ +1 ) n-1 in place, and let "C* be the complex ob- 

tained by replacing the same even segments of the complex C* with the segments 
Z 2 J n — ^ — ^ - • - — ^ — > Z 2 3 n + n while leaving the odd segments in place. Then the 
complex "C* and the cones of both morphisms C* — > 'C* and "C — > 'C* are 
homotopy equivalent to complexes obtained from total complexes of exact triples of 
complexes with zero differentials using the operation of cone repeatedly. 

2.2. Cofiat complexes. Let C be a coring over a fc-algebra A. The cotensor product 
H* Dg M* of a complex of right C-co modules N* and a complex of left C-comodules 
M* is defined as the total complex of the bicomplex N l DqMP , constructed by taking 
infinite direct sums along the diagonals. 

Assume that C is a flat right A-module. Then the category of left C-comodules is an 
abelian category with exact functors of infinite direct sums, so the coderived category 
D co (C-comod) is defined. When speaking about coacyclic complexes of C-comodules, 
we will always mean coacyclic complexes with respect to the abelian category of 
C-comodules, unless another exact category of C-comodules is explicitly mentioned. 

A complex of right C-comodules N* is called coflat if the complex 3\f* Dq M* is 
acyclic whenever a complex of left C-comodules M* is coacyclic. 

Lemma. Any complex of coflat C-comodules is coflat. 

Proof. Let N* be a complex of coflat C-comodules. Since the functor of cotensor 
product with N" preserves shifts, cones, and infinite direct sums, it suffices to show 
the complex WDgM' is acyclic whenever M* is the total complex of an exact triple of 
complexes of left C-comodules '%' "%*. In this case, the triple of complexes 

yi'De'X' — > N'DeX* — > WDe"0C' is also exact, because N* is a complex of coflat 
C-comodules, and the complex 3\f* DeM' is the total complex of this exact triple. □ 

If the ring A has a finite weak homological dimension, then any coflat complex of 
C-comodules is a flat complex of A-modules in the sense of 10.1.11 (Indeed, if V* is a 
complex of right A-modules such that the tensor product of V with any coacyclic 
complex of left A-modules is acyclic, then the tensor product of V with any acyclic 
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complex U* of left A-modules is also acyclic, since one can construct a morphism into 
U* from an acyclic complex of flat A- modules with a coacyclic cone.) The complex 
of C-comodules V ®a C coinduced from a flat complex of A-modules V is coflat. 

Remark. The coderived category D co (C-comod) can be only thought of as the "right" 
version of exotic unbounded derived category of C-comodules (e. g., for the purposes 
of defining the derived functors Cotor e and Coexte, constructing the equivalence of 
derived categories of C-comodules and C-contramodules, etc.) when the ring A has a 
finite (weak or left) homological dimension. Indeed, what is needed is a definition of 
"relative coderived category" of C-comodules such that for C = A it would coincide 
with the derived category of A-modules, while when C is a coalgebra over a field it 
would be the coderived category of C-comodules defined above. (The same applies to 
the semiderived category D sl (S-simod) of S-semimodules — it only appears to be the 
"right" definition when the ring A has a finite homological dimension.) 

2.3. Semiderived categories. Let S be a semialgebra over a coring C. Assume 
that C is a flat right /1-module and S is a coflat right C-comodule, so that the 
category of left S-semimodules is abelian. The semiderived category of left S-semi- 
modules D sl (S-simod) is defined as the quotient category of the homotopy category 
Hot(S-simod) by the thick subcategory Acycl co_e (S-simod) of complexes of S-semi- 
modules that are coacyclic as complexes of G-comodules. 

Remark. There is no claim that the semiderived category exists in the sense that 
morphisms between a given pair of objects form a set rather than a class. Rather, 
we think of our localizations of categories as of "very large" categories with classes 
of morphisms instead of sets. We will explain in 15.51 and 16.51 how to compute the 
modules of homomorphisms in semiderived categories in terms of resolutions; then it 
will follow that the semiderived category does exist, under certain assumptions. 

2.4. Semiflat complexes. Let S be a semialgebra. The semitensor product TV* Os 
3VC* of a complex of right S-semimodules N" and a complex of left S-semimodules 
M* is defined as the total complex of the bicomplex 7\P Os 3VC 7 , constructed by 
taking infinite direct sums along the diagonals. Of course, appropriate (co)flatness 
conditions must be imposed on S, N", and JVC* for this definition to make sense. 

Assume that the coring C is a flat right A-module, the semialgebra S is a coflat 
right C-comodule and a C/A-coflat left C-comodule, and the ring A has a finite 
weak homological dimension. A complex of A-flat right S-semimodules N* is called 
semiflat if the complex J\T Os JVC* is acyclic whenever a complex of left S-semimod- 
ules JVC* is C-coacyclic. Any semiflat complex of S-semimodules is a coflat complex of 
C-comodules. The complex of S-semimodules CR* Dg S induced from a coflat complex 
of A-flat C-comodules 01* is semiflat. 

If it is only known that C is a flat right A-module and S is a coflat right C-comodule, 
one can define semiflat complexes of C-coflat right S-semimodules. Then the complex 

52 



of S-semimodules induced from a complex of coflat C-comodules is semiflat; it is also 
a complex of semiflat semimodules. 

Notice that not every complex of semiflat semimodules is semiflat (see 10.1. IT) . In 
particular, it follows from Theorem [221 and Lemma l2TTl below that (in the assumptions 
of 12.61) a C-coacyclic complex of A-flat right S-semimodules N* is semiflat if and only 
if its semitensor product with any complex of left S-semimodules M* (or just with 
any left S-semimodule DVC) is acyclic. Thus a C-coacyclic complex of semiflat S-semi- 
modules is semiflat if and only if all of its semimodules of cocycles are semiflat. 

On the other hand, any complex of semiflat semimodules bounded from above is 

semiflat. Moreover, if ► N -1 '* -> N '* -> is a complex, bounded from above, of 

semiflat complexes of S-semimodules, then the total complex £* of the bicomplex N*'* 
constructed by taking infinite direct sums along the diagonals is semiflat. Indeed, the 
category of semiflat complexes is closed under shifts, cones, and infinite direct sums, 
so one can apply the following Lemma. 

Lemma. Let ■ ■ ■ — > N~ x '' — ► iV '* — > be a complex, bounded from above, of arbitrary 
complexes over an additive category A where infinite direct sums exist. Then the total 
complex E* of the bicomplex N''' up to the homotopy equivalence can be obtained from 
the complexes N~ 1 '' using the operations of shift, cone, and infinite direct sum. 

Proof. Let E' be the total complex of the finite complex of complexes — > N~ n, ° — > 
• • • — > iV '* — > 0. Then the complex E* is the inductive limit of the complexes E*, and 
in addition, the embeddings of complexes E* n — > E' +l split in every degree. Thus the 
triple of complexes ® n E' n — > @ n E' n — > E* is split exact in every degree and the 
complex E* is homotopy equivalent to the cone of the morphism @ n E* n — > @ n E' n 
(the homotopy inductive limit of the complexes □ 

2.5. Main theorem for comodules. Assume that the coring C is a flat left and 
right A-module and the ring A has a finite weak homological dimension. 

Theorem. The functor mapping the quotient category of the homotopy category of 
complexes of coflat Q-comodules (coflat complexes of G-comodules) by its intersection 
with the thick subcategory of coacyclic complexes of C-comodules into the coderived 
category of Q-comodules is an equivalence of triangulated categories. 

Proof. We will show that any complex of C-comodules %' can be connected with 
a complex of coflat C-comodules in a functorial way by a chain of two morphisms 
%' < — ^("X') — ► 1R2Li(3C*) with coacyclic cones. Moreover, if the complex %' is a 
complex of coflat C-comodules (coflat complex of C-comodules), then the intermediate 
complex R2(3C) in this chain is also a complex of coflat C-comodules (coflat complex 
of C-comodules). Then we will apply the following Lemma. 

Lemma. Let C be a category and F be its full subcategory. Let S be a class of 
morphisms in C containing the third morphism of any triple of morphisms s, t, and 
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st when it contains two of them. Suppose that for any object X in C there is a chain of 
morphisms X <— F\(X) F n -i(X) — > F n (X) belonging to S and functorially 

depending on X such that the object F n (X) belongs to F for any X e C and all the 
objects Fi(X) belong to F for any X G F. Then the functor F[(S H F) _1 ] — > C[S _1 ] 
induced by the embedding F — > C is an equivalence of categories. 

Proof. It is obvious that the functor between the localized categories is surjective on 
the isomorphism classes of objects; let us show that it is bijective on morphisms. It fol- 
lows from the condition on the class S that the functors Fi preserve it. Let U and V be 
two objects of F and : U — ► V be a morphism between them in the category C[S -1 ]. 
Applying the functor F n : C — ► F, we obtain a morphism F n (<p) : F n (U) — > F n (V) 
in the category F[(S PI F) -1 ]. The square diagram of morphisms in the category 
C[S _1 ] formed by the morphism 0, the isomorphism between U and F n (U), the mor- 
phism F n (4>), and the isomorphism between V and F n (V) is commutative, since it 
is composed from commutative squares of morphisms in the category C. Since the 
other three morphisms in this commutative square lift to F[(S D F) -1 ], the morphism 
belongs to the image of the functor F[(S n F) _1 ] — > C[S -1 ]. Now suppose that 
two morphisms and ip: U — > V in the category F[(S D F) _1 ] map to the same 
morphism in C[S -1 ]. Applying the functor F n , we see that the morphisms F n (<p) 
and F n (ip) are equal in F[(S fl F) -1 ]. So we have two commutative squares in the 
category F[(S fl F) _1 ] with the same vertices U, V, F n (U), and F n (V), the same 
morphism F n (U) — > F n (V), the same isomorphisms U ~ F(U) and V ~ F(V), and 
two morphisms and ip: U — > V. It follows that the latter two morphisms are 
equal. □ 

Let %' be a complex of C-comodules. Let T(M) — > M denote the functorial 
surjective morphism onto an arbitrary C-comodule M from an A-fiat C-comodule 
!P(M) constructed in Lemma H.1.31 

The functor O 3 is not always additive, but as any functor from an additive category 
to an abelian one it is the direct sum of a constant functor M i — > ^(0) and a 
functor T+(M) = ker(y(M) -> CP(0)) = coker(T(0) -> 0>(M)) sending zero objects 
to zero objects and zero morphisms to zero morphisms. For any C-comodule M, the 
comodule [P + (M) is A-flat and the morphism y + (M) — >■ M is surjective. 

Set ? (X # ) = 0*1 (3C) = 3 5+ (ker(y°(3C*) -> X')), etc. For d large enough, 

the kernel Z(X°) of the morphism — > < 3 > d-2{%') will be a complex of A-flat 
C-comodules. Let Li(3C*) be the total complex of the bicomplex 

Z{%') , 'P d _ 1 (X m ) > ... > ► %(%•). 

Then Li(X') is a complex of A-flat C-comodules and the cone of the morphism 
Lx(3C*) — > %' is the total complex of a finite exact sequence of complexes of 
C-comodules, and therefore, a coacyclic complex. 
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Now let £j* be a complex of A-flat left C-comodules. Consider the cobar construc- 
tion 

e ® A — > e ® A e ®a £* — > e ® A e ® A e ®a — ► • • • 

Let R 2 (X*) be the total complex of this bicomplex, constructed by taking infinite 
direct sums along the diagonals. Then R 2 (£>') is a complex of coflat C-comodules. 
The functor M 2 can be extended to arbitrary complexes of C-comodules; for any 
complex the cone of the morphism %' — > IR 2 (3C) is coacyclic by Lemma [2. II 

Finally, if %' is a coflat complex of C-comodules, then R 2 (;X*) is also a coflat 
complex of C-comodules, since the cotensor product of IR 2 (K*) with a complex of 
right C-comodules N* coincides with the cotensor product of %' with the total cobar 
complex R 2 (!N*), and the latter is coacyclic whenever H* is coacyclic. 

We have constructed the chain of morphisms %' < — R 2 (CC*) — > R^^X*) with 
the desired properties. The only remaining problem is that the functor Li is not addi- 
tive and therefore not defined on the homotopy category of complexes of C-comodules, 
but only on the (abelian) category of complexes and their morphisms. So we have to 
apply Lemma to the category C of complexes of C-comodules, the full subcategory F 
of complexes of coflat C-comodules (coflat complexes of C-comodules) in it, and the 
class S of morphisms with coacyclic cones. 

The corresponding localizations will coincide with the desired quotient categories 
of homotopy categories due to the following general fact [2"5j III. 4. 2-3]. For any 
DG-category DG where shifts and cones exist the localization of the category of closed 
morphisms in DG with respect to the class of homotopy equivalences coincides with 
the homotopy category of DG (i. e., closed morphisms homotopic in DG become equal 
after inverting homotopy equivalences). In particular, this is true for any category of 
complexes over an additive category that is closed under shifts and cones. □ 

Remark. Another proof of Theorem (for complexes of coflat comodules or coflat 
complexes of ^4-flat comodules) can be found in 12.61 After Theorem has been proven, 
it turns out that the functors Li and R 2 can be also applied in the reverse order: 
for any complex of C-comodules £/, the complex R 2 (£/) is a complex of C/A-coflat 
C-comodules, and for any complex of C/A-coflat C-comodules %', the complex Li(3C) 
is a complex of coflat C-comodules (by Remark II. 2. 2| which depends on Theorem). 

2.6. Main theorem for semimodules. Assume that the coring C is a flat left and 
right A-module, the semialgebra S is a coflat left and right C-comodule, and the ring 
A has a finite weak homological dimension. 

Theorem. The functor mapping the quotient category of the homotopy category of 
semiflat complexes of A-flat (Q-coflat, semiflat) S-semimodules by its intersection 
with the thick subcategory of G-coacyclic complexes of S-semimodules into the semi- 
derived category of S-semimodules is an equivalence of triangulated categories. 
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Proof. We will show that in the chain of functors mapping the quotient category of 
(the homotopy category of) semiflat complexes of C-coflat (semiflat) S-semimodules 
by C-coacyclic semiflat complexes of C-coflat S-semimodules into the quotient cate- 
gory of complexes of C-coflat S-semimodules by C-coacyclic complexes of C-coflat 
S-semimodules into the quotient category of complexes of A-flat S-semimodules 
by C-coacyclic complexes of A-flat S-semimodules into the semiderived category of 
S-semimodules all the three functors are equivalences of categories. Analogously, 
in the chain of functors mapping the quotient category of (the homotopy category 
of) semiflat complexes of A- flat S-semimodules by C-coacyclic semiflat complexes 
of A-flat S-semimodules into the quotient category of C-coflat complexes of A-flat 
S-semimodules by C-coacyclic C-coflat complexes of A-flat S-semimodules into the 
quotient category of complexes of A-flat S-semimodules by C-coacyclic complexes of 
A-flat S-semimodules into the semiderived category of S-semimodules all the three 
functors are equivalences of categories. 

In order to prove this, we will construct for any complex of S-semimodules 0C° a 
morphism Li(9C") — ► 9C* into DC* from a complex of A-flat S-semimodules Li(9C"), 
for any complex of A-flat S-semimodules £* a morphism £* — > R2(£*) from £* into 
a complex of C-coflat S-semimodules R 2 (£*), and for any C-coflat complex of A-flat 
S-semimodules (complex of C-coflat S-semimodules) M* a morphism L.3pVt*) — > 3VC* 
into 3Vt* from a semiflat complex of A-flat (semiflat) S-semimodules L 3 (M*) such that 
in each case the cone of this morphism will be a C-coacyclic complex of S-semimod- 
ules. Then we will apply the following Lemma. 

Lemma. Let H be a category and F be its full subcategory. Let S be a localizing (i. e., 
satisfying the Ore conditions) class of morphisms in H. Assume that for any object 
X of H there exists an object U of F together with a morphism U — > X belonging 
to S (or for any object X of H there exists an object V of F together with a morphism 
X — ► V belonging to S). Then the functor F[(S fl F) _1 ] — ► H[S _1 ] induced by the 
embedding F — ► H is an equivalence of categories. 

Proof. It is obvious that the functor between the localized categories is surjective on 
the isomorphism classes of objects; let us show that it is bijective on morphisms. 
Any morphism in the category H[S _1 ] between two objects U and V from F can be 
represented by a fraction U <— X — > V, where X is an object of H and the morphism 
X — > U belongs to S. By our assumption, there is an object W from F together with 
a morphism W — > X from S. Then the fractions U <— X — > V and U <— W — ► V 
represent the same morphism in H[S _1 ], while the second fraction represents also a 
certain morphism in F[(SnF) -1 ]. Furthermore, any two morphisms from an object U 
to an object V in the category F[(S H F) _1 ] can be represented by two fractions of the 
form U 4— U' =4 V, with the same morphism U — > U' from S fl F and two different 
morphisms U' =4 V (since the class of morphisms S fl F in the category F satisfies the 
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right Ore conditions). If the images of these morphisms in the category HfS" 1 ] are 
equal, then there is a morphism X — > U' from S with an object X from H such that 
two compositions X — > U' =4 V coincide. Again there is an object W from F together 
with a morphism W — > X belonging to S. Since the two compositions W — > U' =4 V" 
coincide in F, the morphisms represented by the two fractions Z7 <— U' V are equal 
in F[(S n F) -1 ]. □ 

Let DC* be a complex of S-semimodules. Let iPpVC) — > M denote the functorial 
surjective morphism onto an arbitrary S-semimodule M from an A-flat S-semimodule 
IP(DVC) constructed in Lemma 11.3.21 As explained in the proof of Theorem 12.51 the 
functor 7 is the direct sum of a constant functor HVC i — ► ^(0) and a functor J* + send- 
ing zero morphisms to zero morphisms. For any S-semimodule JVC, the semimodule 
IP + (3Vt) is A-fiat and the morphism D 5+ (M) — > M is surjective. 

Set T (DC') = 7 + (DC'), T^OC') = T + (kei(T°(0C') -> DC*)), etc. For d large 
enough, the kernel 2a(3C*) of the morphism IP^_ 1 (3C*) — ► !P f i_ 2 (3C*) w iH be a complex 
of A-fiat S-semimodules. Let Li(DC') be the total complex of the bicomplex 

%(%') > OVipC*) > ••■ > D>i(JC") ► y (3C*)- 

Then Li(DC') is a complex of A-flat S-semimodules and the cone of the morphism 
Li(9C") — > DC' is the total complex of a finite exact sequence of complexes of S-semi- 
modules, and therefore, a C-coacyclic complex (and even an S-coacyclic complex). 

Now let £* be a complex of A-flat S-semimodules. Let 3VC — ► 0(3Vt) denote 
the functorial injective morphism from an arbitrary A-flat S-semimodule 3VC into 
a C-coflat S-semimodule 0(3VC) with an A-flat cokernel 0(3VC)/3VC constructed in 
Lemma EES Set 0°(£') = 3(&'), d\&') = 0(coker(£* -> etc. Let 

IR2CC'") be the total complex of the bicomplex 

3°(L') > d\&') ► 3 2 (£') > ■■■ , 

constructed by taking infinite direct sums along the diagonals. Then M.2(& m ) is a 
complex of C-coflat S-semimodules and the cone of the morphism £* — > M.2(& m ) is 
a C-coacyclic (and even S-coacyclic) complex by Lemma 12.11 

Finally, let M* be a C-coflat complex of A-flat left S-semimodules. Then the 
complex S □e^VC* is a semiflat complex of A-flat S-semimodules. Moreover, if M* is 
a complex of C-coflat S-semimodule s, then SDe^VC* is a semiflat complex of semiflat 
S-semimodules. Consider the bar construction 

■ • ■ > S D e S D e S D e M" ► S D e S D e M* ► S D e MV 

Let L 3 (3Vt*) be the total complex of this bicomplex, constructed by taking infinite 
direct sums along the diagonals. Then the complex L 3 (M*) is semiflat by 12.41 and the 
cone of the morphism IL^DYt*) — > M* is not only C-coacyclic, but even C-contractible 
(the contracting homotopy being induced by the semiunit morphism C — > S). □ 
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Remark. It is clear that the constructions of complexes R2(£") and L3(3Vl*) can be 
applied to arbitrary complexes of S-semimodules, with no (co)flatness conditions im- 
posed on them. For example, an alternative way of proving Theorem is to show that 
the functors mapping the quotient category of semiflat complexes of C-coflat (semi- 
flat) S-semimodules by C-coacyclic semiflat complexes into the quotient category of 
complexes of C/A-coflat S-semimodules by C-coacyclic complexes into the semi de- 
rived category of S-semimodules are both equivalences of categories. Indeed, for any 
complex of S-semimodules £* the complex RaOC**) is a complex of C/A-coflat S-semi- 
modules by Lemma [1.3.31 and for any complex of C/A-coflat S-semimodules DC' the 
complex Li(9C") is a complex of C-coflat S-semimodules by Remark 11.3.21 (hence the 
complex L 3 ILi(9C*) is a semiflat complex of semiflat S-semimodules). Yet another use- 
ful approach to proving Theorem was presented in l2.5t any complex of S-semimodules 
DC' can be connected with a semiflat complex of semiflat S-semimodules in a functorial 
way by a chain of three morphisms DC' < — L 3 (3C*) — > L 3 R 2 (DC') < — L 3 R 2 L 1 (3C*) 
with C-coacyclic cones, and when DC' is a semiflat complex of (A-flat, C-coflat, or 
semiflat) S-semimodules, all the complexes in this chain are also semiflat complexes 
of (A-flat, C-coflat, or semiflat) S-semimodules. 

Question. Is the quotient category of C-coflat complexes of S-semimodules by the 
thick subcategory of C-coacyclic C-coflat complexes equivalent to the semiderived 
category of S-semimodules? 

2.7. Derived functor SemiTor. The following Lemma provides a general approach 
to double-sided derived functors of (partially defined) functors of two arguments. 

Lemma. Let Hi and H2 be two categories, H be a (not necessarily full) subcategory 
in Hi x H2, and Si and S2 be localizing classes of morphisms in Hi and H2. Let K be 
a category and 0: H — ► K be a functor. Let F\ and F2 be subcategories in Hi and 
H 2 . Assume that both functors Fj[(Sj fl Fj) _1 ] — ► HjfS" 1 ] induced by the embeddings 
F, — ► Hj are equivalences of categories and the subcategory H contains both subcat- 
egories Fi x H 2 and H x x F 2 . Furthermore, assume that the morphisms Q(U,t) and 
0(s, V) are isomorphisms in the category K for any objects U £ F 1; V 6 F 2 and any 
morphisms s G Si, t G S2. Then the restrictions of the functor to the subcategories 
Fi x H2 and Hi x F2 factorize through their localizations by their intersections with 
Si x S2, so one can define derived functors DiG, D20: HifSf 1 ] x ^[S^ 1 ] — > K by 
restricting the functor to these subcategories. Moreover, the derived functors Di0 
and ©2© fl^e naturally isomorphic to each other and therefore do not depend on the 
choice of subcategories Fi and F 2; provided that both subcategories exist. 

Proof. Let us show that for any morphism s G Si fl Fi and any object X e H 2 the 
morphism Q(s,X) is an isomorphism in K. By assumptions of Lemma, the image 
of X in ^[S^ 1 ] is isomorphic to the image of a certain object V G F 2 . First suppose 
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that there exists a fraction X <— Y — > V of morphisms from S2 connecting X and 1/. 
Then both morphisms of morphisms Q(s,Y) — > Q(s,X) and Q(s,Y) — > Q(s,V) 
are isomorphisms of morphisms, since the source and the target of s belong to Fi. 
Now the morphism 0(s, X) is an isomorphism, because the morphism 0(s, V) is an 
isomorphism. In the general case, there exist a fraction X <— Y —>■ V connecting X 
and V and two morphisms Y' — > Y and V — > V such that the morphism Y — > X 
and two compositions Y' — > Y — > V and Y — > V — > V belong to S2. Then the 
compositions of morphisms of morphisms Q(s,Y r ) — > Q(s,Y) — > Q(s,V) and 
Q(s,Y) — > Q(s,V) — > Q(s,V) are isomorphisms of morphisms, so the morphism 
of morphisms 0(s, Y) — > 0(s, V) is both left and right invertible, and therefore, is an 
isomorphism of morphisms. Since the morphism of morphisms Q(s,Y) — > Q(s,X) 
is also an isomorphism of morphisms and the morphism 0(s, V) is an isomorphism, 
one can conclude that the morphism Q(s,X) is also an isomorphism. 

Thus the derived functor Di0 is defined; it remains to construct an isomorphism 
between Di© and ©2©- But the compositions of the functors Di@ and ID2Q with the 
functor Fi[(Si n Fi)" 1 ] x F 2 [(S 2 n F2)- 1 ] — ► H^Sf 1 ] x ^[S^ 1 ] coincide by definition, 
and the latter functor is an equivalence of categories. □ 

Assume that the coring C is a flat left and right A-module, the semialgebra S is 
a coflat left and right C-comodule, and the ring A has a finite weak homological 
dimension. 

The double-sided derived functor SemiTor 8 on the Carthesian product of the semi- 
derived categories of right and left S-semimodules is defined as follows. Consider 
the partially defined functor of semitensor product of complexes of S-semimodules 
0§: Hot(simod-S) x Hot(S-simod) -~> Hot(fc-mod). This functor is defined on the 
full subcategory of the Carthesian product of homotopy categories that consists of 
pairs of complexes (X", M*) such that either 74' or M* is a complex of A-flat S-semi- 
modules. Compose it with the functor of localization Hot(A;-mod) — ► D(A;-mod) 
and restrict to the Carthesian product of the homotopy category of semiflat com- 
plexes of A-flat right S-semimodules and the homotopy category of complexes of left 
S- semimo dules . 

By the definition, the functor so obtained factorizes through the semiderived cate- 
gory of left S-semimodules in the second argument, and it follows from Theorem 12.61 
and the above Lemma that it factorizes through the quotient category of the homo- 
topy category of semiflat complexes of A-flat right S-semimodules by its intersection 
with the thick subcategory of C-coacyclic complexes in the first argument. 

Explicitly, let N* be a C-coacyclic semiflat complex of A-flat right S-semimodules 
and 3Vt" be a complex of left S-semimodules. Using the constructions from the proof 
of Theorem 12.61 connect DVt* with a semiflat complex of A-flat left S-semimodules 
£j' by a chain of morphisms with C-coacyclic cones. Then the complexes ]ST Os 
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and JV Os£" are connected by a chain of quasi-isomorphisms, and since the complex 
N* Os £* is acyclic, the complex N* Os 3VT is acyclic, too. 
Thus we have constructed the double-sided derived functor 

SemiTor 8 : D si (simod-S) x D si (S-simod) ► D(fc-mod). 

According to Lemma, the same derived functor can be obtained by restricting the 
functor of semitensor product to the Carthesian product of the homotopy category 
of complexes of left S-semimodules and the homotopy category of semiflat complexes 
of A-flat right S-semimodules, or indeed, to the Carthesian product of the homotopy 
categories of semiflat complexes of A-flat right and left S-semimodules. One can also 
use semiflat complexes of C-coflat S-semimodules or semiflat complexes of semiflat 
S-semimodules instead of semiflat complexes of A-flat S-semimodules. 

In particular, when the coring C is a flat left and right A-module and the ring A 
has a finite weak homological dimension, one defines the double-sided derived functor 

Cotor 6 : D co (comod-e) x D co (e-comod) ► D(£;-mod) 

by composing the functor of cotensor product Dq : Hot(comod-C) x Hot(C-comod) — > 
Hot(£;-mod) with the functor of localization Hot(/c-mod) — > D(A;-mod) and re- 
stricting it to the Carthesian product of the homotopy category of complexes of 
coflat right C-comodules and the homotopy category of arbitrary complexes of left 
C-comodules. The same derived functor is obtained by restricting the functor of 
cotensor product to the Carthesian product of the homotopy category of arbitrary 
complexes of right C-comodules and the homotopy category of complexes of coflat 
left C-comodules, or indeed, to the Carthesian product of the homotopy categories of 
coflat right C-comodules and coflat left C-comodules. One can also use coflat com- 
plexes of C-comodules or coflat complexes of A-flat C-comodules instead of complexes 
of coflat C-comodules. 

Remark. One can define a version of derived functor Cotor without making any ho- 
mological dimension assumptions by considering pro-objects in the spirit of [231 121] • 
Let k-mod^ denote the category of pro-objects over the category fc-mod that can be 
represented by countable filtered projective systems of /c-modules; this is an abelian 
tensor category with exact functors of countable filtered projective limits and a right 
exact functor of tensor product commuting with countable filtered projective limits. 
Let A be a ring object in /c-mod w ; then one can consider right and left .A-module 
objects and ,A-.A-bimodule objects in fc-mod^, which we will simply call right and left 
.A-modules and .A-A-bimodules. Furthermore, let C be a coring object in the tensor 
category of .A-.A-bimodules; we will consider C-comodule objects in the categories 
of right and left .A-modules and call them right and left C-comodules. Define the 
functor of cotensor product over 6 taking values in the category k-mod u in the usual 
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way and extend it to the Carthesian product of the homotopy categories of com- 
plexes of right and left C-comodules by taking infinite products along the diagonals 
in the bicomplex of cotensor products. The categories of right and left A-modules 
are abelian. Assume that C is a flat left and right .A-module; then the categories 
of right and left C-comodules are also abelian. Define the semiderived categories of 
right and left C-comodules as the quotient categories of the homotopy categories by 
the thick subcategories of 7l-contraacyclic complexes (the contraacyclic complexes 
being defined in terms of countable products). Then one can use Lemma to define 
the double-sided derived functor ProCotor 6 of cotensor product on the Carthesian 
product of the semiderived categories of right and left C-comodules in terms of coflat 
complexes of C-comodules. In order to obtain for any complex of C-comodules a 
coflat complex of C-comodules connected with by a functorial chain of two mor- 
phisms with .A-contraacyclic cones one needs to construct a surjective morphism onto 
any C-comodule 3Vt from an .A-flat C-comodule iFpVC). This construction is dual to 
that of Lemma fl. 3. 31 and uses the surjective map onto any .A-module M from an A-flat 
A-module S(M) = A®^. M', where M' is a pro-fc-module represented by a countable 
filtered projective system of flat fc-modules mapping onto the pro-/c-module M and 
(g)£ denotes the functor of tensor product in /c-mocT '. The .A-flat C-comodule ^(M) 
is obtained as the projective limit in fc-mod^ of the projective system of C-comodules 
M < — Q(M) < — Q(Q(M)) < — • • • Given a complex of A-flat C-comodules M', 
a coflat complex of C-comodules endowed with a morphism from the complex M* 
with an 7l-contractible cone is obtained as the total complex of the cobar complex 
of M*, constructed by taking infinite products along the diagonals. One can also 
consider the category of arbitrary pro-/c-modules in place of fc-mod w . Notice that for 
a conventional coalgebra C over a field A = k and complexes of C-comodules N* and 
3VT in the category of A;-vector spaces that are both bounded from above or from 
below the object of the derived category of /c-vector spaces obtained by applying the 
derived functor of projective limit to the object ProCotor e (]\T, 3VC*) of the derived 
category D(k-vect u ) coincides with Cotor e,/ (N*, M*) fsee 10.2. 10p . 

2.8. Relatively semiflat complexes. We keep the assumptions and notation of 12.51 
\2M andO 

One can compute the derived functor Cotor e using resolutions of a different kind. 
Namely, the cotensor product N* De M" of a complex of A-flat right C-comodules 
N* and a complex of C/A-coflat C-comodules M* represents an object naturally 
isomorphic to Cotor e (M*, 3Sf*) in the derived category of A;-modules. Indeed, the 
complex M 2 (N*) is a complex of coflat C-comodules and the cone of the mor- 
phism N* — > ^(N*) is coacyclic with respect to the exact category of A-flat 
right C-comodules, hence the morphism N* De M* — ► M2ON*) Dq M* is a quasi- 
isomorphism. One can prove that the cotensor product of a complex coacyclic with 
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respect to the exact category of A- flat C-comodules and a complex of C/A-coflat 
C-comodules is acyclic in the way completely analogous to the proof of Lemma 12.21 
One can also compute the derived functor SemiTor 8 using resolutions of different 
kinds. Namely, a complex of left S-semimodules is called semiflat relative to A if its 
semitensor product with any complex of A-flat right S-semimodules that as a complex 
of C-comodules is coacyclic with respect to exact category of A-flat right C-comodules 
is acyclic (cf. Theorem l7.2.2( a)). For example, the complex of S-semimodules induced 
from a complex of C/A-coflat C-comodules is semiflat relative to A, hence the com- 
plex L^II^PO is semiflat relative to A for any complex of left S-semimodules DC*. 
The semitensor product Tsf* Os 3Vt* of a complex of A-flat right S-semimodules N* 
and a complex of left S-semimodules 3VT semiflat relative to A represents an object 
naturally isomorphic to SemiTor s (]Nf*, 3Vt*) in the derived category of fc-modules. In- 
deed, L 3 IR2(N*) is a semiflat complex of right S-semimodules connected with N* by 
a chain of morphisms N* — > ^(N*) < — L3R2QM"*) whose cones are coacyclic with 
respect to the exact category of A-flat C-comodules and contractible over C, respec- 
tively. Hence there is a chain of two quasi-isomorphisms connecting N* Os with 
L 3 M2(N') OsMV 

Analogously, a complex of left S-semimodules is called semiflat relative to C if its 
semitensor product with any C-contractible complex of C-coflat right S-semimodules 
is acyclic. For example, the complex of S-semimodules induced from any complex of 
C-comodules is semiflat relative to C, hence the complex L 3 (3C*) is semiflat relative 
to C for any complex of left S-semimodules DC'. The semitensor product N'Os^VC* of a 
complex of C-coflat right S-semimodules ]\P and a complex of left S-semimodules M* 
semiflat relative to C represents an object naturally isomorphic to SemiTor s (?\r, M") 
in the derived category of fc-modules. Indeed, L^N*) is a semiflat complex of right 
S-semimodules and the cone of the morphism L^DST) — > 3\T is a C-contractible 
complex of C-coflat right S-semimodules. It follows that the semitensor product of 
a complex of left S-semimodules semiflat relative to C with a C-coacyclic complex of 
C-coflat right S-semimodules is acyclic. 

At last, a complex of A-flat right S-semimodules is called semiflat relative to C rel- 
ative to A (S/C/A-semiflat) if its semitensor product with any C-contractible complex 
of C/A-coflat left S-semimodules is acyclic. For example, the complex of S-semimod- 
ules induced from a complex of A-flat C-comodules is S/C/A-semiflat, hence the com- 
plex L3Li(3C*) is S/C/A-semiflat for any complex of right S-semimodules DC*. The 
semitensor product JNT* Os 3VT of an S/C/A-semiflat complex of A-flat right S-semi- 
modules [NT* and a complex of C/A-coflat left S-semimodules M* represents an object 
naturally isomorphic to SemiTor s (]\T*, 3Vt*) in the derived category of fc-modules. In- 
deed, h 3 (W) is a complex of left S-semimodules semiflat relative to A and the cone 
of the morphism L 3 (3VT) — > M* is a C-contractible complex of C/A-coflat right 
S-semimodules. It follows that the semitensor product of an S/C/A-semiflat complex 
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of A-flat right S-semimodules with a C-coacyclic complex of C/A-coflat left S-semi- 
modules is acyclic. 

The functors mapping the quotient categories of the homotopy categories of com- 
plexes of S-semimodules semiflat relative to A, complexes of S-semimodules semiflat 
relative to C, and S/G/A- semiflat complexes of A-flat S-semimodules by their inter- 
sections with the thick subcategory of C-coacyclic complexes into the semiderived 
category of S-semimodules are equivalences of triangulated categories. The same 
applies to complexes of A-flat, C-coflat, or C/A-coflat S-semimodules. These results 
follow easily from either of Lemmas 12.51 or 12. 61 So one can define the derived func- 
tor SemiTor 8 by restricting the functor of semitensor product to these categories of 
complexes of S-semimodules as explained above. 

Remark. Assuming that C is a flat right A-module, S is a coflat right and a 
C/yl-coflat left C-comodule, and A has a finite weak homological dimension, one 
can define the double-sided derived functor SemiTor 8 on the Carthesian product of 
the semiderived category of A-flat right S-semimodules and the semiderived category 
of left S-semimodules. The former is defined as the quotient category of the homo- 
topy category of complexes of A-flat right S-semimodules by the thick subcategory of 
complexes that as complexes of C-comodules are coacyclic with respect to the exact 
category of A-flat right C-comodules. The derived functor is constructed by restrict- 
ing the functor of semitensor product to the Carthesian product of the homotopy 
category of complexes of A-flat right S-semimodules and the homotopy category of 
complexes of left S-semimodules semiflat relative to A, or the Carthesian product 
of the homotopy category of semiflat complexes of A-flat right S-semimodules and 
the homotopy category of complexes of left S-semimodules. Assuming that C is a 
flat left and right A-module, S is a flat left A-module and a coflat right C-comodule, 
and A has a finite weak homological dimension, one can define the left derived func- 
tor Semi Tor s on the Carthesian product of the semiderived category of C/A-coflat 
right S-semimodules and the semiderived category of left S-semimodules. The for- 
mer is defined as the quotient category of the homotopy category of complexes of 
G/A-Q&t right S-semimodules by the thick subcategory of complexes that as com- 
plexes of C-comodules are coacyclic with respect to the exact category of C/A-coflat 
right C-comodules (cf. Remark 17.2. 2p . The derived functor is constructed by restrict- 
ing the functor of semitensor product to the Carthesian product of the homotopy 
category of complexes of C/A-coflat right S-semimodules and the homotopy category 
of S/ C/A-semiflat complexes of A-flat left S-semimodules, or the Carthesian product 
of the homotopy category of semiflat complexes of C-coflat right S-semimodules and 
the homotopy category of complexes of left S-semimodules. Both of these definitions 
of derived functors are particular cases of Lemma 12.71 
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2.9. Remarks on derived semitensor product of bisemimodules. We would 
like to define the double-sided derived functor of semitensor product of bisemimodules 
and in such a way that derived semitensor products of several factors would be 
associative. It appears that there are two approaches to this problem, even in the 
case of modules over rings. First suppose that we only wish to have associative 
derived semitensor products of three factors. Let S be a semialgebra over a coring C 
and 7 be a semialgebra over a coring D, both satisfying the conditions of 12.61 

The semiderived category of S-T-bisemimodules D sl (S-simod-CT) is defined as the 
quotient category of the homotopy category Hot(S-simod-CT) by the thick subcate- 
gory of complexes of bisemimodules that as complexes of C-D-bicomodules are co- 
acyclic with respect to the abelian category of C-D-bicomodules. We would like to 
define derived functors of semitensor product 

0§: D si (simod-S) x D si (S-simod-T) ► D si (simod-T) 

0?: D si (S-simod-T) x D si (T-simod) ► D si (S-simod) 

and prove the associativity isomorphism 

SemiTor^N* <>§ DC*, M*) ~ SemiTor s (N*, DC* O^M*). 

Let us call a complex of C-coflat right S-semimodules quite semiflat if it belongs 
to the minimal triangulated subcategory of the homotopy category of S-semimodules 
containing the complexes induced from complexes of coflat right C-comodules and 
closed under infinite direct sums. One can show (see Remark 17.2.21 and the proof of 
Theorem l8.2[ 2) that the quotient category of the category of quite semiflat complexes 
of C-coflat S-semimodules by its minimal triangulated subcategory containing the 
complexes of S-semimodules induced from complexes of C-comodules coacyclic with 
respect to the exact category of C-coflat C-comodules and closed under infinite direct 
sums is equivalent to the semiderived category of S-semimodules. In other words, any 
C-coacyclic quite semiflat complex of C-coflat S-semimodules can be obtained from 
the complexes of S-semimodules induced from the total complexes of exact triples of 
complexes of coflat C-comodules using the operations of cone and infinite direct sum. 

It follows (by Lemmas 12.21 and 11.2.21) that the restriction of the functor of semi- 
tensor product Hot(simod-S) x Hot(S-simod-T) — - > D s '(simod-T) to the Carthesian 
product of the homotopy category of quite semiflat complexes of C-coflat right S-semi- 
modules and the homotopy category of complexes of S-T-bisemimodules factorizes 
through the Carthesian product of semiderived categories of right S-semimodules and 
S-T-bisemimodules. So the desired derived functors are defined; and the associativity 
isomorphism follows from Proposition 11.4.41 Notice that this definition of a double- 
sided derived functor is not a particular case of the construction of Lemma 12.71 
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Question. Can one use arbitrary semiflat complexes of C-coflat S-semimodules or, 
at least, semiflat complexes of semiflat S-semimodules instead of quite semiflat com- 
plexes in this construction? In other words, assume that N* is a C-coacyclic semiflat 
complex of semiflat right S-semimodules and X is an S-T-bisemimodule. Is the 
complex ]\T ()§ X necessarily D-coacyclic? (Cf. 14.91 ) 

Now suppose that we want to have derived semitensor products of any number of 
factors. Let S be a semialgebra over a coring C over a /c-algebra A, 7 be a semialgebra 
over a coring T> over a fc-algebra B, and X be a semialgebra over a coring £ over a 
fc-algebra F, all three satisfying the conditions of 12.61 We would like to define the 
derived functor of semitensor product 



This can be done, assuming that the fc-algebras A, B, and F are flat fc-modules. 

Let us call a complex of F-flat S-iR-bisemimodules strongly X-semiflat if its semi- 
tensor product over X with any £-D-coacyclic complex of 3£-T-bisemimodules is a 
C-D-coacyclic complex of S-T-bisemimodules for any semialgebra 7. Using bimodule 
versions of the constructions of Lemmas 11.3.21 and 11.3.31 one can prove that the quo- 
tient category of the homotopy category of strongly Dl-semiflat complexes of F-flat 
S-3l-bisemimodules by its intersection with the thick subcategory of C-£-coacyclic bi- 
semimodules is equivalent to the semiderived category of S-3l-bisemimodules, and the 
analogous result holds for the homotopy category of strongly S-semiflat and strongly 
3l-semiflat complexes of A-flat and F-flat S-^R-bisemimodules. One just uses the func- 
tor G(M) = © meM A® k F in the construction of Lemma [1.1.31 considers the bicoac- 
tion and bisemiaction morphisms in place of the coaction and semiaction morphisms, 
etc. (As we only want our v4-F-bimodules to be A-flat and F-flat, no assumption 
about the homological dimension of A ®^ F is needed.) So Lemma 12.71 is applica- 
ble to the functor of semitensor product Hot(S-simod-^R) x Hot(3l-simod-T) — -> 
D sl (S-simod-T) and we obtain the desired double-sided derived functor. There is an 
associativity isomorphism (N* Og XT) O^M* ~ 3V 0^ {XT O^M'). 

In the case of derived cotensor product of bicomodules, one does not need to 
introduce quite coflat or strongly coflat complexes. It suffices to consider complexes 
of C-coflat C-comodules or complexes of (C-coflat and) £-coflat C-£-bicomodules. One 
can define double-sided derived functors 



0^: D si (S-simod-R) x D si (^-simod-T) 



+ D sl (S-simod-T). 



D co (comod-C) x D co (C-comod-£>) 
D co (C-comod-2)) x D co (2)-comod) 
and prove the associativity isomorphism 



♦ D co (comod-£>) 
+ D co (C-comod) 



Cotor^W M*) ~ Cotor 6 



(3Sf, X' Dj, M') 



65 



by replacing the complex of right C-comodules N* with a complex of coflat right 
C-comodules and the complex of left X>-comodules M* by a complex of coflat left 
D-comodules representing the same object in the coderived category of comodules. 
The derived functors Dg and are well-defined, since any coacyclic complex of 
coflat comodules is coacyclic with respect to the exact category of coflat comodules 
(see 17.2.21) . If the /c-modules A and F are flat, one can prove that the quotient 
category of the homotopy category of £-coflat C-£-bico modules by its intersection 
with the thick subcategory of coacyclic complexes of C-£-bicomodules is equivalent 
to the coderived category of bicomodules, and the same applies to the homotopy 
category of C-coflat and £-coflat C-£-bicomodules. Then one can apply Lemma 12.71 
in order to define the double-sided derived functor 

D co (e-comod-£) x D co (£-comod-I>) ► D co (C-comod-£>) 

and there is an associativity isomorphism (K* %') M' ~ X" (DC* M"). 
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3. Semicontramodules and Semihomomorphisms 

Throughout Sections 3-11, k y is an injective cogenerator of the category of 
/c-modules. One can always take k y = Hom^(fc, Q/Z). 

3.1. Contramodules. For two fc-algebras A and B, we will denote by A-mod-B 
the category of fc-modules with an A-5-bimodule structure. 

3.1.1. The identity Rom A (K ® A M, P) ~ Hom A (M, Rom A (K, P) for left A-modules 
M, P and an A-A-bimodule K means that the category opposite to the category of 
left A-modules is a right module category over the tensor category of A-A-bimodules 
with the functor of right action (N, P op ) i — > Hom(iV, P) op . Therefore, one can 
consider module objects in this module category over ring objects in A-mod-A an 
comodule objects in this module category over coring objects in A-mod-A. 

Clearly, a ring object B in A-mod-A is just a /c-algebra endowed with a /c-algebra 
morphism A — > B. A S-module in A-mod op is an A-module P endowed with a 
map P — > Hom J 4(5, P); so one can easily see that S-modules in A-mod op are just 
(objects of the category opposite to the category of) usual left 5-modules. 

Let C be a coring over A. The category of left contramodules over C is the op- 
posite category to the category of comodule objects in the right module category 
A-mod op over the coring object C in the tensor category A-mod-A In other words, 
a left C-contramodule ^3 is a left A-module endowed with a left contraaction map 
Houu(C,^3) — ► ^3, which should be a morphism of left A-modules satisfying the 
following contraassociativity and counity equations. First, two maps from the mod- 
ule Horn^C ® A C, <P) = Horn A (C, Honu(C, <£) to the module Hom A (C,q3), one of 
which is induced by the comultiplication map of C and the other by the contraaction 
map, should have equal compositions with the contraaction map Hom^(C, ^3) — > ty, 
and second, the composition *}3 = Honi^A, *}3) — ► Hom j4 (C,^p) — ► ^3 of the map 
induced by the counit map of C with the contraaction map should be equal to the 
identity map of ^3. A right contramodule ISH over C is a right A-module endowed 
with a right contraaction map Hom J 4o P (C, 91) — > £H, which should be a map of right 
A-modules satisfying the analogous equations. 

3.1.2. The standard example of a C-contramodule: for any right C-comodule 3\f 
endowed with a left action of a fc-algebra B by C-comodule endomorphisms and any 
left .B-module V, the left A-module HorngpsT, V) has a natural left C-contramodule 
structure. The left C-contramodule Hom^C, V) is called the C-contramodule induced 
from a left A-module V. According to Lemma ll.l.2| the fc-module of contramodule 
homomorphisms from the induced C-contramodule to an arbitrary C-contramodule 
is described by the formula Hom e (Houu(C, V), ^3) ~ Houu(V, ^3). 

We will denote the category of left C-contramodules by C-contra and the category of 
right C-contramodules by contra-C. The category of left C-contramodules is abelian 
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whenever C is a projective left A-module. Moreover, the left A-module C is projective 
if and only if the category C-contra is abelian and the forgetful functor C-contra — > 
A-mod is exact. This can be proven by the same adjoint functor argument as the 
analogous result for C-comodules. 

For any coring C, there are two natural exact categories of left contramodules: the 
exact category of A-injective C-contramodules and the exact category of arbitrary 
C-contramodules with A-split exact triples. Besides, any morphism of C-contramod- 
ules has a kernel and the forgetful functor C-contra — > A-mod preserves kernels. 
When a morphism of C-contramodules has the property that its cokernel in the 
category of A-modules is preserved by the functors of homomorphisms from C and 
C <8>a C over A, this cokernel has a natural C-contramodule structure, which makes it 
the cokernel of that morphism in the category of C-contramodules. 

Infinite products always exist in the category of C-contramodules and the forgetful 
functor C-contra — > A-mod preserves them. The induction functor A-mod — > 
C-contra preserves both infinite direct sums and infinite products. To construct 
direct sums of C-contramodules, one can present them as cokernels of morphisms of 
induced contramodules, and all cokernels exist in the category of C-contramodules [I] , 
so the category of C-contramodules has infinite direct sums. 

Question. If C is a flat right A-module, then subcomodules of finite direct sums of 
copies of C constitute a set of generators of the category of left C-comodules [To] . 
Does the category of C-contramodules have a set of cogenerators? 

3.1.3. Assume that the coring C is a projective left and a flat right A-module and the 
ring A has a finite left homological dimension (homological dimension of the category 
of left A-modules). 

Lemma, (a) There exists a (not always additive) functor assigning to any left 
Q-comodule a surjective map onto it from an A-projective Q-comodule. Moreover, 
the kernel of this map is an iterated extension of coinduced Q-comodules. 

(b) There exists a (not always additive) functor assigning to any left Q-contra- 
module an injective map from it into an A-injective Q-contramodule. Moreover, the 
cokernel of this map is an iterated extension of induced C-contramodules. 

Proof. The proof of part (a) is completely analogous to the proof of Lemma 11.1.31 
and part (b) is proven in the following way. Let P — ► G(P) be an injective map 
from an A-module P into an injective A-module G(P) functorially depending on P. 
For example, one can take G(P) to be the direct product of copies of the A-module 
Houu(A, k y ) numbered by all fc-module homomorphisms P — ► k y . Let be a 
left C-contramodule. Consider the contraaction map Hom^C,^) — ► ^3; it is a 
surjective morphism of C-contramodules; let ^(^3) denote its kernel. Let 0(^5) be the 
cokernel of the composition £(^3) — ► Hom^(C,^P) — > Hom^C, G (*$)). Then the 
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composition of maps Hom A (C, ^3) — ► Hom A (C, Gffi)) — > 0(^}3) factorizes through 
the surjection Hom A (C,^3) — > ^3, so there is a natural injective morphism of C-con- 
tramodules ^3 — > 0(^3). Let us show that the injective dimension di A 0(^}3) of the 
A-module 0(^3) is smaller than that of ^3. Indeed, the A-module Hom A (C, G(^}3)) 
is injective, hence di A 0(q3) = di A £(<}3) - 1 < di A Hom A (C, <}3) - 1 < di A (^3) - 1, 
because the A-module is a direct summand of the A-module Hom A (C,^3) and 

an injective resolution of the A-module Hom A (C,*}3) can be constructed by applying 
the functor Hom A (C, — ) to an injective resolution of ^3. Notice that the cokernel of 
the map — > 0(^3) is an induced C-contramodule Hom A (C, G(^3)/^3). It remains 
to iterate the functor *}3 i — > 0(^3) sufficiently many times. □ 

3.2. Cohomomorphisms. 

3.2.1. The fc-module of cohomomorphisms Cohome(M, ^3) from a left C-comodule 
M to a left C-contramodule *}3 is defined as the cokernel of the pair of maps 
Hom A (C® A M, «p) = Hom A (M, Hom A (C, =4 Hom A (M, *p) one of which is induced 
by the C-coaction in M and the other by the C-contraaction in *J3. The functor of co- 
homomorphisms is neither left nor right exact in general; it is right exact if the ring A 
is semisimple. For any left A-module U and any left C-contramodule ^}3 there is a nat- 
ural isomorphism Cohome(C® A [/, ^3) — Hom A (£7, *}3), and for any left C-comodule M 
and any left A-module V there is a natural isomorphism Cohomg(M, Hom A (C, V)) ~ 
Home(M, V). These assertions follow from Lemma 11.2.11 Explicitly, the first iso- 
morphism can be obtained by applying the functor Hom A ([7, — ) to the split exact 
sequence of A-modules Hom A (C ® A C, ^3) — > Hom A (C,^3) — > ^3 and the second 
one can be obtained by applying the functor Hom A (— , V) to the split exact sequence 
of A-modules M — > C ® A M — > C ® A C ® A M. 

3.2.2. Assuming that C is a projective left A-module, a left comodule M over C 
is called coprojective if the functor of cohomomorphisms from M is exact on the 
category of left C-contramodules. It is easy to see that any coprojective C-comodule 
is a projective A-module. The C-comodule coinduced from a projective A-module is 
coprojective. Assuming that C is a flat right ^4-module, a left contramodule ^3 over C 
is called coinjective if the functor of cohomomorphisms into ^3 is exact on the category 
of left C-comodules. Any coinjective C-contramodule is an injective A-module. The 
C-contramodule induced from an injective A-module is coinjective. 

A left comodule M over C is called coprojective relative to A (C/A-coprojective) if 
the functor of cohomomorphisms from M maps exact triples of A-injective C-contra- 
modules to exact triples. A left contramodule ^3 over C is called coinjective relative 
to A (C/A-coinjective) if the functor of cohomomorphisms into ^3 maps exact triples 
of A-projective C-comodules to exact triples. Any coinduced C-comodule is G/A-co- 
projective and any induced C-contramodule is C/A-coinjective. 
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For any right C-comodule N and any left C-comodule M there is a natural isomor- 
phism Honifc(!N M, k v ) ~ Cohome(M, Homfc(N, k v )). Therefore, any coprojec- 
tive C-comodule M is coflat and any C/A-coprojective C-comodule M is C/A-coflat. 
Besides, a right C-comodule N is coflat if and only if the left C-contramodule 
Hom^N, k v ) is coinjective; if a right C-comodule 74 is C/A-coflat, then the left C-con- 
tramodule Hom^N, k v ) is C/A-coinjective (and the converse can be deduced from 
Lemma [3.1.3( a) and the proof of Lemma below in the assumptions of 13.1.31) . 

It appears that the notion of a relatively coprojective left C-comodule is useful 
when C is a flat right A-module, and the notion of a relatively coinjective left C-con- 
tramodule is useful when C is a projective left A-module. 

Lemma, (a) Assume that C is aflat right A-module. Then the class of G/A-coprojec- 
tive left C-comodules is closed under extensions and cokernels of injective morphisms. 
The functor of cohomomorphisms into an A-injective left C-contramodule maps exact 
triples of C/ A- coprojective left Q-comodules to exact triples. 

(b) Assume that C is a projective left A-module. Then the class of C/ 'A- coinjective 
left C-contramodules is closed under extensions and kernels of surjective morphisms. 
The functor of cohomomorphisms from an A-projective left C-comodule maps exact 
triples of C/ A- coinjective left Q-contramodules to exact triples. 

Proof. Part (a): these results follow from the standard properties of the left derived 
functor of the right exact functor of cohomomorphisms on the Carthesian product 
of the abelian category of left C-comodules and the exact category of A-injective left 
C-contramodules. One can define the ^-modules Coext 4 e (M, ty), i = 0, —1, ... as 
the homology of the bar complex • • • — > Houu(C (gu C ®a M, *}3) — > Houu(C ®a 
M, ^3) — > Houu(M, ^3) for any left C-comodule M and any A-injective left C-contra- 
module <p. Then Coext^M, «£) ~ Cohom e (M, «£) and there are long exact sequences 
of Coextg associated with exact triples of comodules and contramodules. Now a left 
C-comodule M is C/A-coprojective if and only if Coextg(M, ^3) = for any A-injec- 
tive left C-contramodule ^3 and all % < 0. Indeed, the "if" assertion follows from the 
homological exact sequence, and "only if" holds since the bar complex is isomorphic 
to the complex of cohomomorphisms from the C-comodule M into the bar resolution 
• ■ ■ — > Houu(e, Honu(e, *P)) — > Houu(e,<}3) of the C-contramodule *}3, which is 
a complex of A-injective C-contramodules, exact except in degree and split over A. 
The proof of part (b) is completely analogous; it uses the left derived functor of 
the functor of cohomomorphisms on the Carthesian product of the exact category of 
A-projective left C-comodules and the abelian category of left C-contramodules. □ 

Remark. It follows from Lemma that any extension of an A-projective C-comod- 
ule by a coprojective C-comodule splits, and any extension of a coinjective C-con- 
tramodule by an A-injective C-contramodule splits. The analogues of the results 
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of Remark 11.2.21 also hold for (relatively) coprojective comodules and coinjective 
contramodules in the assumptions of 13.1. 3} see the proof of Lemma [5.31 2 for details. 

Question. Are all relatively coflat C-comodules relatively coprojective? Are all 
A-projective coflat C-comodules coprojective? 

3.2.3. Let C be an arbitrary coring. Let us call a left C-comodule M quasicoprojective 
if the functor of cohomomorphisms from M is left exact on the category of left 
C-contramodules, i. e., this functor preserves kernels. Any coinduced C-comodule is 
quasicoprojective. Any quasicoprojective comodule is quasicoflat. Let us call a left 
C-contramodule ^3 quasicoinjective if the functor of cohomomorphisms into *P is left 
exact on the category of left C-comodules, i. e., this functor maps cokernels to kernels. 
Any induced C-contramodule is quasicoinjective. (Cf. Lemma [5.21 ) 

Proposition 1. Let M be a left G-comodule, % be a right C-comodule endowed 
with a left action of a k-algebra B by comodule endomorphisms, and P be a left 
B -module. Then there is a natural k-module map Cohome(M, Hohib (%, P)) — > 
Hohib(3C Dg M, P), which is an isomorphism, at least, in the following cases: 

(a) P is an injective left B-module; 

(b) M is a quasicoprojective left G-comodule; 

(c) C is a projective left A-module, M is a projective left A-module, % is a 
G/A-coflat right G-comodule, % is a projective left B-module, and the ring 
B has a finite left homological dimension; 

(d) % as a right G-comodule with a left B-module structure is coinduced from a 
B-A-bimodule. 

Besides, in the case (c) the left B-module % Dq M is projective. 

Proof. The map Hohib(3C ®^ P) — > Hom#(3C D e M, P) annihilates the differ- 
ence of two maps B.om B (% ®a C <S>a P) =4 B.om B (% Cg>^ M, P) and this pair 
of maps can be identified with the pair of maps Hom^(C <S>a M, Hom^(3C, P)) =| 
Houu(M, Honie(IK, P)) whose cokernel is, by the definition, the cohomomorphism 
module Cohome(M, Horns (%, P)). Hence there is a natural map Cohonie(M, 
Hom^(X, P)) — > Hohib(3C De M, P). The case (a) is obvious. In the case (b), 
it suffices to present P as the kernel of a map of injective -B-modules. The rest of 
the proof is completely analogous to the proof of Proposition II. 2. 31 (with flat modules 
replaced by projective ones and the left and right sides switched). □ 

Proposition 2. Let ^ be a left G-contramodule, % be a left G-comodule endowed 
with a right action of a k-algebra B by comodule endomorphisms, and M be a 
left B-module. Then there is a natural k-module map Cohome(3C ®b M, *P) — > 
Hohib(M, Cohome(X, ^3)), which is an isomorphism, at least, in the following cases: 
(a) M is a projective left B-module; 
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(b) ^ is a quasicoinjective left Q-contramodule; 

(c) C is a flat right A-module, *}3 is an injective left A-module, % is a G/A-co- 
projective left C-comodule, % is a flat right B-module, and the ring B has a 
finite left homological dimension; 

(d) % as a left G-comodule with a right B-module structure is coinduced from an 
A-B-bimodule. 

Besides, in the case (c) the left B-module Cohome(3C, ^3) is injective. 

Proof. The map Hom fl (M, Hom A (3C, — > Hom B (M, Cohom e (% annihilates 
the difference of two maps Hom B (M, Rom A (Q® A X, *p)) =4 Hom B (M, Rom A (X, 
and this pair of maps can be identified with the pair of maps Hom^(C ® A %®b 
*P) =4 Hom J 4(3C® J B Af, ^3) whose cokernel is, by the definition, the cohomomorphism 
module Cohome(3C®B Af, ^3). Hence there is a natural map Cohome(X®sM, ^3) — ► 
Homs(M, Cohome(X, ^3)). The case (a) is obvious. In the case (b), it suffices to 
present M as the cokernel of a map of projective .B-modules. To prove (c) and (d), 
consider the bar complex 



In the case (c) this complex is exact, since it is the complex of cohomomorphisms 
from a C/A-coprojective C-comodule X into an A-split exact complex of A-injec- 
tive C-contramodules ■ • ■ — ► Hom A (e ® A C, V) — ► Hom A (e,^3) — > Since all 
the terms of the complex except possibly the rightmost one, are injective left 
fi-modules and the left homological dimension of the ring B is finite, the rightmost 
term Cohonie(3C, ^3) is also an injective -B-module, the complex of left -B-modules fl3| 
is contractible, and the complex of -B-module homomorphisms from the left -B-module 
M into dl]) is exact. In the case (d), the complex (j3J) is also a split exact complex of 
left .B-modules. □ 

3.2.4. Let C be a coring over a fc-algebra A and D be a coring over a fc-algebra B. 
Assume that D is a projective left .B-module. Let X be a C-D-bicomodule and *}3 
be a left C-contramodule. Then the module of cohomomorphisms Cohonie(3C, ^3) is 
endowed with a left D-contramodule structure as the cokernel of a pair of contra- 
module morphisms Hoin^C <S>a X, ^3) =4 Hom A (X, ^3). 

More generally, let C and D be arbitrary corings. Assume that the functor 
of homomorphisms from T> over B preserves the cokernel of the pair of maps 
Hom A (e® A X, <p) =4 Rom A (X, «p), that is the natural map Cohom e (3C® B D, «p) — > 
Hohib(2), Cohome(3C, ^3)) is an isomorphism. Then one can define a left contraaction 
map Hohib(2), Cohonie(!K, ^3)) — > Cohome(3C, ^3) taking the cohomomorphisms 
over C from the right D-coaction map X — > X ®_b f into the contramodule *J3. 
This contraaction is counital and contraassociative, at least, if the natural map 
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(4) 



+ Hom A (e <g) A e ® A x, «p) 



+ Hom A (C ® A X, <P) 
Kom A (X,y$) ► 



Cohom e (D<;, < p). 



Cohom e (OC ® B V ® B D, «p) — ► Hom B (£> <g> B D, Cohom e (:K, «p)) is also an iso- 
morphism. 

In particular, if one of the conditions of Proposition ^. 2. 3l 2 is satisfied (for M = D), 
then the left £?-module Cohome(X, ^3) has a natural D-contramodule structure. 

3.2.5. Let C be a coring over a fc-algebra A and D be a coring over a fc-algebra 5. 

Proposition. Lei M 6e a left T>-comodule, % be a Q-D-bicomodule, and ^ be a left 
Q-contramodule. Then the iterated cohomomorphism modules Cohome(3C 0<r> M, ^3) 
and Cohom^M, Cohome(IK, *}3)) are naturally isomorphic, at least, in the following 
cases: 

(a) D is a projective left B-module, M is a projective left B-module, Q is a flat 
right, and ^3 is an injective left A-module; 

(b) D is a projective left B-module and M is a coprojective left D-comodule; 

(c) C is a flat right A-module and % is a coinjective left Q-contramodule; 

(d) T> is a projective left B-module, M is a projective left B-module, % is a 
T> / B-coflat right D-comodule, % is a projective left A-module, and the ring A 
has a finite left homological dimension; 

(e) C is a flat right A-module, ^3 is an injective left A-module, % is a C/A-co- 
projective left Q-comodule, % is a flat right B-module, and the ring B has a 
finite left homological dimension; 

(f) T> is a projective left B-module, M is a projective left B-module, and % 
as a right D-comodule with a left A-module structure is coinduced from an 
A-B-bimodule; 

(g) C is a flat right A-module, ^3 is an injective left A-module, and % as 
a left Q-comodule with a right B-module structure is coinduced from an 
A-B-bimodule; 

(h) M is a quasicoprojective left T)-comodule and % as a left Q-comodule with a 
right B-module structure is coinduced from an A-B-bimodule; 

(i) ^3 is a quasicoinjective left Q-contramodule and % as a right T)-comodule with 
a left A-module structure is coinduced from an A-B-bimodule; 

(j) % as a left Q-comodule with a right B-module structure is coinduced from an 
A-B-bimodule and % as a right Ti-comodule with a left A-module structure is 
coinduced from an A-B-bimodule. 
More precisely, in all cases in this list the natural maps from the k-module 
Hom^(3C <S>b M, ^3) = Hom B (M, Hom yi (X, ^3)) into both iterated cohomomorphism 
modules under consideration are surjective, their kernels coincide and are equal to 
the sum of the kernels of two maps from this module onto its quotient modules 
Cohom e (3C® s M, q?) and Cohom^M, Hom A (3C, <£)). 
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Proof. One can easily see that whenever both maps Cohomi>(M, Houu(3C, ^3)) — ► 
Rom A (X D-D M, <P) and Cohom^M, Horn^DC, Horn^C, «p))) — ► Rom A (X 
M, Hohia(C,^3)) are isomorphisms, the natural map Horrid (3C ®s M, ^3) — > 
Cohom e (DC Dd M, ^3) is surjective and its kernel coincides with the desired sum 
of two kernels of maps from Hom^(3C ®# M, ?P) onto its quotient modules. Analo- 
gously, whenever both maps Cohom e (Xcg>BM, *p) — > Hom B (M, Cohom e (X, ^3)) and 
Cohom e (3C(g) J B!D(g) J BM, ^3) — > Hom B (D(g) j BM, Cohom e (3C, <P)) are isomorphisms, the 
natural map Hohib(M, Hom^dC, ^3)) — > Cohom^M, Cohome(3C, ^}3)) is surjective 
and it kernel coincides with the desired sum of two kernels in Hohib(M, Hom,4(3C, ^3)). 
Thus it remains to apply Propositions 13.2.31 1 and 13. 2.31 2. □ 

Commutativity of pentagonal diagrams of associativity isomorphisms between it- 
erated cohomomorphism modules can be established in the way analogous to the 
case of iterated cotensor products. Namely, each of the five iterated cohomo- 
morphism modules Cohom e ((3C D E £) Dd M, ^3), Cohom e (0C Dg (X M), «P), 
Cohomg^D^M, Cohom e (3<;,q3)), Cohom^M, Cohom £ (£, Cohom e (DC, <£))), and 
Cohomx>(M, Cohome(3C Dg £, ^3)) is endowed with a natural map into it from the 
homomorphism module H.om.A{K®F& ®b M, ^3), and since the associativity isomor- 
phisms are, presumably, compatible with these maps, it suffices to check that at least 
one of these five maps is surjective in order to show that the pentagonal diagram 
commutes. In particular, if the above Proposition together with Proposition 11.2.51 
provide all the five isomorphisms constituting the pentagonal diagram and either M 
is a projective left -B-module, or *}3 is an injective left A-module, or both % and 
£ as left (right) comodules with right (left) module structures are coinduced from 
bimodules, then the pentagonal diagram is commutative. 

We will say that multiple cohomomorphisms between several bicomodules and a 
contramodule Cohome(3C Dg • • • Dd M, ^3) are associative if the multiple cotensor 
product % Dg • • • n<D M is associative and for any possible way of representing this 
multiple cohomomorphism module in terms of iterated cotensor product and cohomo- 
morphism operations all the intermediate cohomomorphism modules can be endowed 
with contramodule structures via the construction of 13.2.41 all possible associativity 
isomorphisms between iterated cohomomorphism modules exist in the sense of the 
last assertion of Proposition and preserve contramodule structures, and all the pen- 
tagonal diagrams commute. Associativity isomorphisms and contramodule structures 
on associative multiple cohomomorphisms are preserved by the morphisms between 
them induced by any bicomodule and contramodule morphisms of the factors. 

3.3. Semicontramodules. 

3.3.1. Depending on the (co)flatness, (co)projectivity, and/or (co)injectivity con- 
ditions imposed, there are several ways to make the category opposite to a cate- 
gory of left C-contramodules into a right module category over a tensor category of 
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C-C-bicomodules with respect to the functor Cohorrie. Moreover, a category of left 
C-comodules typically can be made into a left module category over the same tensor 
category, so that the functor Cohonie would provide also a pairing between these left 
and right module categories taking values in the category /c-mod op . 

It follows from Proposition 13.2.51 (b) that whenever C is a projective left A-module, 
the category opposite to the category of left C-contramodules is a right module 
category over the tensor category of C-C-bicomodules that are coprojective left 
C-comodules; the category of coprojective left C-comodules is a left module cate- 
gory over this tensor category. If follows from Proposition 13.2.5( c) that whenever 
C is a flat right A-module, the category opposite to the category of coinjective left 
C-contramodules is a right module category over the tensor category of C-C-bico- 
modules that are coflat right C-comodules; the category of left C-comodules is a left 
module category over this tensor category. It follows from Proposition 13.2.5( d) that 
whenever C is a projective left A-module and the ring A has a finite left homolog- 
ical dimension, the category opposite to the category of left C-contramodules is a 
right module category over the tensor category of C-C-bicomodules that are projec- 
tive left v4-modules and C/A-coflat right C-comodules; the category of A-projective 
left C-comodules is a left module category over this tensor category. It follows from 
Proposition 13.2.5( e) that whenever C is a flat right A-module and the ring A has a 
finite left homological dimension, the category opposite to the category of A-injective 
left C-contramodules is a right module category over the tensor category of C-C-bi- 
comodules that are flat right A-modules and C/A-coprojective left C-comodules; the 
category of left C-comodules is a left module category over this tensor category. Fi- 
nally, it follows from Proposition 13. 2. 5T a) that whenever the ring A is semisimple, the 
category opposite to the category of left C-contramodules is a right module category 
over the tensor category of C-C-bicomodules; the category of left C-comodules is a 
left module category over this tensor category. In each case, there is a pairing be- 
tween these left and right module categories compatible with their module category 
structures and taking values in the category opposite to the category of /c-modules. 

A left semicontramodule over a semialgebra S is an object of the category opposite 
to the category of module objects in one of the right module categories of the above 
kind (opposite to a category of left C-contramodules) over the ring object S in the 
corresponding tensor category of C-C-bicomodules. In other words, a left S-semicon- 
tramodule ^3 is a left C-contramodule endowed with a left C-contramodule morphism 
of left semicontraaction ^3 — ► Cohonie(S, $P) satisfying the associativity and unity 
equations. Namely, two compositions ^3 — > Cohom e (S, ^3) =4 Cohom e (S D e S, ^3) 
of the semicontraaction morphism ^3 — > Cohomg(S, ^3) with the morphisms 
Cohom e (S, ^3) =4 Cohom e (S Dq S, ^3) = Cohom e (S, Cohom e (S, ^3)) induced by 
the semimultiplication morphism of S and the semicontraaction morphism should 
coincide with each other and the composition ^3 — ► Cohom e (S, ^3) — ► ^3 of the 
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semicontraaction morphism with the morphism induced by the semiunit morphism 
of S should coincide with the identity morphism of ^3. For this definition to make 
sense, (co)flatness, (co)projectivity, and/or (co)injectivity conditions imposed on S 
and/or ^3 must guarantee associativity of multiple cohomomorphism modules of the 
form Cohomg(S Dg • ■ ■ Dg S, ^3). Right semicontramodules over S are defined in the 
analogous way. 

If £2 is a left C-contramodule for which multiple cohomomorphisms Cohome(S De 
• • • Dq S, £3) are associative, then there is a natural left S-semicontramodule 
structure on the cohomomorphism module Cohome(S, £3). The semicontramodule 
Cohonie(S, 0) is called the S-semicontramodule coinduced from a C-contramodule £3. 
According to Lemma [LI .21 the A;-module of semicontramodule homomorphisms from 
an arbitrary S-semicontramodule into the coinduced S-semicontramodule is described 
by the formula Hom s (<£, Cohom e (S, £3)) ~ Hom e (*)3, £3). 

We will denote the category of left S-semicontramodules by S-sicntr and the cat- 
egory of right S-semicontramodules by sicntr-S. This notation presumes that one 
can speak of (left or right) S-semicontramodules with no (co)injectivity conditions 
imposed on them. If C is a projective left A-module and S is a coprojective left 
C-comodule, then the category of left semicontramodules over S is abelian and the 
forgetful functor S-sicntr — > C-contra is exact. 

If C is a projective left ^-module and either S is a coprojective left C-comodule, 
or S is a projective left A-module and a C/A-coflat right C-comodule and A has a 
finite left homological dimension, or A is semisimple, then both infinite direct sums 
and infinite products exist in the category of left S-semicontramodules and both are 
preserved by the forgetful functor S-sicntr — > C-contra, even though only infinite 
products are preserved by the full forgetful functor S-sicntr — > A-mod. 

If C is a flat right A-module, S is a flat right A-module and a C/A-coprojective 
left C-comodule, and A has a finite left homological dimension, then the category of 
A-injective left S-semicontramodules is exact. If C is a projective left A-module, S is 
a projective left A-module and a C/A-coflat right C-comodule, and A has a finite left 
homological dimension, then the category of C/A-coinjective left S-semicontramod- 
ules is exact. If C is a flat right A-module and S is a coflat right C-comodule, then 
the category of C-coinjective left S-semicontramodules is exact. If A is semisimple, 
the category of C-coinjective S-semimodules is exact. Infinite products exist in all of 
these exact categories, and the forgetful functors preserve them. 

Question. When C is a flat right A-module and S is a coflat right C-comodule, a 
right adjoint functor to the forgetful functor S-simod — > C-comod exists according 
to the abstract adjoint functor existence theorem [35] • Indeed, the forgetful functor 
preserves colimits and the category of left S-semimodules has a set of generators 
(since the category of left C-comodules does; see Question 13. 1 .2j) . Does a left adjoint 
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functor to the forgetful functor S-sicntr — ► C-contra exist? Can one describe these 
functors more explicitly? 

3.3.2. Assume that the coring C is a projective left and a flat right A-module and 
the ring A has a finite left homological dimension. 

Lemma, (a) If the semialgebra S is a coflat right Q-comodule and a projective left 
A-module, then there exists a (not always additive) functor assigning to any left 
S-semimodule a surjective map onto it from an A-projective S-semimodule. 

(b) If the semialgebra § is a coprojective left Q-comodule and a flat right A-module, 
then there exists a (not always additive) functor assigning to any left S-semicontra- 
module an injective map from it into an A-injective S-semicontramodule. 

Proof. The proof of part (a) is completely analogous to the proof of Lemma 11.3.21 
(with the last assertion of Proposition 13.2.31 1 used as needed); and part (b) is proven 
in the following way. Let ^5 — > denote the functorial injective morphism 

from a C-contramodule into an A-injective C-contramodule 3(^3) constructed in 
Lemma 13.1.31 Then for any S-semicontramodule ^3 the composition of maps ^3 — ► 
Cohom e (S, $p) — > Cohom e (S, 3(^3)) provides the desired injective morphism of 
S-semicontramodules. According to the last assertion of Proposition 13.2.31 2. the 
A-module = Cohom e (S, 3(^3)) is injective. □ 

Remark. The analogues of the result of Remark 11.3.21 hold for C/A-coprojec- 
tive/semiprojective S-semimodules and C/A-coinjective/semiinjective S-semicontra- 
modules; see the proof of Lemma 19.21 1 for details. 

3.3.3. Let S be a semialgebra over a coring C over a fc-algebra A. 

Lemma, (a) Assume that Q is a projective left A-module, § is a coprojective left 
Q-comodule and a Q/A-coflat right Q-comodule, and the ring A has a finite left ho- 
mological dimension. Then there exist 

• an exact functor assigning to any A-projective left S-semimodule an A-split 
injective morphism from it into a Q- coprojective S-semimodule, and 

• an exact functor assigning to any left S-semicontramodule a surjective mor- 
phism onto it from a Q/A-coinjective S-semicontramodule. 

(b) Assume that Q is a flat right A-module, S is a coflat right Q-comodule and a 
Q / A- coprojective left Q-comodule, and the ring A has a finite left homological dimen- 
sion. Then there exist 

• an exact functor assigning to any A-injective left S-semicontramodule an 
A-split surjective morphism onto it from a Q-coinjective S-semicontramodule, 
and 

• an exact functor assigning to any left S-semimodule an injective morphism 
from it into a Q / A- coprojective S-semimodule. 
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(c) When both the assumptions of (a) and (b) are satisfied, the two functors acting 
in categories of semimodules (can be made to) agree and the two functors acting in 
categories of semicontramodules (can be made to) agree. 

Proof. The proof of the first assertion of part (a) and the second assertion of part (b) 
is based on the construction completely analogous to that of the proof of Lemma fl. 3. 31 
with (co)flat (co)modules replaced by (co)projective ones, and the left and right sides 
switches as needed. The only difference is that the inductive limit of a sequence of 
coprojective comodules does not have to be coprojective, because even the inductive 
limit of a sequence of projective modules does not have to be projective. This obstacle 
is dealt with in the following way. 

Sublemma A. Assume that C is a projective left A-module. Let IXi — > IX2 — > 
IX3 — > IX4 — > ■ ■ ■ be an inductive system of left C-comodules, where the comodules 
Vi2i are coprojective, while the morphisms of comodules IX21-1 — > 1X21+1 are injective 
and split over A. Then the inductive limit limlXj is a coprojective Q-comodule. 

Proof. Let us first show that for any C-contramodule *}3 there is an isomorphism 
Cohome( lim lX ? , ffi) = lim Cohome(lX,-, ffi). Denote by G' the bar complex 

••■ ► Rom A {e® A e® A Uj, <p) ► Hom A (e ® A It,-, <p) ► Hom^Uj,^); 

we will denote the terms of this complex by upper indices, so that Cr™ = for n > 
and H°(G') = Cohom e (lX j , < P). Clearly, we have H°QhnG') = Cohom e (limlX i , 
Since the comodules 1X21 are coprojective, ^"(G'j) = for n 7^ 0, as the complex G* 2i 
can be obtained by applying the functor Cohom e (lX 2i , — ) to the complex of C-contra- 
modules • • • — > Hom^CcguC, ^3) — > Hom j4 (C, ^3), which is exact except at degree 0. 
Since the maps of A-modules H 2 i— 1 — ¥ ^2i+i are split injective, the morphisms of 
complexes G' 2i+1 — >■ G^-i are surjective. Therefore, lim 1 G' = lim 1 G'i-i = 0; hence 
there is a "universal coefficients" sequence [47J 

► Ihn 1 H^iG') > iy n (limG*) > \imH n (G') > 0. 

In particular, for n = we obtain the desired isomorphism if°(limG*) = lim H°(G'), 
because lim 1 H~ l {G' j ) = lim 1 H~ 1 (Gl i ) = 0. 

Now for any exact triple of C-contramodules ^3' — ► — > ^3" we have an exact triple 
of projective systems Cohome(lX2i, ^3') — > Cohome(lX2j, ^3) — >■ Cohome(lX2i, ^3") 
and lim 1 Cohom e (lX 2 i, ^3') = lim 1 Cohom e (lX 2 j_i, ^3') = 0, hence the triple remains 
exact after passing to the projective limit. □ 

Sublemma B. Assume that C is a flat right A-module. Let IXi — > 1X 2 — > IX3 — ► 

IX4 — > ■ ■ ■ be an inductive system of left Q-comodules, where the comodules are 
G/ 'A- coprojective, while the morphisms of comodules 1X2^1 — > 1X21+1 are injective. 
Then the inductive limit lim IXj is a 6/ 'A- coprojective Q-comodule. 
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Proof. Analogous to the proof of Sublemma A, the only changes being that ^3, ^3', ^3" 
are now A-injective C-contramodules and the complex • • • — ► Hom^C ®a C, ^P) — > 
Hom^C, 9$) — ► ^3 is an A-split exact sequence of A-injective C-contramodules. □ 

Proof of the first assertion of part (b): for any A-injective C-contramodule ^3, 
set (3(^3) = Hom^(C,^3). Then the contraaction map 0(93) — > ^3 is a surjec- 
tive morphism of C-contramodules, the contramodule 0(9$) is coinjective, and the 
kernel of this morphism is A-injective. Now let 9$ be an A-injective left S-semicon- 
tramodule. The semicontraaction map 9$ — ► Cohome(S, 9$) is an injective mor- 
phism of A-injective S-semicontramodules; let .&(9$) denote its cokernel. The map 
Cohome(S, 0(93)) — > Cohome(S, 9$)) is a surjective morphism of S-semicontra- 
modules with an A-injective kernel Cohom e (S, ker(0(9$) — > 9$))- Let 0(9$) be the 
kernel of the composition Cohomg(S, 0(9$)) — > Cohonie(S, 9$) — >■ .&(9$)- Then 
the composition of maps 0(9$) — > Cohome(S, 0(9$)) — > Cohonie(S, 9$) factorizes 
through the injection 9$ — > Cohom e (S, 9$), so there is a natural surjective morphism 
of S-semicontramodules 0(9$) — ► 9$- The kernel of the map 0(9$) — ► 9$ is iso- 
morphic to the kernel of the map Cohome(S, 0(9$)) — > Cohome(S, 9$), hence both 
ker(0(9$) — > 9$) aR d 0(9$) are injective A-modules. 

Notice that the semi contramodule morphism 0(9$) — ► 9$ can be extended to a 
contramodule morphism Cohom e (S, 0(9$)) — ► 9$- Indeed, the map 0(9$) — ► 
93 can be presented as the composition 0(9$) — > Cohom e (S, 0(9$)) — > 
Cohom e (S, 93) — ► 9^> where the map Cohom e (S, 93) — > 9$ i s induced by the 
semiunit morphism C — > S of the semialgebra S. 

Iterating this construction, we obtain a projective system of C-contramodule 
morphisms 93 < — Cohom e (S, 0(93)) < — 0(93) < — Cohom e (S, 0(0(9$))) < — 
0(0(93)) < — where the maps 93 < — 0(9$) < — 0(0(93)) < — ••• are 
A-split surjective morphisms of A-injective S-contramodules, while the C-contra- 
modules Cohome(S, 0(9$)), Cohome(S, 0(0(9$))), •• • are coinjective. Denote by 
5(9$) the projective limit of this system; then 5(9$) — > 9^ i s an -A-split surjective 
morphism of S-semicontramodules, while coinjectivity of the C-contramodule 5(9$) 
follows from the next Sublemma. 

Sublemma C. Assume that C is a flat right A-module. Let ill < — ii 2 < — H3 < — 

H4 < — • • • be a projective system of left G- contramodules, where the contramodules 
il2i are coinjective, while the morphisms of contramodules Ifei+i — > ita-i are surjec- 
tive and split over A. Then the projective limit limit,- is a coinjective C- contramodule. 

Proof. Completely analogous to the proof of Sublemma A. One considers the pro- 
jective system of bar-complexes • • ■ — > Hom j4 (C (g)^ C <S>a M, IX,) — > Hom^(C <8u 
M, iij) — ► Hom A (M,ilj), etc. □ 
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The proof of the second assertion of part (a) is based on the same construction; the 
only changes are that A-modules are no longer injective, for any left C-contramod- 
ule ^3 the C-contramodule (5(9?) = Houu(C, 9?) is C/A-coinjective, and therefore 
the S-semicontramodule Cohome(S, (8($p)) is C/A-coinjective. The projective limit 
t?(^3) is C/A-coinjective according to the following Sublemma. 

Sublemma D. Assume that C is a projective left A-module. Let ill < — U2 < — 

U3 < — U4 < — ■ ■ ■ be a projective system of left C-contramodules, where the contra- 
modules il 2 j are G/A-coinjective, while the morphisms of contramodules il^i+i — ► 
U-2i— 1 are surjective. Then the projective limit limiL,- is a Q/A-coinjective Q-contra- 
module. □ 

Both functors 3 are exact, since the cokernels of injective maps, the kernels of 
surjective maps, and the projective limits of Mittag-Lemer sequences of fc-modules 
preserve exact triples. Part (c) is clear from the constructions. □ 

3.4. Semihomomorphisms. 

3.4.1. Assume that the coring C is a projective left A- module, the semialgebra S is a 
projective left A-module and a C/A-coflat right A-module, and the ring A has a finite 
left homological dimension. Let 3Vt be an A-projective left S-semimodule and ^3 be a 
left S-semicontramodule. The fc-module of semihomomorphisms SemiHoms(3VC, ^3) 
is defined as the kernel of the pair of maps Cohonie(M, ^3) =4 Cohome(SDe3Vt, ^3) = 
Cohonie(3VC, Cohonie(S, ^3)) one of which is induced by the S-semiaction in M and 
the other by the S-semicontraaction in ^3. 

For any A-projective left C-comodule £ and any left S-semicontramodule ^3 there 
is a natural isomorphism SemiHom§(S Dg £*, ^3) — Cohome(X, ^3). Analogously, 
for any A-projective left S-semimodule DVt and any left C-contramodule there 
is a natural isomorphism SemiHom§(M, Cohom e (S, 0)) ~ Cohom e (M,0). These 
assertions follow from Lemma 11.2.11 

3.4.2. Assume that the coring C is a flat right A-module, the semialgebra S is a 
flat right A-module and a C/A-coprojective left A-module, and the ring A has a 
finite left homological dimension. Let M be a left S-semimodule and ^3 be an A-in- 
jective left S-semicontramodule. As above, the /c-module of semihomomorphisms 
SemiHom§(M, ^3) is defined as the kernel of the pair of maps Cohome(M, ^3) =4 
Cohonie(S Dg 3VC, ^3) = Cohomg(M, Cohomg(S, ^3)) one of which is induced by the 
S-semiaction in 3VC and the other by the S-semicontraaction in ^3. 

For any left C-comodule £ and any A-injective left S-semicontramodule ^3 there 
is a natural isomorphism SemiHom§(S □<= £, ^3) — Cohome(X, ^3). Analogously, 
for any left S-semimodule M and any A-injective left C-contramodule there is a 
natural isomorphism SemiHom§(M, Cohome(S, 0)) ~ CohomepVC, 0). 
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Notice that even under the strongest of our assumptions on A, C and S, the 
A-projectivity of 3Vl or the A-injectivity of ^3 is still needed to guarantee that the 
triple cohomomorphisms Cohome(S De 3Vt, ^J) are associative. 

3.4.3. If the coring C is a projective left A-module and the semialgebra S is a co- 
projective left C-comodule, one can define the module of semihomomorphisms from 
a C-coprojective left S-semimodule into an arbitrary left S-semicontramodule. In 
these assumptions, a C-coprojective left S-semimodule 3VC is called semiprojective if 
the functor of semihomomorphisms from 3VC is exact on the abelian category of left 
S-semicontramodules. The S-semimodule induced from a coprojective C-comodule is 
semiprojective. Any semiprojective S-semimodule is semiflat. 

If the coring C is a flat right A-module and the semialgebra S is a coflat right 
C-comodule, one can define the module of semihomomorphisms from an arbitrary left 
S-semimodule into a C-coinjective left S-semicontramodule. In these assumptions, a 
C-coinjective left S-semicontramodule is called semiinjective if the functor of semi- 
homomorphisms into is exact on the abelian category of left S-semimodules. The 
S-semicontramodule coinduced from a coinjective C-contramodule is semiinjective. 

When the ring A is semisimple, the module of semihomomorphisms from an ar- 
bitrary S-semimodule into an arbitrary S-semicontramodule is defined without any 
conditions on the coring C and the semialgebra S. 

3.4.4. Let S be a semialgebra over a coring C over a /c-algebra A and 7 be a semi- 
algebra over a coring D over a /c-algebra B. Let OC be an S-T-bisemimodule and ^3 
be a left S-semicontramodule. We would like to define a left CT-semicontramodule 
structure on the module of semihomomorphisms SemiHoms(DC, ^3). 

Assume that multiple cohomomorphisms of the form Cohome(S De OC Cd 7 Dd 
• ■ ■ Dx> 7, ^3) are associative. Then, in particular, the /c-modules of semihomo- 
morphisms SemiHom§(DC Dd 7 Ux> ■ ■ ■ 7, ^3) can be defined. Assume in ad- 
dition that multiple cohomomorphisms of the form Cohomg(3C Dd 7 Dd • • • Dd 
7, ^3) are associative. Then the semihomomorphism modules SemiHomg(3C □<£, 
7 □£) • • • Dd 7, $P) have natural left D-contramodule structures as kernels of 
D-contramodule morphisms. Assume that multiple cohomomorphisms of the form 
Cohom£)(Cr Dd • • • Dd 7, SemiHoms(DC, ^J)) are also associative. Finally, assume 
that the cohomomorphisms from 'J' nm preserve the kernel of the pair of morphisms 
Cohome(3C, ^3) Cohome(S Dq OC, ^J) for m = 1 and 2, that is the contramod- 

ule morphisms Cohom I) (Cr nm ,SemiHom s (3C,«p)) ► SemiHom s (3C J Dm , «p) 

are isomorphisms. Then one can define an associative and unital semicontraaction 
morphism SemiHomg(3C, — > Cohomxi(T, SemiHom§(DC, ^J)) taking the semiho- 
momorphisms over S from the right T-semiaction morphism OC Dd 7 — > OC into the 
semicontramodule ^3. 
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For example, if D is a projective left -B-module, 7 is a coprojective left 2)-comodule, 
A has a finite left homological dimension, and either 6 is a projective left A-module, 
S is a projective left A-module and a C/A-coflat right C-comodule, and DC is a pro- 
jective left A-module, or C is a flat right A-module, S is a flat right A-module and 
a C I A- coprojective left C-comodule, and ^3 is an injective left A-module, then the 
module of semihomomorphisms SemiHomg(DC, ^3) has a natural left CT-semicontra- 
module structure. Since the category of left CT-semicontramodules is abelian in this 
case, the T-semicontramodule SemiHom§(3C, ^3) can be simply defined as the kernel 
of the pair of semicontramodule morphisms Cohom e (DC, ^3) =4 Cohom e (S De DC, ^3). 

Proposition. Let M be a left 7-semimodule, DC be an S-7-bisemimodule, and 
% be a left S- semicontramodule. Then the iterated semihomomorphism modules 
SemiHoms(DC0 3 'M, ^3) and SemiHom^M, SemiHom§(DC, ^3)) are well-defined and 
naturally isomorphic, at least, in the following cases: 

(a) D is a projective left B-module, 7 is a coprojective left D-comodule, M is a 
coprojective left D-comodule, Q is a flat right A-module, § is a coflat right 
Q-comodule, and ^3 is a coinjective left Q-contramodule; 

(b) D is a projective left B-module, 7 is a coprojective left "D-comodule, M is a 
semiprojective left 7-semimodule, and either 

• Q is a projective left A-module, § is a coprojective left Q-comodule, and 
DC is a coprojective left Q-comodule, or 

• Q is a projective left A-module, S is a projective left A-module and a 
Q/A-coflat right Q-comodule, the ring A has a finite left homological di- 
mension, and DC is a projective left A-module, or 

• Q is a flat right A-module, § is a flat right A-module and a Q/ 1 A- copro- 
jective left Q-comodule, and ^3 is an injective left A-module, or 

• the ring A is semisimple; 

(c) C is a flat right A-module, § is a coflat right Q-comodule, ^3 is a semiinjective 
left S- semicontramodule, and either 

• D is a flat right B-module, 7 is a coflat right T>-comodule, and DC is a 
coflat right "D-comodule, or 

• D is a flat right B-module, 7 is a flat right B-module and a D/B-copro- 
jective left D-comodule, the ring B has a finite left homological dimension, 
and DC is a flat right B-module, or 

• D is a projective left B-module, 7 is a projective left B-module and a 
D I B-coflat right D-comodule, the ring B has a finite left homological 
dimension, and 3VC is a projective left B-module, or 

• the ring B is semisimple; 

(d) D is a projective left B-module, 7 is a coprojective left D-comodule, M is a 
coprojective left D-comodule, and either 
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• Q is a projective left A-module, § is a coprojective left Q-comodule, and 
DC as a right 7-semimodule with a left Q-comodule structure is induced 
from a Q- coprojective Q-D -bicomodule, or 

• Q is a projective left A-module, S is a projective left A-module and a 
Q/ 'A- co flat right Q-comodule, the ring A has a finite left homological di- 
mension, and DC as a right 7 -semimodule with a left Q-comodule structure 
is induced from an A-projective Q-D -bicomodule, or 

• Q is a flat right A-module, § is a flat right A-module and a Q/A-coprojec- 
tive left Q-comodule, the ring A has a finite left homological dimension, 
DC as a right 7-semimodule with a left Q-comodule structure is induced 
from a Q-D -bicomodule, and ^3 is an injective left A-module, or 

• the ring A is semisimple and DC as a right 7-semimodule with a left 
Q-comodule structure is induced from a Q-D -bicomodule; 

(e) C is a flat right A-module, § is a coflat right Q-comodule, is a coinjective 
left Q-contramodule, and either 

• T) is a flat right B -module, 7 is a coflat right D-comodule, and DC as a 
left S-semimodule with a right D-comodule structure is induced from a 
D-coflat Q-T) -bicomodule, or 

• T) is a flat right B -module, 7 is a flat right B-module and a D / B -copro- 
jective left D-comodule, the ring B has a finite left homological dimen- 
sion, and DC as a left S-semimodule with a right D-comodule structure is 
induced from a B-flat Q-D -bicomodule, or 

• D is a projective left B-module, 7 is a projective left B-module and a 
D / 'B-coflat right D-comodule, the ring B has a finite left homological 
dimension, DC as a left S-semimodule with a right D-comodule structure 
is induced from a Q-D -bicomodule, and M is a projective left B-module, 
or 

• the ring B is semisimple and DC as a left S-semimodule with a right 
D-comodule structure is induced from a Q-D -bicomodule. 

More precisely, in all cases in this list the natural maps from both iterated semiho- 
momorphism modules under consideration into the iterated cohomomorphism module 
Cohonie(3CDx>M, *p) ~ Cohomx>(DVC, Cohorcie(3C, ^3)) are injective, their images co- 
incide and are equal to the intersection of two submodules SemiHom§(DC Dd M, ?JJ) 
and SemiHomj-(M, Cohome(3C, ^3)) in this k-module. 

Proof. Analogous to the proof of Proposition 11.4.41 (see also the proof of Proposi- 
tion EBD . • n 
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4. Derived Functor SemiExt 



4.1. Contraderived categories. Let A be an exact category in which all infinite 
products exist and the functors of infinite product are exact. A complex C over A is 
called contraacyclic if it belongs to the minimal triangulated subcategory Acycl ctr (A) 
of the homotopy category Hot(A) containing all the total complexes of exact triples 
'K' —>■ K' —>■ "K* of complexes over A and closed under infinite products. Any 
contraacyclic complex is acyclic. It follows from the next Lemma that any acyclic 
complex bounded from above is contraacyclic. 

Lemma. Let ■■■—>■ P~ x >* — > P '* — > be an exact sequence, bounded from above, 
of arbitrary complexes over A. Then the total complex T' of the bicomplex P''' 
constructed by taking infinite products along the diagonals is contraacyclic. 

Proof. See the proof of Lemma 12.11 □ 

The category of contraacyclic complexes Acycl ctr (A) is a thick subcategory of the 
homotopy category Hot(A), since it is a triangulated subcategory with infinite prod- 
ucts. The contraderived category D ctr (A) of an exact category A is defined as the 
quotient category Hot(A)/Acycl ctr (A). 

Remark. One can check that for any exact category A and any thick subcategory 
T in Hot(A) contained in the thick subcategory of acyclic complexes, containing 
all bounded acyclic complexes, and containing with every exact complex its sub- 
complexes and quotient complexes of canonical filtration, the groups of homomor- 
phisms HomH t(A) /t {X, Y [i] ) between complexes with a single nonzero term coin- 
cide with the Yoneda extension groups Ext\(X, Y). Moreover, the natural functors 
Hot +/ - /6 (A)/(T n Hot +/ - /6 (A)) — ► Hot(A)/T between the "T-derived categories" 
with various bounding conditions are all fully faithful. In particular, these asser- 
tions hold if T C Hot(A) consists of acyclic complexes and contains either all acyclic 
complexes bounded from above or all acyclic complexes bounded from below. 

4.2. Coprojective and coinjective complexes. Let C be a coring over a fc-alge- 
bra A. The complex of cohomomorphisms Cohonie(M*, ^J") from a complex of left 
C-comodules M* into a complex of left C-contramodules ^3* is defined as the total 
complex of the bicomplex Cohome(M 4 , SJF), constructed by taking infinite products 
along the diagonals. 

If C is a projective left A-module, the category of left C-contramodules is an 
abelian category with exact functors of infinite products, so the contraderived cat- 
egory D ctr (C-contra) is defined. When speaking about contraacyclic complexes of 
C-contramodules, we will always mean contraacyclic complexes with respect to the 
abelian category of C-contramodules, unless another exact category of C-contramod- 
ules is explicitly mentioned. 
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Assuming that C is a projective left A-module, a complex of left C-comodules M* 
is called coprojective if the complex Cohome(M*, ^3") is acyclic whenever a com- 
plex of left C-contramodules is contraacyclic. Assuming that C is a flat right 
A-module, a complex of left C-contramodules ^3* is called coinjective if the complex 
Cohome(M*, ^P*) is acyclic whenever a complex of left C-comodules M* is coacyclic. 

Lemma, (a) Any complex of coprojective C-comodules is coprojective. 
(b) Any complex of coinjective C-contramodules is coinjective. 

Proof. Argue as in the proof of Lemma 12.21 using the fact that the functor of co- 
homomorphisms of complexes maps infinite direct sums in the first argument into 
infinite products and preserves infinite products in the second argument. □ 

If the ring A has a finite left homological dimension, then any coprojective complex 
of left C-comodules is a projective complex of A- modules in the sense of 10. 1.21 and any 
coinjective complex of left C-contramodules is an injective complex of A- modules. The 
complex of C-comodules C (8)a U* coinduced from a projective complex of A-modules 
U* is coprojective and the complex of C-contramodules Hom^C, V) induced from 
an injective complex of A-modules is coinjective. 

4.3. Semiderived categories. Let S be a semialgebra over a coring C. Assume 
that C is a projective left A-module and the semialgebra S is a coprojective left 
C-comodule, so that the category of left S-semicontramodules is abelian. The semi- 
derived category of left S-semicontramodules D s '(S-sicntr) is defined as the quo- 
tient category of the homotopy category Hot(S-sicntr) by the thick subcategory 
Acycl ctr_e (S-sicntr) of complexes of S-semicontramodules that are contraacyclic as 
complexes of C-contramodules. 

4.4. Semiprojective and semiinjective complexes. Let S be a semialgebra. The 
complex of semihomomorphisms SemiHoms(3VT, ^3*) from a complex of left S-semi- 
modules M* to a complex of left S-semicontramodules ^3* is defined as the total 
complex of the bicomplex SemiHonis(3VT, ^3 J ), constructed by taking infinite prod- 
ucts along the diagonals. Of course, appropriate conditions must be imposed on S, 
3VC", and ^3* for this definition to make sense. 

Assume that the coring C is a projective left A-module and a flat right A-module, 
the semialgebra S is a coprojective left S-semimodule and a coflat right S-semimod- 
ule, and the ring A has a finite left homological dimension. 

A complex of A-projective left S-semimodules M* is called semiprojective if the 
complex SemiHoms(3Vr, ^3*) is acyclic whenever a complex of left S-semicontramod- 
ules ^3* is C-contraacyclic. Any semiprojective complex of S-semimodules is a copro- 
jective complex of C-comodules. The complex of S-semimodules Sde£<* induced from 
a coprojective complex of A-flat C-comodules is semiprojective. Any semiprojective 
complex of S-semimodules is semiflat. Analogously, a complex of A-injective left 
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S-semicontramodules ^3* is called semiinjective if the complex SemiHoms(M", ^3*) 
is acyclic whenever a complex of left S-semimodules M* is C-coacyclic. Any semiin- 
jective complex of S-semicontramodules is a coinjective complex of C-contramodules. 
The complex of S-semicontramodules Cohome(S, Q") coinduced from a coinjective 
complex of A-injective C-contramodules is semiinjective. 

Notice that not every complex of semiprojective semimodules is semiprojective 
and not every complex of semiinjective semicontramodules is semiinjective. On the 
other hand, any complex of semiprojective semimodules bounded from above is semi- 
projective. Moreover, if • • • — > — > 3VC '* — > is a complex, bounded from 
above, of semiprojective complexes of S-semimodules, then the total complex £* of 
the bicomplex 3Vt*'* constructed by taking infinite direct sums along the diagonals 
is semiprojective. Indeed, the category of semiprojective complexes is closed under 
shifts, cones, and infinite direct sums, so one can apply Lemma 12.41 Analogously, 
any complex of semiinjective semicontramodules bounded from below is semiinjec- 
tive. Moreover, if -> «p '* -> ty 1 ' —>•••• is a complex, bounded from below, of 
semiinjective complexes of S-semicontramodules, then the total complex (E° of the 
bicomplex constructed by taking infinite products along the diagonals is semiin- 
jective. Indeed, the category of semiinjective complexes is closed under shifts, cones, 
and infinite products, so one can apply the following Lemma. 

Lemma. Let — > P '* — > P 1 '* — > • • • be a complex, bounded from below, of arbitrary 
complexes over an additive category A where infinite products exist. Then the total 
complex E* of the bicomplex P*'' up to the homotopy equivalence can be obtained 
from the complexes P 1 '' using the operations of shift, cone, and infinite product. 

Proof. See the proof of Lemma 12.41 □ 

4.5. Main theorem for comodules and contramodules. Assume that the coring 
C is a projective left and a flat right A-module and the ring A has a finite left 
homological dimension. 

Theorem, (a) The functor mapping the quotient category of the homotopy cate- 
gory of complexes of coprojective left Q-comodules (coprojective complexes of left 
C-comodules) by its intersection with the thick subcategory of coacyclic complexes 
of Q-comodules into the coderived category of left Q-comodules is an equivalence of 
triangulated categories. 

(b) The functor mapping the quotient category of the homotopy category of com- 
plexes of coinjective left C- contramodules (coinjective complexes of left C-contra- 
modules) by its intersection with the thick subcategory of contraacyclic complexes of 
C- contramodules into the contraderived category of left C- contramodules is an equiv- 
alence of triangulated categories. 



Proof. The proof of part (a) is completely analogous to the proof of Theorem 12.51 It 
is based on the same constructions of resolutions Li and R 2 , and uses the result of 
Lemma 13.1.3( a) instead of Lemma 11.1.31 

To prove part (b), we will show that any complex of left C-contramodules A' can 
be connected with a complex of coinjective C-contramodules in a functorial way by 
a chain of two morphisms &' — > L 2 (^*) < — L 2 Mi(^*) with contraacyclic cones. 
Moreover, if the complex &' is a complex of coinjective C-contramodules (coinjective 
complex of C-contramodules), then the intermediate complex L 2 (£*) is also a complex 
of coinjective C-contramodules (coinjective complex of C-contramodules). Then we 
will apply Lemma 12.51 in the way explained in the end of the proof of Theorem 12.51 

Let be a complex of left C-contramodules. Let ^3 — > 3($$) denote the func- 
torial injective morphism from an arbitrary left C-contramodule *}3 into an A-in- 
jective C-contramodule 3(^3) constructed in Lemma f3. 1.3( b). The functor 3 is the 
direct sum of a constant functor *}3 1 — > 3(0) and a functor 3 + sending zero mor- 
phisms to zero morphisms. For any C-contramodule ^3, the contramodule 3 + (^) 
is A-injective and the morphism *}3 — ► 3 + (^3) is injective. Set 3°(&*) = 3 + (&'), 
3 1 (&*) = 3 + (coker(.ft* — > 3°(&*))), etc. For d large enough, the cokernel 3(^") of the 
morphism 3 d ~ 2 (&') — ► 3 d ~ 1 (&*) will be a complex of A-injective C-contramodules. 
Let Ri(^*) be the total complex of the bicomplex 

3°(£*) > 3 1 (&') > •■• ► 3 d -\&') > 3(iT). 

Then M 1 (^') is a complex of A-injective C-contramodules and the cone of the mor- 
phism &' — > M.i(&') is the total complex of a finite exact sequence of complexes of 
C-contramodules, and therefore, a contraacyclic complex. 

Now let y{' be a complex of A-injective left C-contramodules. Consider the bar 
construction 

■■■ ► Hom A (e, Honu(e, 9T)) ► Kom A (e,9V). 

Let L^D^*) be the total complex of this bicomplex, constructed by taking infinite 
products along the diagonals. Then L^^K*) is a complex of coinjective C-contramod- 
ules. The functor L 2 can be extended to arbitrary complexes of C-contramodules; 
for any complex the cone of the morphism L 2 (^*) — > &' is contraacyclic by 
Lemma 14.11 

Finally, if &* is a coinjective complex of C-contramodules, then L 2 ($*) is also 
a coinjective complex of C-contramodules, since the complex of cohomomorphisms 
from a complex of left C-comodules M* into L 2 (^*) coincides with the complex of 
cohomomorphisms into from the total cobar complex R 2 (M*), and the latter is 
coacyclic whenever M* is coacyclic. □ 

Remark. Another proof of Theorem (for complexes of coprojective comodules and 
complexes of coinjective contramodules) can be deduced from the results of Section [51 
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In addition, it will follow that any coacyclic complex of coprojective left C-comodules 
is contractible and any contraacyclic complex of coinjective left C-contramodules is 
contractible (see Remark 15.51) . 

4.6. Main theorem for semimodules and semicontramodules. Assume that 
the coring C is a projective left and a flat right A-module, the semialgebra S is 
a coprojective left and a coflat right C-comodule, and the ring A has a finite left 
homological dimension. 

Theorem, (a) The functor mapping the quotient category of the homotopy category of 
semiprojective complexes of A- projective (G- coprojective, semiprojective) left S-semi- 
modules by its intersection with the thick subcategory of G-coacyclic complexes of 
S- semimodules into the semiderived category of left S- semimodules is an equivalence 
of triangulated categories. 

(b) The functor mapping the quotient category of the homotopy category of semiin- 
jective complexes of A-injective (G- coinjective, semiinjective) left S- semicontramod- 
ules by its intersection with the thick subcategory of G- contraacyclic complexes of 
S- semicontramodules into the semiderived category of left S- semicontramodules is an 
equivalence of triangulated categories. 

Proof. There are two approaches: one can argue as in [275] or as in 12. 61 Either way, the 
proof is based on the constructions of intermediate resolutions Lj and WLj. For part (a), 
it is the same constructions that were presented in the proof of Theorem 12.61 One 
just has to use the results of Lemmas 13.3.2( a) and 13.3.3( a) instead of Lemmas 11.3.21 
and 11.3.31 Let us introduce the analogous constructions for part (b). 

Let be a complex of left S-semicontramodules. Let 9^ — ► 3(9?) denote the 
functorial injective morphism from an arbitrary left S-semicontramodule 9fi into an 
A-injective S-semicontramodule 3(9?) constructed in Lemma [3.3.2( b). The functor 
3 is the direct sum of a constant functor 9^ 1 — ► 3(0) and a functor 3 + sending 
zero morphisms to zero morphisms. For any S-semicontramodule 9? ; the semicon- 
tramodule 3 + (9?) is A-injective and the morphism 93 — ► 3 + (93) is injective. Set 
3°(iT) = 3 + (iT), 3 1 (iT) = 3 + (coker(iT -> 3°(iT))), etc. For d large enough, 
the cokernel 3(^*) of the morphism 3 d-2 (•&*) — > 3 d ~ 1 (.&*) will be a complex of 
A-injective S-semicontramodules. Let Ri(^*) be the total complex of the bicomplex 

3°(iT) ► 3 1 (iT) ► ■ ■ • ► 3 d - 1 (iT) ► 3(it # ). 

Then Ri(^*) is a complex of A-injective S-semicontramodules and the cone of the 
morphism 8? — > Ri(^*) is the total complex of a finite exact sequence of com- 
plexes of S-semicontramodules, and therefore, a C-contraacyclic complex (and even 
an S-contraacyclic complex). 



Now let £R* be a complex of A-injective left S-semicontramodules. Let ^(^3) — y 
^3 denote the functorial surjective morphism onto an arbitrary A-injective S-semi- 
contramodule ^3 from a C-coinjective S-semicontramodule t?(^3) with an A-injective 
kernel ker(£(*p) -> «p) constructed in Lemma E£E3(b). Set # (*H*) = 3(9**), 
^(JH") = #(ker(# (*H*) -> «H*)), etc. Let L 2 (SH") be the total complex of the 
bicomplex 

• • • — > y 2 (5H") — ► — ► #o0*n, 

constructed by taking infinite products along the diagonals. Then IL^-SH*) is a com- 
plex of C-coinjective S-semicontramodules. Since the surjection #(^3) — > ^3 can be 
defined for arbitrary left S-semicontramodules, the functor L 2 can be extended to 
arbitrary complexes of S-semicontramodules. For any complex the cone of the 
morphism L 2 (^.*) — > is a C-contraacyclic complex (and even an S-contraacyclic 
complex) by Lemma [4. II 

Finally, let ^3* be a C-coinjective complex of A-injective left S-semicontramod- 
ules. Then the complex Cohonie(S, ^J*) is a semiinjective complex of A-injective left 
S-semicontramodules. Moreover, if ^3* is a complex of C-coinjective S-semicontra- 
modules, then Cohome(S, ^3*) is a semiinjective complex of semiinjective S-semicon- 
tramodules. Consider the cobar construction 

Cohome(S, ^3*) > Cohome(S, Cohome(S, ^3*)) > ■■■ 

Let R3(^p*) be the total complex of this bicomplex, constructed by taking infinite 
products along the diagonals. Then complex IR 3 (^3*) is semiinjective by Lemma [4.41 
The functor R 3 can be extended to arbitrary complexes of S-semicontramodules; 
for any complex the cone of the morphism — > M 3 (^.*) is not only C-con- 
traacyclic, but even C-contractible (the contracting homotopy being induced by the 
semiunit morphism C — ► S.) 

It follows that the natural functors between the quotient categories of the ho- 
motopy categories of semiinjective complexes of semiinjective S-semicontramodules, 
semiinjective complexes of C-coinjective S-semicontramodules, complexes of C-coin- 
jective S-semicontramodules, semiinjective complexes of A-injective S-semicontra- 
modules, C-coinjective complexes of A-injective S-semicontramodules, complexes of 
A-injective S-semicontramodules by their intersections with the thick subcategory 
of C-contraacycliccomplexes and the semiderived category of left S-semicontramod- 
ules are all equivalences of triangulated categories. Moreover, any complex of left 
S-semicontramodules 8? can be connected with a semiinjective complex of semi- 
injective S-semicontramodules in a functorial way by a chain of three morphisms 
jf* — ► R 3 (iT) < — R 3 L 2 (i**) — * R 3 L 2 Ri(ir) with C-contraacyclic cones, and 
when &' is a semiinjective complex of (A-injective, C-coinjective, or semiinjective) 
S-semicontramodules, all complexes in this chain are also semiinjective complexes of 
(A-injective, C-coinjective, or semiinjective) S-semicontramodules. □ 
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Remark. One can show using the methods developed in Section [6] that any 
C-coacyclic semiprojective complex of C-coprojective left S-semimodules is contract- 
ible, and analogously, any C-contraacyclic semiinjective complex of C-coinjective left 
S-semicontramodules is contractible (see Remark 16.41) . 

4.7. Derived functor SemiExt. Assume that the coring C is a projective left and 
a flat right A-module, the semialgebra S is a coprojective left and a coflat right 
C-comodule, and the ring A has a finite left homological dimension. 
The double-sided derived functor 

SemiExt s : D si (S-simod) x D si (S-sicntr) ► D(fc-mod) 

is defined as follows. Consider the partially defined functor of semihomomorphisms of 
complexes SemiHomg : Hot(S-simod) op x Hot(S-sicntr) --■» Hot(fc-mod). This functor 
is defined on the full subcategory of the Carthesian product of homotopy categories 
that consists of pairs of complexes such that either M* is a complex of 

A-projective S-semimodules, or ^J3* is a complex of A-injective S-semicontramod- 
ules. Compose it with the functor of localization Hot(A;-mod) — > D(fc-mod) and 
restrict either to the Carthesian product of the homotopy category of semiprojective 
complexes of A-projective S-semimodules and the homotopy category of S-semicon- 
tramodules, or to the Carthesian product of the homotopy category of S-semimodules 
and the homotopy category of semiinjective complexes of A-injective S-semicontra- 
modules. 

By Theorem 14.61 and Lemma 12.71 both functors so obtained factorize through the 
Carthesian product of semiderived categories of left semimodules and left semicon- 
tramodules and the derived functors so defined are naturally isomorphic. The same 
derived functor is obtained by restricting the functor of semihomomorphisms to the 
Carthesian product of the homotopy categories of semiprojective complexes of A-pio- 
jective S-semimodules and semiinjective complexes of A-injective S-semicontramod- 
ules. One can also use semiprojective complexes of C-coprojective S-semimodules or 
semiinjective complexes of C-coinjective S-semicontramodules, etc. 

In particular, when the coring C is a projective left and a flat right A-module 
and the ring A has a finite left homological dimension, one defines the double-sided 
derived functor 

Coext e : D co (C-comod) op x D ctr (C-contra) ► D(£;-mod) 

by composing the functor of cohomomorphisms Cohomg: Hot(C-comod) op x 
Hot(C-contra) — ► Hot(A;-mod) with the functor of localization Hot(A;-mod) — ► 
D(fc-mod) and restricting it to either the Carthesian product of the homotopy 
category of complexes of coprojective C-comodules and the homotopy category of 
arbitrary complexes of C-contramodules, or the Carthesian product of the homotopy 
category of arbitrary complexes of C-comodules and the homotopy category of 
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complexes of coinjective C-contramodules. The same derived functor is obtained 
by restricting the functor of cohomomorphisms to the Carthesian product of the 
homotopy categories of coprojective C-comodules and coinjective C-contramodules. 
One can also use coprojective complexes of C-comodules or coinjective complexes of 
C-contramodules. 

Question. Assuming only that C is a flat left and right A-module, one can define 
the double-sided derived functor Cotor 6 on the Carthesian product of coderived cat- 
egories of the exact categories of right and left C-comodules of flat dimension over A 
not exceeding d, for any given d, using Lemma 12.71 and the corresponding version 
of Lemma 11.1.31 Analogously, assuming that C is a projective left and a flat right 
A-module, one can define the double-sided derived functor Coexte on the Carthe- 
sian product of the coderived category of left C-comodules of projective dimension 
over A not exceeding d and the contraderived category of C-contramodules of in- 
jective dimension over A not exceeding d. One can even do with the homological 
dimension assumption on only one of the arguments of Cotor e and Coexte, using the 
corresponding versions of the results of Theorem 17.2.21 Can one define, at least, a de- 
rived functor SemiTor s for complexes of A-flat S-semimodules and a derived functor 
SemiExtg for complexes of A-projective S-semimodules and A-injective S-semicon- 
tramodules without the homological dimension assumptions on Al The only problem 
one encounters attempting to do so comes from the homological dimension conditions 
in Propositions II .2.37 c) and !3.2.3l l-2(c) and consequently in Lemmas II .3.31 and 13. 3. 31 
when S satisfies the conditions of Proposition II .2.5T f) there is no problem. 

Remark. In the way completely analogous to Remark I2.7| without any homological 
dimension assumptions one can define the double-sided derived functor IndCoexte 
for complexes of left C-comodules in fc-mod w and complexes of left C-contramodules 
in the category fc-mod w of ind-objects over A;-mod representable by countable filtered 
inductive systems of fc-modules. Here the category opposite to fc-mod^ is considered 
as a module category over the tensor category fc-mod w and C is a coring over a ring 
A in k-mod^ . Appropriate coflatness and "contraprojectivity" conditions have to be 
imposed on C. The countability assumption can be dropped. 

4.8. Relatively semiprojective and semiinjective complexes. We keep the as- 
sumptions and notation of 14.51 [4761 and 14.71 

One can compute the derived functor Coexte using resolutions of other kinds. 
Namely, the complex of cohomomorphisms Cohome(M*, from a complex of 
C I A- coprojective left C-comodules M* into a complex of A-injective left C-contra- 
modules ^3* represents an object naturally isomorphic to Coexte(M', ^J*) in the de- 
rived category of A;- modules. Indeed, the complex L 2 (^3*) is a complex of coinjective 
C-contramodules and the cone of the morphism L 2 (*p*) — > is contraacyclic with 
respect to the exact category of A-injective C-contramodules, hence the morphism 
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Cohome(M*, L 2 (S)3*)) — > Cohome(M*, ^3') is an isomorphism. Analogously, the 
complex of cohomomorphisms Cohome(M*, ^3*) from a complex of A-projective left 
C-comodules M* into a complex of C/A-coinjective left C-contramodules *}3* repre- 
sents an object naturally isomorphic to Coexte(M*, *}3*) in the derived category of 
A;-modules. 

One can also compute the derived functor SemiExte using resolutions of other 
kinds. Namely, a complex of left S-semimodules is called semiprojective relative 
to A if the complex of semihomomorphisms from it into any complex of A-injec- 
tive left S-semicontramodules that as a complex of C-contramodules is contraacyclic 
with respect to the exact category of A-injective C-contramodules is acyclic (cf. The- 
orem [7221(c)). The complex of semihomomorphisms SemiHome(3VT, ^3*) from a 
complex of left S-semimodules 3VC* semiprojective relative to A into a complex of 
A-injective left S-semicontramodules ^3" represents an object naturally isomorphic 
to SemiExts(M*, ^3*) in the derived category of ^-modules. Indeed, M 3 L2(^3*) is a 
semiinjective complex of S-semicontramodules connected with ^3* by a chain of mor- 
phisms ^3* < — L2(^3*) — ► B^IL^^P*) whose cones are contraacyclic with respect to 
the exact category of A-injective C-contramodules and contractible over C, respec- 
tively. Analogously, a complex of left S-semicontramodules is called semiinjective 
relative to A if the complex of semihomomorphisms into it from any complex of A-pro- 
jective left S-semimodules that as a complex of C-comodules is coacyclic with respect 
to the exact category of A-projective C-comodules is acyclic (cf. Theorem 17.2.2( b)). 
The complex of semihomomorphisms SemiHome(3VT, ^3*) from a complex of A-pro- 
jective left S-semimodules to a complex of left S-semicontramodules semiinjective 
relative to A represents an object naturally isomorphic to SemiExts(3Vt*, ^3*) in the 
derived category of fc-modules. For example, the complex of S-semimodules induced 
from a complex of C/A-coprojective left C-comodules is semiprojective relative to A 
and the complex of S-semicontramodules coinduced from a complex of C/A-coinjec- 
tive left C-contramodules is semiinjective relative to A. 

A complex of left S-semimodules is called semiprojective relative to C if the com- 
plex of semihomomorphisms from it into any C-contractible complex of C-coin- 
jective left S-semicontramodules is acyclic. The complex of semihomomorphisms 
SemiHome(3Vt*, ^3") from a complex of left S-semimodules DVT semiprojective relative 
to C into a complex of C-coinjective left S-semicontramodules ^3* represents an object 
naturally isomorphic to SemiExts(3Vt*, ^3*) in the derived category of fc-modules. In- 
deed, Rs(^3*) is a semiinjective complex of S-semicontramodules and the cone of the 
morphism ^3* — > ^3(^3*) is a C-contractible complex of C-coinjective S-semicontra- 
modules. Analogously, a complex of left S-semicontramodules is called semiinjective 
relative to C if the complex of semihomomorphisms into it from any C-contractible 
complex of C-coprojective left S-semimodules is acyclic. The complex of semihomo- 
morphisms SemiHome(M*, ^3*) from a complex of C-coprojective left S-semimodules 
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M* into a complex of left S-semicontramodules ^3* semiinjective relative to C rep- 
resents an object naturally isomorphic to SemiExts(3VC", ^3") in the derived category 
of /c-modules. It follows that the complex of semihomomorphisms from a complex 
of left S-semimodules semiprojective relative to C into a C-contraacyclic complex of 
C-coinjective left S-semicontramodules is acyclic, and the complex of semihomomor- 
phisms into a complex of left S-semicontramodules semiinjective relative to C from 
a C-coacyclic complex of C-coprojective left S-semimodules is acyclic. For example, 
the complex of S-semimodules induced from a complex of left C-comodules is semi- 
projective relative to C and the complex of S-semicontramodules coinduced from a 
complex of left C-contramodules is semiinjective relative to 6. 

At last, a complex of A-projective left S-semimodules is called semiprojective rela- 
tive to C relative to A (S/C/A-semiprojective) if the complex of semihomomorphisms 
from it into any C-contractible complex of C/A-coinjective left S-semicontramod- 
ules is acyclic. The complex of semihomomorphisms SemiHome(3VC*, ^3*) from an 
S/C/A-semiprojective complex of A-projective left S-semimodules 3VC* into a complex 
of C/A-coinjective left S-semicontramodules ^3* represents an object naturally iso- 
morphic to SemiExts(M*, ^3") in the derived category of /c-modules. Indeed, 1^3(^3*) 
is a complex of left S-semicontramodules semiinjective relative to A and the cone of 
the morphism ^3* — > M 3 (^3*) is a C-contractible complex of C/A-coinjective S-semi- 
contramodules. Analogously, a complex of A-injective left S-semicontramodules is 
called semiinjective relative to C relative to A (S/C/A-semiinjective) if the complex of 
semihomomorphisms into it from any C-contractible complex of C/A-coprojective left 
S-semimodules is acyclic. The complex of semihomomorphisms SemiHome(M*, ^3*) 
from a complex of C/A-coprojective left S-semimodules 3Vt* into an S/C/A-semi- 
injective complex of A-injective left S-semicontramodules ^3* represents an object 
naturally isomorphic to SemiExts(M*, ^3*) in the derived category of /c-modules. It 
follows that the complex of semihomomorphisms from an S/C/A-semiprojective com- 
plex of A-projective left S-semimodules into a C-contraacyclic complex of C/A-coin- 
jective left S-semicontramodules is acyclic, and the complex of semihomomorphisms 
into an S/C/A-semiinjective complex of A-injective left S-semicontramodules from 
a C-coacyclic complex of C/A-coprojective left S-semimodules is acyclic. For ex- 
ample, the complex of S-semimodules induced from a complex of A-projective left 
C-comodules is S/C/A-semiprojective and the complex of S-semicontramodules coin- 
duced from a complex of A-injective left C-contramodules is S/C/A-semiinjective. 

The functors mapping the quotient categories of the homotopy categories of com- 
plexes of S-semimodules semiprojective relative to A, complexes of S-semimodules 
semiprojective relative to C, and S/C/A-semiprojective complexes of S-semimodules 
by their intersections with the thick subcategory of C-coacyclic complexes into the 
semiderived category of left S-semimodules are equivalences of triangulated cate- 
gories. Analogously, the functors mapping the quotient categories of the homotopy 
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categories of complexes of S-semicontramodules semiinjective relative to A, com- 
plexes of S-semicontramodules semiinjective relative to C, and S/C/A-semiinjective 
complexes of S-semicontramodules by their intersections with the thick subcategory 
of C-contraacyclic complexes into the semiderived category of left S-semicontramod- 
ules are equivalences of triangulated categories. The same applies to complexes of 
A-projective, C-coprojective, and C/A-coprojective S-semimodules and complexes of 
A-injective, C-coinjective, and C/A-coinjective S-semicontramodules. These results 
follow easily from either of Lemmas 12.51 or 12.61 So one can define the derived functor 
SemiExtg by restricting the functor of semihomomorphisms to these categories of 
complexes as explained above. 

Remark. One can define the double-sided or right derived functor SemiExtg in the 
assumptions analogous to those of Remark 12.81 in the completely analogous ways. 

4.9. Remarks on derived semihomomorphisms from bisemimodules. Let S 

be a semialgebra over a coring C and 7 be a semialgebra over a coring 2), both 
satisfying the conditions of 14.61 One can define the double-sided derived functor 

DSemiHom s : D si (S-simod-T) op x D si (S-sicntr) ► D si (T-sicntr) 

by restricting the functor of semihomomorphisms SemiHom§: D sl (S-simod-J') c ' p x 
D sl (S-sicntr) D sl (T-sicntr) to the Carthesian product of the homotopy category 
of complexes of S-T-bisemimodules and the homotopy category of semiinjective com- 
plexes of C-coinjective left S-semicontramodules (using the result of Remark 16.41) . 
There is an associativity isomorphism 

SemiExts(3C* OyM", ^T) ~ SemiExt T (M*, D SemiHom s (3C', 

Let 31 be a semialgebra over a coring £ satisfying the conditions of 14.61 If the 
fc-algebra A is a flat fc-module and the fc-algebras B and F are projective fc-modules, 
then the derived functor D SemiHom can be defined using Lemma 12.71 in terms of 
strongly S-semiprojective complexes of A-projective S-CT-bisemimodules and semiin- 
jective complexes of C-coinjective left S-semicontramodules (or strongly semiinjective 
complexes of A-injective left S-semicontramodules). Here a complex of A-projective 
S-T-bisemimodules DC' is called strongly S-semiprojective if for any C-contraacyclic 
complex of left S-semicontramodules ^3* the complex of left CT-semicontramodules 
SemiHonis(3C*, ^3*) is D-contraacyclic; strongly semiinjective complexes are defined 
in the analogous way. In this case, there is an associativity isomorphism 

DSemiHom s (3C* O^M', *JT) ~ D SemiHom T (M", D SemiHom s (3C*, 9?')) 

for any complex of T-3£-bisemimodules JVC", any complex of S-T-bisemimodules JC', 
and any complex of left S-semicontramodules ^3*. 
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In particular, without any conditions on the /c-module A for any complex of right 
S-semimodules TsT and any complex of left S-semimodules 3VC* there is a natural 
isomorphism Homfc(SemiTor s (]\P, M*), k v ) ~ SemiExt§(M*, Homfc(]\T*, A; v )). 
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5. COMODULE-CONTRAMODULE CORRESPONDENCE 



5.1. Contratensor product and comodule/contramodule homomorphisms. 

Let C be a coring over a A;-algebra A. 

5.1.1. The contratensor product 3\T © e of a right C-comodule N and a left 
C-contramodule *}3 is a /c-module defined as the cokernel of the pair of maps 
N A Hom j 4(C, ^3) =4 N a one of which is induced by the C-contraaction in 
*}3, while the other is the composition of the map induced by the C-coaction in N and 
the map induced by the evaluation map C a Horn^C, ^3) — > ^3. 

The contratensor product operation is dual to homomorphisms in the category 
of contramodules: for any right C-comodule N with a left action of a /c-algebra Z? 
by C-comodule endomorphisms, any left C-contramodule ty, and any left £?-module 
U there is a natural isomorphism Horns (N 0g *}3, [/) ~ Hom e (<}3, Homs(N, [/)). 
Indeed, both A;-modules are isomorphic to the kernel of the same pair of maps 
Hom A (<p,Hom B (N,f/)) =4 Hom A (Hom A (C, Hom B (N, U)). Taking B = k, one 
can conclude that for any right C-comodule N and any left A-module V there is a 
natural isomorphism 3\f 0g Hom A (C, ~ N a V- 

When C is a projective left A-module, the functor of contratensor product over C 
is right exact in both its arguments. 

5.1.2. Let D be a coring over a fc-algebra B. For any C-D-bicomodule DC and any 
left C-comodule M, the /c-module Hom e (3C, M) has a natural left D-contramodule 
structure as the kernel of a pair of D-contramodule morphisms Hohia(3C, M) =4 
Hom j 4(3C, M % D). Analogously, for any D-C-bicomodule X and any left C-con- 
tramodule ^3, the /c-module X 0e ^3 has a natural left D-comodule structure as the 
cokernel of a pair of D-comodule morphisms X a Hom j4 (C, *}3) =4 3C a *}3. 

For any left D-comodule M, any D-C-bicomodule X, and any left C-contramodule 
*}3 there is a natural isomorphism Homxi(3C 0e ^3, M) ~ Hom e (^3, Hom^X, M)). 
Indeed, a 5-module map 3C0^^3 — > M factorizes through %Q e Jvl if and only if the 
corresponding A-module map ^3 — ► Homs(3C, M) is a C-contramodule morphism, 
and a 5-module map DC a ^3 — > M is a D-comodule morphism if and only if the 
corresponding A-module map *}3 — > Homs(3C, M) factorizes through Hom^X, M). 

In particular, there is a pair of adjoint functors \l/e : C-comod — > C-contra and 
$ e : C-contra — > C-comod between the categories of left C-comodules and left C-con- 
tramodules defined by the rules V e (M) = Hom e (C,M) and $ e ( < P) = C e $p. 

5.1.3. A left C-comodule M is called quite injective relative to A (quite C/A-injective) 
if the functor of C-comodule homomorphisms into M maps A-split exact triples of 
left C-comodules to exact triples. It is easy to see that a C-comodule is quite Q/A-in- 
jective if and only if it is a direct summand of a coinduced C-comodule. Analogously, 
a left C-contramodule is called quite projective relative to A (quite C/A-projective) 
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if the functor of C-contramodule homomorphisms from ^3 maps A-split exact triples 
of left C-contramodules to exact triples. A C-contramodule is quite C/A-projective if 
and only if it is a direct summand of an induced C-contramodule. 

The restrictions of the functors \l/e an d $e on the subcategories of quite G/A-in- 
jective left C-comodules and quite C/TL-projective left C-contramodules are mutually 
inverse equivalences between these subcategories. Indeed, one has Hom e (C, Q®aV) = 
Horace, V) and C Hom j4 (C, V) = C ® A V. 

5.1.4. A left C-comodule M is called injective relative to A (C/A-injective) if 
the functor of homomorphisms into M maps exact triples of A-projective left 
C-comodules to exact triples. A left C-contramodule ^3 is called projective relative 
to A (C/A-projective) if the functor of homomorphisms from *P maps exact triples of 
A-injective left C-contramodules to exact triples. (Cf. Lemma [5.31 2.) 

Remark. What we call quite relatively injective comodules are usually called rela- 
tively injective comodules [16J. We chose this nontraditional terminology for coher- 
ence with our definitions of relative coflatness, etc., and also because what we call 
relatively injective comodules is a more important notion from our point of view. 

Question. One can compute modules Ext in the exact category of left C-comodules 
with A-split exact triples in terms of the cobar resolution. When C is a projective 
left A-module, this resolution can be also used to compute modules Ext in the exact 
category of A-projective left C-comodules, which therefore turn out to be the same. 
How can one compute modules Ext in the exact category of A-projective C-comodules 
without making any projectivity assumptions on C? 

5.1.5. When C is a flat right A-module, the coinduction functor A-mod — > 
C-comod preserves injective objects. It follows easily that any left C-comodule is a 
subcomodule of an injective C-comodule; a C-comodule is injective if and only if it is a 
direct summand of a C-comodule coinduced from an injective A-module. Analogously, 
when C is a projective left A-module, the induction functor A-mod — > C-contra pre- 
serves projective objects. Hence any left C-contramodule is a quotient contramodule 
of a projective C-contramodule; a C-contramodule is projective if and only if it is a 
direct summand of a C-contramodule induced from a projective A-module. 

5.1.6. When C is a flat left A-module, a left C-contramodule *P is called contra- 
flat if the functor of contratensor product with *p is exact on the category of right 
C-comodules. The C-contramodule induced from a flat A-module is contraflat. Any 
projective C-contramodule is contraflat. 

A left C-contramodule *P is called quite C/ A- contraflat if the functor of contra- 
tensor product with *p maps those exact triples of right C-comodules which as exact 
triples of A-modules remain exact after the tensor product with any left ^-module 
to exact triples. Any quite C/A-projective C-contramodule is quite C/A-contr aflat. 
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A left C-contramodule *}3 is called G/ A- contraflat if the functor of contratensor prod- 
uct with *}3 maps exact triples of A-flat right C-comodules to exact triples. Using 
the dualization functor Honifc(— , k v ), one can easily check that any C/A-projective 
C-comodule is C/A-contraflat. 

5.2. Associativity isomorphisms. Let C be a coring over a fc-algebra A and D be 
a coring over a fc-algebra B. The following three Propositions will be mostly applied 
to the case of DC = D = G in the sequel. 

Proposition 1. Let 3\f be a right D-comodule, % be a D-G-bicomodule, and ^ be a 
left C-contramodule. Then there is a natural map (NDdDC) ©e^P — ► NDb (DC©e^3) 
whenever the cotens or product NDdDC is endowed with a right C-comodule structure 
such that the map Ji DC — > N©# DC is a C-comodule morphism. This natural 
map is an isomorphism, at least, in the following cases: 

(a) C is a flat left A-module and ^ is a contraflat left C-contramodule, 

(b) ^ is a quite G/ A- contraflat left C-contramodule and X as a left D-comodule 
with a right A-module structure is conduced from a B-A-bimodule; 

(c) ^ is a G/ A- contraflat left C-contramodule, D is a flat right B-module, N is 
a flat right B-module, and % as a left D-comodule with a right A-module 
structure is coinduced from an A-flat B-A-bimodule; 

(d) *p is a C I A- contraflat left C-contramodule, D is a flat right B-module, N is 
a flat right B-module, % is a flat right A-module, % is a D / 'B-coflat left 
D-comodule, and the ring A has a finite weak homological dimension; 

(e) 74 is a quasicoflat right D-comodule. 

Proof. The map (N Dd DC) ©e ^3 — ► N ©b DC ©e ^3 has equal compositions with two 
maps J4® B %Q e ^ =4 K© i j2)© J BDC0e < P, so there is a natural map (NO^DC)©^ — ► 
^□^(DCOe^). Besides, the composition (HO^DC)©^ — ► ND^DC©^) — ► DMTJd 
(DC ©e ^3) annihilates the difference between two maps (N Dd DC) ©^ Hoin^C, ^3) =4 
(!N"Dx)DC)©a^3, which leads to the same natural map (NO^DC)©^ — ► XD I) (DC0 e < P). 
To prove cases (a-d), one shows that the sequence — ► N Dd DC — ► N © B DC — ► 
3Sf ©# D ©5 DC remains exact after taking the contratensor product with *}3. Indeed, 
the case (a) is obvious, in the cases (b-c) this exact sequence of right A-modules splits, 
and in the cases (c-d) this sequence of right A-modules is exact with respect to the 
exact category of flat A-modules (see the proof of Proposition 1 1.2. 3]) . To prove (e), one 
notices that the sequence DC ©^ Hom^C, ^3) — > DC ©^ ^3 — > DC ©e ^3 — > remains 
exact after taking the cotensor product with 3\f and uses Proposition 11.2.3T b). □ 

Proposition 2. Let £ be a left D-comodule, % be a G-D-bicomodule, and M be a left 
C-comodule. Then there is a natural map Cohomxi(£, Homg(DC, M)) — ► Home(DCDi> 
XL, M) whenever the cotensor product DC Oq £ is endowed with a left G-comodule 
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structure such that the map % Dx> £ — ► % ©# <& is a G-comodule morphism. This 
natural map is an isomorphism, at least, in the following cases: 

(a) C is a flat right A-module and M is an injective left G-comodule; 

(b) M is a quite G/A-injective left G-comodule and % as a right D-comodule with 
a left A-module structure is coinduced from an A-B-bimodule; 

(c) M is a G/A-injective left G-comodule, D is a projective left B-module, L is a 
projective left B-module, and % as a right D-comodule with a left A-module 
structure is coinduced from an A-projective A-B-bimodule; 

(d) M is a G/A-injective left G-comodule, D is a projective left B-module, L is a 
projective left B-module, % is a projective left A-module, % is a D / B-coflat 
right D-comodule, and the ring A has a finite left homological dimension; 

(e) L is a quasicoprojective left D-comodule. 

Proof. Analogous to the proof of Proposition 1 and Proposition 3 below (see also the 
proof of Proposition 13. 2. 31 1). In particular, to prove (e) one notices that the sequence 
— > Hom e (DC, M) — > Rom A (X, M) — > Rom A (X, G <gu M) remains exact after 
taking the cohomomorphisms from £. □ 

Proposition 3. Let ^ be a left G-contramodule, % be a D-G-bicomodule, and 
be a left D-contramodule. Then there is a natural map Cohomx,(DC ©e ^P, 0) — ► 
Hom e (*p, Cohoni£)(3C, 0)) whenever the cohomomorphism module Cohoni£>(IK, 0) is 
endowed with a left G-contramodule structure such that the map Hohib(X, 0) — > 
Cohoni£)(IK, Q) is a G-contramodule morphism. This natural map is an isomorphism, 
at least, in the following cases: 

(a) 6 is a projective left A-module and is a projective left G-contramodule; 

(b) ^ is a quite G / A-projective left G-contramodule and % as a left D-comodule 
with a right A-module structure is coinduced from a B-A-bimodule, 

(c) ^ is a G / A-projective left G-contramodule, D is a flat right B-module, H is 
an injective left B-module, and % as a left D-comodule with a right A-module 
structure is coinduced from an A-flat B-A-bimodule; 

(d) *p is a G / A-projective left G-contramodule, D is a flat right B-module, O. is 
an injective left B-module, % is a flat right A-module, % is a D/B-projective 
left D-comodule, and the ring A has a finite left homological dimension; 

(e) is a quasicoinjective left D-contramodule. 

Proof. The map Hom e (^,Hom B (3C,n)) — > Hom e (*p, Cohomi,(ii', 0)) annihilates 
the difference of two maps Hom e (<p, Rom B (D® B X, 0)) — ► Hom e (<p, Hom^X, 0)) 
and this pair of maps can be identified with the pair of maps Hom£(2) (g># % 0e ^P, 
0) =4 Houib(3C Oe 0) whose cokernel is, by the definition, the cohomomorphism 
module Cohomi)(3C©e^P, 0)- Hence there is a natural map Cohomx>(3C©e^P, 0) — ► 
Hom e (*p, Cohom£)(3C, 0)). Besides, the composition Cohomn(3C ©e ^P, 0) — ► 
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Cohomx)(3C <S>a £2) — > Hom^(^, Cohom^lJC, £2)) has equal compositions with 
two maps Hom^^, Cohom^lJC, £2)) =4 Horn^Hom^C, ^3), Cohorn^IK, £2)), which 
leads to the same natural map Cohomi>(DC 0e ^3, £2) — > Hom e (*}3, Cohomi)(3C, £2)). 
To prove cases (a-d), one shows that the sequence Hom B (2) ® B %, £2) — > 
B.om B (%, £2) — > Cohomi)(3C, £2) — > remains exact after applying the functor 
Hom e («p, -). Indeed, the case (a) is obvious, in the cases (b-d) this sequence of 
left A-modules splits, and in the cases (c-d) it is also an exact sequence of injective 
A-modules (see the proof of Proposition 13.2.31 2). To prove (e), one notices that the 
sequence % <S>a Hom^(C,^P) — > % ®a ^3 — ► % 0e — > remains exact after 
taking the cohomomorphisms into £2 and uses Proposition 13.2.31 2(b). □ 

In the case of % = T> = C, the natural maps defined in Propositions 2-3 have the 
following property of compatibility with the adjoint functors \l/e and <3>e : for any left 
C-comodule M and any left C-contramodule ^3 the maps Cohome($e(^3), ^e{^)) — ► 
Hom e ($ e ( < p),M) and Cohom e ($ e ( $ P), *e(M)) — ► Hom e (<}3, * e (M)) form a com- 
mutative diagram with the isomorphism Home($e(^3), M) — Hom e (*}3, ^g(M)). 

The following important Lemma is deduced as a corollary of Propositions 2-3. 

Lemma, (a) A G-comodule is quasicoprojective if and only if it is quite G/A-injec- 
tive. If G is a projective left A-module, then a left Q-comodule is coprojective if and 
only if it is a direct summand of a comodule coinduced from a projective A-module. 

(b) A G-contramodule is quasicoinjective if and only if it is quite G/A-projective. 
If G is a flat right A-module, then a left G-contramodule is coinjective if and only if 
it is a direct summand of a contramodule induced from an injective A-module. 

Proof. Part (a): let M be a quasicoprojective left C-comodule. Denote by I the 
coaction map M — > C%M. It is an A-split injective morphism of quasicoprojective 
C-comodules. According to Proposition 2(e), we have an isomorphism of morphisms 
Hom e (/,M) ~ Cohom e (/, Hom e (C, JVC)) . But the map Cohom e (Z, *}3) is surjective for 
any left C-contramodule *}3. Therefore, the map Homg(/, M) is also surjective, hence 
the morphism I splits and the comodule M is quite C/A-injective. Now suppose 
that M is coprojective; then we already know that M is quite C/A-injective. Set 
f|3 = ^g(M). It follows from Proposition 3(b) that there is an isomorphism of functors 
Hom e (*p, — ) ~ Cohomg(M, — ) on the category of left C-contramodules. Therefore, 
the C-contramodule ty$ is projective, hence it is a direct summand of a C-contramodule 
induced from a projective A-module and M is a direct summand of the C-comodule 
coinduced from the same projective A-module. The proof of part (b) is completely 
analogous; it uses Propositions 3(e) and 2(b). □ 

Question. Are there any analogues of the results of Lemma for (quasi)coflat comod- 
ules and (quite relatively) contraflat contramodules? 
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5.3. Relatively injective comodules and relatively projective contramod- 
ules. Assume that C is a projective left A-module. For any right C-comodule N 
and any left C-contramodule denote by Ctrtorf (N, ^3) the sequence of left derived 
functors in the second argument of the right exact functor of contratensor product 
N ©g *}3. By the definition, the fc-modules Ctrtorf (N, ^3) are computed using a left 
projective resolution of the C-contramodule *}3. Since projective contramodules are 
contraflat, the functor Ctrtorf (3\T, *}3) assigns long exact sequences to exact triples in 
either of its arguments. 

Question. Can one compute the derived functor Ctrtor using contraflat resolutions 
of the second argument? In other words, is it true that Ctrtorf (K, ^3) = for any 
right C-comodule N, any contraflat left C-contramodule ^3, and all i > 0? Also, is it 
true that Ctrtorf (IN", ^3) = for any A-flat right C-comodule N, any (quite) C/A-con- 
traflat left C-contramodule *}3, and all % > 0? A related question: is Ctrtorf (N, *}3) 
an effaceable functor of its first argument? 

Now assume that C is a projective left and a flat right A-module and the ring A 
has a finite left homological dimension. 

Lemma 1. (a) A left Q-comodule M is Q/A-injective if and only if for any A-pro- 
jective left C-comodule £ the k-modules Ext* e (£, M) of Yoneda extensions in the 
abelian category of left Q-comodules vanish for all i > 0. In particular, the functor 
of Q-comodule homomorphisms from an A-projective left Q-comodule £ maps ex- 
act triples of Q/A-injective left Q-comodules to exact triples. Besides, the class of 
Q/A-injective left Q-comodules is closed under extensions and cokernels of injective 
morphisms. 

(b) A left Q-contramodule ^3 is Q/ A-projective if and only if for any A-injec- 
tive left Q-contramodule the k-modules Ext e,4 (^3, 0) of Yoneda extensions in the 
abelian category of left Q- contramodules vanish for alii > 0. In particular, the functor 
of Q-contramodule homomorphisms into an A-injective left Q-contramodule maps 
exact triples of Q/ A-projective left Q- contramodules to exact triples. Besides, the 
class of Q/ A-projective left Q- contramodules is closed under extensions and kernels 
of surjective morphisms. 

(c) For any Q/ A-projective left Q-contramodule ^3 and any A-flat right Q-comodule 
N the k-modules Ctrtorf (K, ^3) vanish for all i > 0. In particular, the functor of 
contratensor product with an A-flat right Q-comodule maps exact triples of Q/ A-pro- 
jective left Q- contramodules to exact triples. 

Proof. Part (a): the "if" part of the first assertion is obvious; let us prove the "only 
if" part. An arbitrary element of Ext* e (£, M) can be represented by a morphism 
of degree i from an exact complex • • • — > — > ■ ■ ■ — > £ — > & ~^ to the 
comodule M. According to Lemma 13.1.3( a). any left C-comodule is a surjective 
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image of an A-projective C-comodule. Therefore, one can assume that the comod- 
ules Jli are A-projective. Now if £ is also A-projective, then our exact complex of 
C-comodules is composed of exact triples of A-projective C-comodules, so if M is 
C/^4- injective, then the complex of homomorphisms into M from this complex of 
C-comodules is acyclic. The remaining two assertions follow from the first one. The 
proof of part (b) is completely analogous. To prove (c), notice the isomorphism 
Hom fc (Ctrtorf (K, *P), k y ) ~ Ext 6 '^, Hom fc (^", k v )). □ 

Remark. Analogues of the third assertion of Lemma 1(a) and the third assertion of 
Lemma 1(b) are not true for quite relatively injective comodules and quite relatively 
projective contramodules (see Remark 17. 4. 3j cf. Remark 19. II) . 

Theorem. For any G/A-injective left C-comodule M the left G-contramodule ^g(M) 
is G/A- projective and for any C/ A- projective left Q-contramodule *}3 the left C-comod- 
ule $epVC) is G/A-injective. The restrictions of the functors \I/e and $g to the full 
subcategories of Q/A-injective C-comodules and G/A-projective G- contramodules are 
mutually inverse equivalences between these subcategories. 

Proof. Let us first show that the injective dimension of a C/A-injective left C-co- 
module M in the abelian category of C-comodules does not exceed the left homo- 
logical dimension d of the ring A. Indeed, it follows from Lemma 13.1.3( a) that any 
left C-comodule £ has a finite resolution 0—>-Cd^---^^o^^^O with 
A-projective C-comodules £>j] and since Ext l (£j,M) = for all j and all i > 0, 
the complex Hom e (£.,M) computes Ext e (£,M). So the C-comodule M has a fi- 
nite injective resolution, and consequently it has a finite resolution — > M — > 
%° % d — > consisting of quite G/A- injective C-comodules 3C J '. Accord- 

ing to Lemma 1(a), this exact sequence is composed of exact triples of Q/A-m- 
jective C-comodules, which the functor \l>e maps to exact triples; so the sequence 

— > * e (M) — > ^e(3C°) — > > *e(K d ) — > is also exact. Since the C-con- 

tramodules are quite C/A-projective, it follows from Lemma 1(b) that the 

C-contramodule ^e(M) is C/A-projective and the latter exact sequence is composed 
of exact triples of C/A-projective C-contramodules. Thus it follows from Lemma 1(c) 
that the sequence — > $ e ^ e (M) — > $ e ^e(K ) — > ■■■ — > <5> e ^ e (X d ) — ^ is 
also exact. Now since the adjunction maps $e\E'e(3C- ? ) — > X? are isomorphisms, the 
adjunction map $e^e(^t) — * 3VC is also an isomorphism. The remaining assertions 
are proven in the completely analogous way. □ 

Lemma 2. (a) In the above assumptions, a left G-comodule is G/A-coprojective if 
and only if it is G/A- injective. 

(b) In the above assumptions, a left G-contramodule is G/A-coinjective if and only 
if it is G/A-projective. 
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Proof. Part (a) in the "if" direction: it follows from Proposition 15.21 3(c) that when- 
ever a left C-contramodule is C/A-projective, the C-comodule <&e(^P) is Q/A-co- 
projective. Now if a left C-comodule M is C/A-injective, then the C-contramodule 
= \&e(3VC) is C/A-projective and M = $e(^P) by the above Theorem. Part (a) in 
the "only if" direction: in view of Lemma 1(a), the construction of Lemmas 11.1.31 
and !3.1.3T a) represents any left C-comodule M as the quotient comodule of an A-pro- 
jective C-comodule CP(M) by a C/A-injective C-comodule. We will show that whenever 
M is a C /A- coprojective C-comodule, IP(M) is a coprojective C-comodule; then if will 
follow that M is a C/A-injective C-comodule by Lemma 15.2( a) and Lemma 1(a). 
Indeed, an extension of C/A-coprojective left C-comodules is C/A-coprojective by 
Lemma 13.2.2( a): let us check that an A-projective C/A-coprojective C-comodule is 
coprojective. For any left C-comodule M and any left C-contramodule ^3 denote by 
Coextg(M, ^3) the cohomology of the object Coexte(M, ^3) of the derived category 
D(/c-mod) that was constructed in 14.71 This definition agrees with the definition of 
Cotor e (M, ?P) for an A-projective C-comodule M or an A-injective C-contramodule 
*P given in the proof of Lemma 13.2.21 The functor Cotor e (M, ^3) assigns long ex- 
act sequences to exact triples in either of its arguments. For any A-projective left 
C-comodule M and any left C-contramodule ^3 one has Coext e (M, ^3) = for all i > 
and Coext e (M,^3) ~ Cohome(M, ^3). Therefore, an A-projective left C-comodule M 
is coprojective if and only if Cohom e (M, ^3) = for any left C-contramodule *}3 and 
all i 7^ 0. For any C/A-coprojective left C-comodule M and any left C-comodule ^3 
one has Coext e (M, ^3) = for all i < 0, since one can compute Coexte(M, *}3) using 
a finite A-injective right resolution of ^3 by the result of 14.81 Thus an A-projective 
C/A-coprojective left C-comodule is coprojective. The proof of part (b) is completely 
analogous; it uses Proposition 15.21 2(c) and Lemma [3. 1.3( b). □ 

Question. It follows from Proposition 1(c) that if C is a flat right A-module, 
then whenever a left C-contramodule *}3 is C/04-contraflat the C-comodule $e(^P) 
is C/A-coflat. Does the converse hold? 

5.4. Comodule-contramodule correspondence. Assume that the coring C is a 
projective left and a flat right A-module and the ring A has a finite left homological 
dimension. 

The categories of C/A-injective left C-comodules and C/A-projective left C-contra- 
modules have natural exact category structures as full subcategories, closed under 
extensions, of the abelian categories of left C-comodules and left C-contramodules. 

Theorem, (a) The functor mapping the quotient category of the homotopy category 
of complexes of Q/A-injective left Q-comodules by its minimal triagulated subcate- 
gory containing the total complexes of exact triples of complexes of Q/A-injective 
Q-comodules into the coderived category of left Q-comodules is an equivalence of tri- 
angulated categories. 
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(b) The functor mapping the quotient category of the homotopy category of com- 
plexes of G/ A- projective left G-contramodules by its minimal triangulated subcategory 
containing the total complexes of G/A-projective G-contramodules into the contrade- 
rived category of left G-contramodules is an equivalence of triangulated categories. 

Proof. Part (a): let M* be a complex of left C-comodules. Then the total complex of 
the cobar bicomplex CfguM* — > C(guC<guM* — ► ■ ■ • is a complex of (quite) G/A-m- 
jective C-comodules, the complex M* maps into this total complex, and the cone of 
this map is coacyclic. Hence it follows from Lemma [2T6l that the coderived category of 
left C-comodules is equivalent to the quotient category of the homotopy category of 
complexes of C/A- injective C-comodules by its intersection with the thick subcategory 
of coacyclic complexes of C-comodules. It remains to show that this intersection of 
subcategories coincides with the minimal triangulated subcategory containing the 
total complexes of exact triples of complexes of C/A-injective C-comodules. 

Lemma, (a) For any exact category A where infinite direct sums exist and preserve 
exact triples, the complex of homomorphisms from a coacyclic complex over A into a 
complex of injective objects with respect to A is acyclic. 

(b) For any exact category A where infinite products exist and preserve exact triples, 
the complex of homomorphisms from a complex of projective objects with respect to A 
into a contraacyclic complex over A is acyclic. 

Proof. Analogous to the proofs of Lemmas 12.21 and 14.21 Part (a): let M* be a com- 
plex of injective objects with respect to A. Since the functor of homomorphisms 
into M* maps distinguished triangles in the homotopy category to distinguished 
triangles and infinite direct sums to infinite products, it suffices to check that the 
complex Hohia(L*, M') is acyclic whenever L' is the total complex of an exact triple 
'K* — > K' — > "K* of complexes over A. But the complex HomA(X*,M*) is the to- 
tal complex of an exact triple of complexes of abelian groups B.om^("K' , M') — > 
Hom^(K' , M') — > Hom&('K' , M°) in this case. The proof of part (b) is dual. □ 

We will show that (i) the minimal triangulated subcategory containing the total 
complexes of exact triples of complexes of G/A- injective C-comodules and (ii) the 
homotopy category of complexes of injective C-comodules form a semiorthogonal de- 
composition of the homotopy category of complexes of C/A-injective left C-comodules. 
This means, in addition to the subcategory (i) being left orthogonal to the subcate- 
gory (ii), that for any complex %' of C/A-injective C-comodules there exists a (unique 
and functorial) distinguished triangle £* — ► %' — ► M* — > in the homotopy cat- 
egory of C-comodules, where L* belongs to the subcategory (i) and M* belongs to the 
subcategory (ii). It will follow that the subcategory (i) is the maximal subcategory of 
the homotopy category of complexes of C/A-injective C-comodules left orthogonal to 
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the subcategory (ii), hence the subcategory (i) contains the intersection of the homo- 
topy category of complexes of C/A-injective C-comodules with the thick subcategory 
of coacyclic complexes of C-comodules. 

Indeed, let X* be a complex of C/A-injective left C-comodules. Choose for every n 
an injection j n of the C-comodule X n into an injective C-comodule 3 n ■ Consider 
the complex £* = £(X*) whose terms are the C-comodules £ n = 3 n © 3 n+1 and the 
differential d\ : £ n — > £ n+1 maps 3 n+1 into itself by the identity map and vanishes 
in the restriction to 3 n and in the projection to 3 n+2 - There is a natural injective 
morphism of complexes X* — > £* formed by the C-comodule maps % n — > £" 
whose components are j n : % n — ► 3 n and j n+1 d^: X n — ► 3 n+1 - Set °£* = £(X'), 
1 £* = £(°£*/X*), etc. As it was shown in the proof of Theorem 15.31 the injective 
dimension of a C/A-injective left C-comodule does not exceed the left homological 
dimension d of the ring A. Therefore, the complex Z* = coker( d_2 £* — > d_1 £*) 
is a complex of injective C-comodules. Now it is clear that the total complex M* 
of the bicomplex °£* — ► 1 £* — ► ■ • ■ — ► d ~ 1 8.* — > Z' is a complex of injective 
C-comodules and the cone L* of the morphism X* — ► M* belongs to the minimal 
triangulated subcategory containing the total complexes of exact triples of complexes 
of C/A-injective C-comodules by Lemma [5.31 1(a). 

Part (a) is proven; the proof of part (b) is completely analogous and uses 
Lemma [5.31 1(b). □ 

Remark. Let A be an exact category where infinite direct sums exist and preserve 
exact triples, every object admits an admissible monomorphism into an object in- 
jective relative to A, and the class of such injective objects is closed under infinite 
direct sums. Then the thick subcategory of coacyclic complexes with respect to A and 
the triangulated subcategory of complexes of injective objects form a semiorthogonal 
decomposition of the homotopy category Hot(A), so the coderived category D co (A) 
is equivalent to the homotopy category of complexes of injectives in A. Indeed, or- 
thogonality is already proven in Lemma, so it remains to construct a morphism from 
any complex C* over A into a complex of injectives M* with a coacyclic cone. To 
do so, one proceeds as in the proof of Theorem, constructing a morphism from C* 
into a complex of injectives °E* that is an admissible monomorphism in every de- 
gree, taking the quotient complex, constructing an analogous morphism from it into 
a complex of injectives E*, etc. Finally, one constructs the total complex M* of 
the bicomplex 'E* by taking infinite direct sums along the diagonals; then M' is 
a complex of injectives and the cone of the morphism C — > M* is coacyclic by 
Lemma [2.11 Consequently, the homotopy category of acyclic complexes of injectives 
in A is equivalent to the quotient category Acycl(A)/Acycl co (A) and to the kernel of 
the localization functor D co (A) — > D(A) (cf. [34]). When A has a finite homological 
dimension, the condition that the class of injectives is closed under infinite direct 
sums is not needed in this argument. This is a somewhat trivial situation, though; 
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see Remark 12.11 Moreover, let A be an exact category where infinite direct sums exist 
and preserve exact triples and every object admits an admissible monomorpliism into 
an injective. Let F C A be a class of objects closed under cokernels of admissible 
monomorpliisms, containing the injectives, and consisting of objects of finite injective 
dimension. Then every complex over F that is coacyclic as a complex over A belongs 
to the minimal triangulated subcategory of Hot(A) containing the total complexes of 
exact triples of complexes over F. When there is a class F C A closed under infinite 
direct sums, consisting of objects of finite injective dimension, and such that every 
object of A admits an admissible monomorphism into an object of F, the coderived 
category D co (A) is equivalent to the homotopy category of complexes of injectives 
in A (cf. [29J, where in the dual situation the role of the class F is played by flat mod- 
ules). To show this, one has to repeat twice the above construction of a resolution 
'E', taking infinite direct sums along the diagonals for the first time and finite directs 
sums along the diagonals of the canonical truncation for the second time. When A is 
the abelian category of C-comodules, one can take F to be the class of C/A-injective 
C-comodules or quite G/A- injective C-comodules. The related results for comodules 
and contramodules are obtained in Theorem 15.51 and Remark 15.51 

Corollary. The restrictions of the functors \l/e ond $e (applied to complexes term- 
wise) to the homotopy category of complexes of G/A-injective G-comodules and the 
homotopy category of complexes of G/A-projective G- contramodules define mutually 
inverse equivalences R^g an d L$g between the coderived category of left G-comodules 
and the contraderived category of left G- contramodules. 

Proof. By Theorem 15.31 the functors \I/e and $e induce mutually inverse equivalences 
between the homotopy categories of C/A-injective left C-comodules and C/A-projec- 
tive left C-contramodules. According to Lemma [5731 1(a) and (c), the total complexes 
of exact triples of complexes of C/A- injective C-comodules correspond to the total 
complexes of exact triples of complexes of C/A-projective C-contramodules under this 
equivalence. So it remains to apply the above Theorem. □ 

Question. Can one obtain a version of the derived comodule-contramodule corre- 
spondence (an equivalence between appropriately defined exotic derived categories 
of left C-comodules and left C-contramodules) not depending on any assumptions 
about the homological dimension of the ring Al It is not difficult to see that one 
can weaken the assumption that A has a finite left homological dimension to the 
assumption that A is left Gorenstein, i. e., the classes of left /1-modules of finite 
projective and injective dimensions coincide. In this case, the coderived category of 
left C-comodules and the contraderived category of left C-contramodules are natu- 
rally equivalent whenever the coring C is a projective left and a flat right A-module. 
Indeed, arguing as in Theorem 15.51 below, one can show that the coderived category 
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of left C-comodules is equivalent to the quotient category of the homotopy cate- 
gory of complexes of C-comodules coinduced from left A-modules of finite projective 
(injective) dimension by its minimal triangulated subcategory containing the total 
complexes of exact triples of complexes of C-comodules that at every term are exact 
triples of C-comodules coinduced from exact triples of A-modules of finite projective 
(injective) dimension. Analogously, the contraderived category of left C-contramod- 
ules is equivalent to the quotient category of the homotopy category of complexes 
of C-contramodules induced from left A-modules of finite projective (injective) di- 
mension by its minimal triangulated subcategory containing the total complexes of 
exact triples of complexes of C-contramodules that at every term are exact triples of 
C-contramodules induced from exact triples of A-modules of finite projective (injec- 
tive) dimension. The key step is to notice that the class of left A-modules of finite 
projective (injective) dimension is closed under infinite direct sums and products. 

5.5. Derived functor Ctrtor. The following analogue of Theorem 15.41 holds under 
slightly weaker conditions. 

Theorem, (a) Assume that the coring C is a flat right A-module and the ring A has a 
finite left homological dimension. Then the functor mapping the homotopy category of 
complexes of injective left C-comodules into the coderived category of left C-comodules 
is an equivalence of triangulated categories. In addition, the functor mapping the 
quotient category of the homotopy category of complexes of quite C/A-injective left 
C-comodules by the minimal triangulated subcategory containing the total complexes 
of exact triples of complexes of coinduced C-comodules that at every term are exact 
triples of C-comodules coinduced from exact triples of A-modules into the coderived 
category of left C-comodules is an equivalence of triangulated categories. 

(b) Assume that the coring C is a projective left A-module and the ring A has 
a finite left homological dimension. Then the functor mapping the homotopy cate- 
gory of complexes of projective left C-contramodules into the contraderived category 
of left C-contramodules is an equivalence of triangulated categories. In addition, 
the functor mapping the quotient category of the homotopy category of complexes of 
quite C j A-projective left C-contramodules by the minimal triangulated subcategory 
containing the total complexes of exact triples of complexes of induced C-contramod- 
ules that at every term are exact triples of C-contramodules induced from exact triples 
of A-modules into the contraderived category of left C-contramodules is an equivalence 
of triangulated categories. 

Proof. Part (a): when C is also a projective left A-module, the first assertion follows 
from the proof of Theorem 15.41 To prove both assertions in the general case, we will 
show that (i) the minimal triangulated subcategory containing the total complexes 
of exact triples of complexes of coinduced C-comodules that at every term are exact 
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triples of C-comodules coinduced from exact triples of A-modules and (ii) the homo- 
topy category of complexes of injective C-comodules form a semiorthogonal decompo- 
sition of the homotopy category of complexes of quite C/04-injective left C-comodules. 
Then we will argue as in the proof of Theorem 15.41 

Any complex of quite C/A-injective C-comodules is homotopy equivalent to a com- 
plex of coinduced C-comodules. Let %' be a complex of coinduced left C-comodules; 
then % n ~ C(gu V^ n for certain /1-modules V n . Let V 1 — > P be injective maps of the 
A-modules V n into injective A-modules I n ; set 3 n = C <S>a l n ■ Then 3 n are injective 
C-comodules endowed with injective C-comodule morphisms % n — > 3 n ■ As in the 
proof of Theorem I5.4[ we construct the complex of injective C-comodules £* with 
gn _ ^ <jn+i an( j ^ e i n j ec ti ve morpliism of complexes %' — > £*. Let us show 
that there exists an automorphism of the C-comodule £ n such that its composition 
with the injection % n — > £ n is the injection whose components are j n : % n — > 3 n 
and the zero map % n — > 3 n+l - Since the comodule 3 n+1 is injective, the component 
% n — > 3 n+l of the morphism % n — > £ n can be extended from the comodule % n to 
comodule 3 n containing it. Denote the morphism so obtained by h n : 3 n — ► 3 n+1 ] 
then the automorphism of the comodule £ n whose components are — h n , the identity 
automorphisms of 3 n and 3 n+l , and zero has the desired property. Now it is clear 
that the triple %' — ► £* — > £*/%' is an exact triple of complexes of coinduced 
C-comodules which at every term is an exact triple of C-comodules coinduced from an 
exact triple of A-modules. Moreover, £ n /X™ ~ C 0^ W n , where the injective dimen- 
sion di/i W n is equal to di^ V n — 1. So we can iterate this (nonfunctorial) construction, 
setting °£* = £(DC) = £*, x £* = £(°£7%*), etc., and Z' = coker( d ~ 2 £* -> d " 1 £*). 
Then the total complex M* of the bicomplex °£* — > 1 £* — > ■ ■ ■ — > a!_1 £ , — > Z' 
is a complex of injective C-comodules and the cone L* of the morphism %' — > M* 
belongs to the minimal triangulated subcategory containing the total complexes of 
exact triples of complexes of coinduced C-comodules that at every term is an exact 
triple of C-comodules coinduced from an exact triple of A-modules. □ 

Remark. The above Theorem provides an alternative way of proving Corollary 15.41 
Besides, it follows from 15.1.31 Lemma 15.21 and the above Theorem that in the as- 
sumptions of 15.41 the functor mapping the homotopy category of complexes of co- 
projective left C-comodules into the coderived category of left C-comodules and the 
functor mapping the homotopy category of complexes of coinjective left C-contra- 
modules into the contraderived category of left C-contramodules are equivalences of 
triangulated categories. This is a stronger result than Theorem 14.51 

The contratensor product Jsf* 0g of a complex of right C-comodules UVT" and a 
complex of left C-contramodules ^3* is defined as the total complex of the bicomplex 
^Qe^J 7 ) constructed by taking infinite direct sums along the diagonals. Assume that 
the coring C is a projective left A-module and the ring A has a finite left homological 
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dimension. One can prove in the way completely analogous to the proof of Lemma [2T21 
that the contratensor product of a coacyclic complex of right C-comodules and a 
complex of contraflat (and in particular, projective) left C-contramodules is acyclic. 
The left derived functor of contratensor product 

Ctrtor 6 : D co (comod-e) x D ctr (C-contra) ► D(A;-mod) 

is defined by restricting the functor of contratensor product to the Carthesian prod- 
uct of the homotopy category of right C-comodules and the homotopy category of 
complexes of projective left C-contramodules. 

The same derived functor can be obtained by restricting the functor of contratensor 
product to the Carthesian product of the homotopy category of complexes of A-flat 
right C-comodules and the homotopy category of complexes of quite C/A-projec- 
tive left C-contramodules. Indeed, it follows from part (b) of Theorem that the 
contratensor product of a complex of A-flat right C-comodules and a contraacyclic 
complex of quite C/A-projective left C-contramodules is acyclic. Now if INT* is a 
complex of A-flat right C-comodules, ^5* is a complex of quite C/A-projective left 
C-contramodules, and '^3* — > *}3* is a morphism from a complex of projective C-con- 
tramodules '*}3* into with a contraacyclic cone, then the map INT* ©g *}3* — > 
N* ©e '^3* is a quasi-isomorphism. In particular, if the complex 3\P is coacyclic, 
then the complex ]\f" ©e ^3* is acyclic, since the complex N* ©e '$P* is. When C 
is also a flat right A-module, one can use complexes of C/A-projective C-contra- 
modules instead of complexes of quite C/A-projective C-contramodules, because the 
contratensor product of a complex of A-flat right C-comodules and a contraacyclic 
complex of C/A-projective left C-contramodules is acyclic by Theorem 15.4( b) and 
Lemma 15.31 1(c). Notice that this definition of the derived functor Ctrtor 6 is not a 
particular case of Lemma [2.71 (instead, it is a particular case of Lemma [6.51 2 below). 

Analogously, assume that the coring C is a flat right A- module and the ring A has 
a finite left homological dimension. According to Lemma 15.41 the complex of homo- 
morphisms from a coacyclic complex of left C-comodules into a complex of injective 
left C-comodules is acyclic. Therefore, the natural map HoHiHot(e-comod)(£*? M") — > 
Hom D co( e _ comod )(£', M") is an isomorphism whenever M* is a complex of injective 
C-comodules. So the functor of homomorphisms in the coderived category of left 
C-comodules can be lifted to a functor 

Ext e : D co (C-comod) op x D co (C-comod) > D(Jfe-mod), 

which is defined by restricting the functor of homomorphisms of complexes of 
C-comodules to the Carthesian product of the homotopy category of left C-comodules 
and the homotopy category of complexes of injective left C-comodules. 
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The same functor Exte can be obtained by restricting the functor of homomor- 
phisms to the Carthesian product of the homotopy category of complexes of A-pro- 
jective left C-comodules and the homotopy category of complexes of quite C/A-m- 
jective left C-comodules. Indeed, it follows from part (a) of Theorem that the com- 
plex of homomorphisms from a complex of A-projective left C-comodules into a co- 
acyclic complex of quite C/A-injective left C-comodules is acyclic. Now if £* is a 
complex of A-projective left C-comodules, M* is a complex of quite C/A-injective 
left C-comodules, and JVC" — > 'M* is a morphism from M* into a complex of in- 
jective C-comodules 'M* with a coacyclic cone, then the map Home(^ , ,M*) — > 
HoHiefX', 'M*) is a quasi-isomorphism. When C is also a projective left A-module, 
one can use complexes of C/A-injective C-comodules instead of complexes of quite 
C/A-injective C-comodules. 

Finally, assume that the coring C is a projective left A-module and the ring 
A has a finite left homological dimension. By Lemma I5.4[ the natural map 
HomHot(e-contra)(^P*,n*) — > Hom D ctr( e _ contra) £}*) is an isomorphism whenever 
is a complex of projective C-contramodules. So the functor of homomorphisms in the 
contraderived category of left C-contramodules can be lifted to a functor 

Ext e : D ctr (C-contra) op x D ctr (C-contra) ► D(£;-mod), 

which is defined by restricting the functor of homomorphisms of complexes of C-con- 
tramodules to the Carthesian product of the homotopy category of complexes of 
projective left C-contramodules and the homotopy category of left C-contramodules. 

The same functor Ext e can be obtained by restricting the functor of homomor- 
phisms to the Carthesian product of the homotopy category of complexes of quite 
C/A-projective left C-contramodules and the homotopy category of complexes of A-in- 
jective left C-contramodules. When C is also a flat right A-module, one can use 
complexes of C/A-projective C-contramodules instead of complexes of quite C/A-pro- 
jective C-contramodules. 

5.6. Coext and Ext, Cotor and Ctrtor. Assume that the coring C is a projective 
left and a flat right A-module and the ring A has a finite left homological dimension. 

Corollary, (a) There are natural isomorphisms of functors Coext e (M*, ^3*) ~ 
Ext e (M*,L$ e (<p*)) ~ Ext e (Rtf e (M'), «p*) on the Carthesian product of the category 
opposite to the coderived category of left Q-comodules and the contraderived category 
of left Q-contramodules. 

(b) There is a natural isomorphism of functors Cotor e (N', M*) ~ 
Ctrtor (K*, R^eOVt*)) on the Carthesian product of the coderived category of 
right Q-comodules and the coderived category of left Q-comodules. 

Proof. Clearly, it suffices to construct natural isomorphisms Coexte(£*, M l I / e(3Vt*)) — 
Exte(£",M'), Coext e (L$ e pp*),£r) ~ Ext e (<p*, 0*), and Cotor e (X', L$ e pp*)) ~ 
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Ctrtor (N', ^3*). In the first case, represent the image of M* in D co (C-comod) by a 
complex of injective C-comodules, notice that the functor \l/e maps injective comod- 
ules to coinjective contramodules, and use Proposition 15.21 2(a). Alternatively, rep- 
resent the image of M* in D co (C-comod) by a complex of C/A-injective C-comodules 
and the image of &' in D co (C-comod) by a complex of coprojective C-comodules, and 
use Proposition 15.21 2 (e) : or represent the image of M* in D co (C-comod) by a complex 
of G/A- injective C-comodules and the image of £>* in D co (C-comod) by a complex 
of ^4-projective C-comodules, and use Proposition 15.21 2(c). Lemma [5731 2(b). and the 
result of 14.81 In the second case, represent the image of ^3* in D ctr (C-contra) by a 
complex of projective C-contramodules, notice that the functor $g maps projective 
contramodules to coprojective comodules, and use Proposition 15.21 3(a). Alterna- 
tively, represent the image of ^3* in D ctr (C-contra) by a complex of C/A-projective 
C-contramodules and the image of 0* in D ctr (C-contra) by a complex of coinjec- 
tive C-contramodules, and use Proposition 15.21 3(e); or represent the image of ^3* 
in D ctr (C-contra) by a complex of C/A-projective C-contramodules and the image of 
0* in D ctr (C-contra) by a complex of A-injective C-contramodules, and use Proposi- 
tion [572J 3(c), Lemma [5731 2(a). and the result of 14.81 In the third case, represent the 
image of ^3* in D ctr (C-contra) by a complex of projective C-contramodules, notice that 
the functor $e maps projective contramodules to coprojective comodules, and use 
Proposition 15.21 1(a). Alternatively, represent the image of *}3* in D ctr (C-contra) by 
a complex of C/A-projective C-contramodules and the image of X" in D co (comod-C) 
by a complex of coflat C-comodules, and use Proposition 15.21 1(e); or represent the 
image of ^3* in D ctr (C-contra) by a complex of C/A-projective C-contramodules and 
the image of 3\f* in D co (comod-C) by a complex of A-flat C-comodules, and use Propo- 
sition [572J 1(c), Lemma [5731 2(a). and the result of 12.81 

Finally, to show that the three pairwise isomorphisms between the functors 
Coexte(M , ,q3'), Ext e (M', L$ e 0P*)), and Ext e (M^ e (M*), «p*) form a commuta- 
tive diagram, one can represent the image of M* in D co (C-comod) by a complex 
of coprojective C-comodules and the image of ^3* in D ctr (C-contra) by a complex of 
coinjective C-contramodules (having in mind Lemma [572]) . and use a result of I5.2[ □ 



111 



6. Semimodule-Semicontramodule Correspondence 

6.1. Contratensor product and semimodule/semicontramodule homomor- 
phisms. Let S be a semialgebra over a coring C. 

6.1.1. We would like to define the operation of contratensor product of a right 
S-semimodule and a left S-semicontramodule. Depending on the (co)flatness and/or 
(co)projectivity conditions on C and S, one can speak of S-semimodules and S-semi- 
contramodules with various (co)flatness and (co)injectivity conditions imposed on 
them. In particular, when C is a projective left A-module and either S is a copro- 
jective left C-comodule, or S is a projective left A-module and a C/A-coflat right 
C-comodule and A has a finite left homological dimension, or A is semisimple, one 
can consider right S-semimodules and left S-semicontramodules with no (co)flatness 
or (co)injectivity conditions imposed. When C is a flat right A-module, S is a flat 
right A- module and a C/A-projective left C-comodule, and A has a finite left ho- 
mological dimension, one can consider A-flat right S-semimodules and A-injective 
left S-semicontramodules. When C is a flat right A-module and S is a coflat right 
C-comodule, one can consider C-coflat right S-semimodules and C-coinjective left 
S-semicontramodules. 

The contratensor product N ®§ of a right S-semimodule N and a left S-semi- 
contramodule ^3 is a fc-module defined as the cokernel of the following pair of maps 
(N Dq S) ©e ^3 =4 N ©e ^3- The first map is induced by the right S-semiaction 
morphism N Dq S — > N. The second map is the composition of the map induced 
by the left S-semicontraaction morphism ^3 — > Cohome(S, ^3) and the natural 
"evaluation" map r] 8 : (N Dq S) e Cohom e (S, *p) — > ]Nf0 e 

The latter is defined in the following generality. Let C be a coring over a /c-algebra 
A and D be a coring over a fc-algebra B. Let X be a C-D-bicomodule, N be a right 
C-comodule, and ^ be a left C-contramodule. Suppose that the cotensor product 
N Dq X is endowed with a right D-comodule structure via the construction of 11.2.41 
and the cohomomorphism module Cohome(3C, ^3) is endowed with a left D-contra- 
module structure via the construction of 13.2.41 Then the composition of maps (JsfDe 
X) ® B Honu (X, <£) — > X ® A X ® b Hom A (DC, <p) — > N©^^} — > X e <P factorizes 
through the surjection (N D e X) ® B Honu(9C, *p) — ► (N Dq X) 2 Cohom e (DC, *p), 
so there is a natural map 773c: (X Dq X) 0x> Cohome(DC, ^3) — > N 0e ^3. 

Indeed, the kernel of this surjection is equal to the sum of the difference of two 
maps (KD e 3<;)(8) B Hom j 4(3<;0 B D, <p) =t (NDqX) ©^Horn^DC, <p) and the difference 
of two maps (3\T D e X) B Hom A (C A DC, 5JJ) =4 (X D e 3C) ®b Hom A (DC, The 
difference of the first pair of maps vanishes already in the composition with the map 
(NDqX) sHom^DC, ^3) — >■ N0a^3, while the second pair of maps can be presented 
as the composition of the map (ND e DC) B Hom yi (e0^DC, ^3) — >■ N<guHonu(C, ^3) 
and the pair of maps NiguHom^C, ^3) =4 N©^^} whose cokernel is, by the definition, 
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N 0e ^P- The "evaluation" map rjx is dual to the map 
Rom k (r]x, k v ) = Cohom e (DC, -) : 

Hom e («p,Hom fc (N,A; v )) ► Hom B (Cohom e (3C, qj), Cohom e (3C, Hom fc (N, A; v ))). 

6.1.2. The operation of contratensor product over S is dual to homomorphisms in 
the category of left S-semicontramodules: for any right S-semimodule N and any 
left S-semicontramodule ^3 there is a natural isomorphism Hom fc (N ©§ ^3, k v ) ~ 
Hom s (^3, Homfc([N", A: v )). Indeed, both k- modules are isomorphic to the kernel of the 
same pair of maps Hom e (^p, Honn^N, A: v )) =4 Hom e (qj, Cohomg(S, Hom^N, k v ))). 
It follows that for any right C-comodule 31 for which the induced right S-semimodule 
CR. Dg S is defined and any left S-semicontramodule the composition of the map 
(31 Dg S) 0e — > (31 S) ©e Cohomg(S, q?) induced by the S-semicontraaction 
in with the "evaluation" map (31 D e S) 0e Cohom e (S, — > 31 ©e ^ induces a 
natural isomorphism (31 Dq S) ©§ ~ 31 © e ^3. 

When C is a projective left A-module and S is a coprojective left C-comodule, the 
functor of contratensor product over S is right exact in both its arguments. 

6.1.3. Let S be a semialgebra over a coring 6 and CT be a semialgebra over a coring 3D. 
We would like to define a CT-semimodule structure on the contratensor product of a 
CT-S-bisemimodule and an S-semicontramodule, and an S-semicontramodule struc- 
ture on semimodule homomorphisms from a CT-S-bisemimodule to a CT-semimodule. 

Let K be a right £>-comodule, DC be D-C-bicomodule with a right S-semimodule 
structure such that the multiple cotensor products N DC D e S De • • • De S are 
associative and the semiaction map DC CHg S — ► DC is a left D-co module morphism, 
and ^3 be a left S-semicontramodule. Then the contratensor product OC ©§ ^3 has a 
natural left D-comodule structure as the cokernel of a pair of 2)-comodule morphisms 
(DC D e S) O e ^P =3 DC e ^P- The composition of maps (N D-d DC) e ^3 — > X Dj, 
(DC© e <p) — ► (DC@ s <p) factorizes through the surjection (NCb JC) ©e^ — ► 
(N Dd DC) ®s ^P, so there is a natural map (3ST Dd DC) ©§ ^P — ► "N □© (DC ® s *P). 

Indeed, the composition of the pair of maps (JsfDxi3Cn e S) ©e^P =4 (NO^DC) ©e^P 
whose cokernel is, by the definition, (!NDxi3C)©s^P, with the map (NDi>DC)©eqP — ► 
X Dd (DC © e ^P) is equal to the composition of the map (N Dd OC D e S) e ^P — > 
KnD((OCn e S)QeV) with the pair of maps J4n^((Xa e S)QeV) =3 ND^DCQe^p). 

Now let DC be a CT-S-bisemimodule and ^p be a left S-semicontramodule. Assume 
that the multiple cotensor products CT • • • Hq 7 Dx> (OC ©§ qj) are associative 
and the 2)-comodule morphisms (CT Dm U v DC) ® s *p — ► CT Dm U v (DC ® s «p) are 
isomorphisms for m ^ 2. Then one can define an associative and unital semiaction 
morphism CT (DC ©§ qj) — >■ DC ©§ ^P taking the contratensor product over S of 
the semiaction morphism CT Dd OC — > OC with the semicontramodule ^p. 
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Analogously, let £ be a left C-comodule, DC be a D-C-bico module with a left CT-semi- 
module structure such that the multiple cotensor products TDd- • ■\3x>'JO-r>DC\3eL are 
associative and the semiaction map CTn^CC — > % is a right C-comodule morphism, 
and M be a left CT-semimodule. Then the module of homomorphisms Hom^(DC, M) 
has a natural left C-contramodule structure as the kernel of a pair of C-contramod- 
ule morphisms Homxi(3C, 3VC) =4 Hohid(CT 9C, 3VC) . The composition of maps 
Cohom e (£,Hom T (DC,M)) — > Cohom e (X, Hom^X, M)) — > Hom^OC D e £, M) 
factorizes through the injection Homj-(DCne£, M) — > Homi>(3Cne£<, 3VC), so there 
is a natural map Cohome(X, Homj-(3C, UVC)) — > Homj-(3C De £, M). 

Now let 3C be a T-S-bisemimodule and 3VC be a left CT-semimodule. Assume that 
the multiple cohomomorphisms Cohome(SDe- • -DeS, Hom^CJC, 3VC)) are associative 
and the C-contramodule morphisms Cohome(S Dn , Homg-(3C, HVC) ) — > Hom^(3C Dg 
S nn , 3VC) are isomorphisms for n ^ 2. Then one can define an associative and unital 
semicontraaction morphism Homj-(3C, M) — > Cohome(S, Honicr(3C, M)) taking the 
CT-semimodule homomorphisms from the semiaction morphism DC Dq S — > DC into 
the semimodule 3VC. 

6.1.4. Let 3Vt be a left CT-semimodule, DC be a CT-S-bisemimodule, and be a left 
S-semicontramodule. Assume that a left CT-semimodule structure on DC @§ ^3 and a 
left S-semicontramodule structure on Hom<j(DC, 3VC) are defined via the constuctions 
of 16.1.31 Then there is a natural adjunction isomorphism Honi;j-(3C ©§ ^3, 3VC) ~ 
Hom s (^,Hom T (CK:,M)). 

Indeed, the module Hom^OC ©§ ^3, 3VC) is the kernel of the pair of maps 
Honii,(3C ®s M) =4 Hom^Cr n B 3C ® s ^3, M) and there is an injection 
Hom^Cr D-d 3C ® s <£, M) — ► Hom^Cr n v DC) © e ^J, M). The module 
Homi)(3C © s ^3, M) is the kernel of the pair of maps Horn^dC e ^3, M) =4 
Homi)((3C De S) ©e ^3, OVC) . There is a pair of natural maps Hom£>(3C ©e ^3, M) =4 
Homa)((TnD3C)0e^> M) ( one of which goes through Hom^CTa^ (9C© e *p), M)) 
extending the pair of maps Hom^CC ®s ^3, M) =4 Homx>(CT DC ® s ^3, M). 
Therefore, the module Hom^CC ®§ ^3, OVC) is isomorphic to the intersection of the 
kernels of two pairs of maps Hom^CK © e *J3, M) =4 Horn^dC D e S) © e <J3, M) 
and Hom a ,(0C © e M) Hom 2 ,((CT D B DC) © e <p, M). Analogously, the 
module Hom s (<p, Hom T (3C, M)) is embedded into Hom e (q3, Hom B (3C, M)) by the 
composition of maps Hom s (<p,Hom T (CK:,M)) — ► Hom e (*p, Hom T (3C, M)) — ► 
Hom e (q3,Hom 1) (CK:,M)) and its image coincides with the intersection of the ker- 
nels of two pairs of maps Hom e («p, Hom^OC, M)) =4 Hom e (<p, Horna^CTDajCJC, M)) 
and Hom e (q3,Hom a ,(3C,M)) =3 Hom e (<£, Hom^CJC n e S, M)). These are the same 
two pairs of maps. 
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In order to obtain adjoint functors and equivalences between specific categories 
of left semimodules and left semicontramodules, we will have to prove associativity 
isomorphisms needed for the constructions of 16. 1.31 to work. 

6.2. Associativity isomorphisms. Let S be a semialgebra over a coring C over 
a fc-algebra A and 7 be a semialgebra over a coring T> over a fc-algebra B. The 
following three Propositions will be mostly applied to the cases of DC = 7 = S or 
J = D = e, DC = S in the sequel. 

Proposition 1. Let 'N be a right 7-semimodule, DC be a 7 -S-bisemimodule, and 
^ be a left S-semicontramodule. Then there is a natural map (N Oct DC) ©s — ► 



N (>s (9C ®s $P) whenever both modules are defined via the constructions of \l-4-4 
and \6.1.R This map is an isomorphism, at least, in the following cases: 

(a) T> is a flat left B-module, Q is a projective left A-module, ^ is a contraflat 
left Q-contramodule, and either 

• 7 is a coflat left T)-comodule, § is a coprojective left Q-comodule, and DC 
as a right S-semimodule with a left T>-comodule structure is induced from 
a D-coflat T>-Q-bicomodule, or 

• 7 is a flat left B-module and a D / 'B-coflat right T>-comodule, S is a 
projective left A-module and a G/A-coflat right Q-comodule, the ring A 
(resp., B) has a finite left (resp., weak) homological dimension, DC as a 
right S-semimodule with a left r D-comodule structure is induced from a 
B-flat and G/A-coflat T>-C-bicomodule, and DC as a left 7-semimodule 
with a right Q-comodule structure is induced from a B-flat D-Q-bicomod- 
ule, or 

• the ring A is semisimple, the ring B is absolutely flat, DC as a right 
S-semimodule with a left T>-comodule structure is induced from a T>-Q-bi- 
comodule, and DC as a left 7-semimodule with a right Q-comodule struc- 
ture is induced from a T>-Q-bicomodule; 

(b) N is a flat right B-module, T> is a flat right B-module, 7 is a flat right 
B-module and a T> / 'B-coflat left T>-comodule, Q is a flat right A-module, S 
is a flat right A-module and a Q / A- coprojective left Q-comodule, the ring 
A (resp., B) has a finite left (resp., weak) homological dimension, DC as 
a right S-semimodule with a left T)-comodule structure is induced from an 
A-flat and D/ B-coflat Ti-Q-bicomodule, DC as a left 7-semimodule with a right 
Q-comodule structure is induced from an A-flat and T) / B-coflat D '-Q-bicomod- 
ule, and ^3 is an A-injective and Q/ A- contraflat left Q-contramodule; 

(c) ]ST is a flat right B-module, T> is a flat right B-module, 7 is a flat right 
B-module and a D / B-coflat left T)-comodule, the ring B has a finite weak 
homological dimension, DC as a right S-semimodule with a left D-comodule 
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structure is induced from an A-flat D -G-bicomodule, G is a projective left 
A-module, ^ is a G / A-contraflat left G-contramodule, and either 

• § is a coprojective left G-comodule and the ring A has a finite weak ho- 
mological dimension, or 

• S is a projective left A-module and a Gj A-coflat right G-comodule, the ring 
A has a finite left homological dimension, and OC as a left 7-semimodule 
with a right G-comodule structure is induced from a D -Q-bicomodule; 

(d) D is a flat right B-module, 7 is a coflat right D-comodule, 3V is a coflat right 
T>-comodule, and either 

• G is a projective left A-module and S is a coprojective left G-comodule, 
or 

• G is a projective left A-module, S is a projective left A-module and a 
G/A-coflat right G-comodule, the right A has a finite left homological di- 
mension, and OC as a left 7-semimodule with a right G-comodule structure 
is induced from a T) -G-bicomodule, or 

• G is a flat right A-module, § is a flat right A-module and a G/A-coprojec- 
tive left G-comodule, the ring A has a finite left homological dimension, 
DC as a left 7-semimodule with a right G-comodule structure is induced 
from an A-flat T> -G-bicomodule, and ^3 is an injective left A-module, or 

• G is a flat right A-module, § is a coflat right G-comodule, OC as a 
left 7-semimodule with a right G-comodule structure is induced from a 
G-coflat D -G-bicomodule, and ^ is a coinjective left G-contramodule. 

Proof. If N'" — > ]ST" — > N' — > is a sequence of right S-semimodule morphisms which 
is exact in the category of A-modules and remains exact after taking the cotensor 
product with S over C, then for any left S-semicontramodule ^3 there is an exact 
sequence N'"©s^P — ► N"©§^p — ► ]\T'©s^p — ► 0. Hence whenever a right S-semi- 
module structure on N Ocr DC is defined via the construction of 11.4.41 the /c-module 
(N Ot DC) ©s V is the cokernel of the pair of maps (N Dd 7 U-s OC) ® s =4 (N Dd 
OC) ©s By the definition, the semitensor product 3V Ocr (OC @§ ?JJ) is the cokernel 
of the pair of maps NDdJDd (DC ©§^3) NDd (DC©s^J). There are natural maps 
(NTJp OC) ©g ffi — > NDp (DC© s <ff) and {^a v 7a^0C)®§^ — ► ?<D^7O v (0C® § ^) 
constructed in 16. 1.31 Whenever the left T-semimodule structure on DC©g^$ is defined 
via the construction of 16.1.31 the corresponding (two) square diagrams commute. So 
there is a natural map (NOcrDC) ©s^P — ► NOt (DC®s^5), which is an isomorphism 
provided that the map (N Dp OC) ©§ ^3 — > N Dp (DC ©§ ^3) and the analogous map 
for N n<o 7 in place of DST are isomorphisms; and the left CT-semimodule structure 
on DC ©s is defined provided that the analogous map for 7 in place of N is an 
isomorphism. It is straightforward to check that in each case (a-d) a right S-semi- 
module structure on 3V Ot DC is defined via the construction of 11.4.41 (that is where 
the conditions that DC as a left T-semimodule with a right C-comodule structure is 
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induced from a D-C-bimodule are used). It is also easy to verify the (co)flatness 
conditions on DC ©§ ^3 that are needed to guarantee that the semitensor product 
N (>t (DC ©s ^P) is defined in the case (a). Thus it remains to show that the map 
(N DC) ® s — ► N □© (DC ® s ?P) is an isomorphism. 

In the case (d), the map (3NT DC) © e ^3 — > "N Dd (DC e *£) and the analogous 
map for DC Dg S in place of DC are isomorphisms by Proposition 15.21 1(e) and the 
module NTJd (DC® s <£) is the cokernel of the pair of maps N ((DCD e S) ©e^P) =t 
N Dd (DC ©e ?P), so it is clear from the construction of the map (N DC) ©§ 
^3 — >■ N Dd (DC ©s ^3) that it is an isomorphism. In the cases (a-c), one has 
DC ~ % Dq S and the multiple cotensor products Tsf Dd D e S D e • • • D e S are 
associative. So the map (DSTDdDC) ©§^3 — > NOd (DC@g^3) is naturally isomorphic 
to the map (N Du DC) ©e ^3 — ► N (DC ©e ^3). The latter is an isomorphism by 
Proposition 15.21 1(a) in the ) and by Proposition 15.21 1 (d) in the cases (b-c). □ 

Proposition 2. Let L> be a left G-semimodule, DC be a TS-bisemimodule, and 3VC be 
a left 7-semimodule. Then there is a natural map SemiHonis(£, Homj-(DC, M)) — > 
Homcr(DC Os 3VC) whenever both modules are defined via the constructions of \1.4-4 
and \6.1.R This map is an isomorphism, at least, in the following cases: 

(a) C is a flat right A-module, T> is a flat right B-module, JA is an infective left 
T>-comodule, and either 

• § is a coflat right G-comodule, 7 is a coflat right D-comodule, and DC as 
a left 7-semimodule with a right Q-comodule structure is induced from a 
G-coflat D-G-bicomodule, or 

• § is a flat right A-module and a G/A-coprojective left G-comodule, 7 
is a flat right B-module and a D / B-coflat left D-comodule, the ring A 
(resp., B) has a finite left (resp., weak) homological dimension, DC as a 
left 7-semimodule with a right G-comodule structure is induced from an 
A- flat and D / 'B-coflat T)-G-bicomodule, and DC as a right S-semimodule 
with a left T)-comodule structure is induced from an A-flat D-G-bicomod- 
ule, or 

• the ring A is semisimple, the ring B is absolutely flat, DC as a left 7-semi- 
module with a right G-comodule structure is induced from a D-G-bicomod- 
ule, and DC as a right S-semimodule with a left "D-comodule structure is 
induced from a T>-G-bicomodule; 

(b) & is a projective left A-module, G is a projective left A-module, § is a projective 
left A-module and a G/A-coflat right G-comodule, D is a flat left B-module, 
7 is a flat left B-module and a D / 'B-coflat right D-comodule, the rings A 
and B have finite left homological dimensions, DC as a left 7-semimodule with 
a right G-comodule structure is induced from a B-projective and G/A-coflat 
D-G-bicomodule, DC as a right S-semimodule with a left D-comodule structure 
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is induced from a B-flat and Q/A-coflat D-Q-bicomodule, and JVC is a B-flat 
and D/B-injective left T>-comodule; 

(c) & is a projective left A-module, Q is a projective left A-module, § is a projective 
left A-module and a Q/A-coflat right Q-comodule, the rings A and B have finite 
left homological dimensions, OC as a left 7 -semimodule with a right Q-comodule 
structure is induced from a B -projective D-Q-bicomodule, D is a flat right 
B-module, JVC is a D / ' B-injective left D-comodule, and either 

• 7 is a co flat right D-comodule, or 

• 7 is a flat right B-module and a D / B-coflat left D-comodule, and OC as 
a right S-semimodule with a left D-comodule structure is induced from a 
D-Q-bicomodule; 

(d) Q is a projective left A-module, S is a coprojective left Q-comodule, & is a 
coprojective left Q-comodule, and either 

• D is a flat right B-module and 7 is a coflat right D-comodule, or 

• D is a flat right B-module, 7 is a flat right B-module and a D / B-coflat 
left D-comodule, and OC as a right S-semimodule with a left D-comodule 
structure is induced from a D-Q-bicomodule, or 

• D is a flat left B-module, 7 is a flat left B-module and a D / B-coflat 
right D-comodule, OC as a right S-semimodule with a left D-comodule 
structure is induced from a B-flat D-Q-bicomodule, and JVC is a flat left 
B-module, or 

• D is a flat left B-module, 7 is a coflat left D-comodule, OC as a right 
S-semimodule with a left D-comodule structure is induced from a D-coflat 
D-Q-bicomodule, and JVC is a coflat left D-comodule. 

Proof. Any sequence £/' — > £/' — > £/ — > of 7- semimodule morphisms which 
is exact in the category of 5-modules and remains exact after taking the coten- 
sor product with 7 over D is exact in the category of T-semimodules, i. e., 
for any T-semimodule JVC there is an exact sequence — > Homj(£', JVC) — > 
Homy(£", JVC) — ► Homj^/C", JVC). Hence whenever a left T-semimodule structure 
is defined on OC Os & via the construction of 11.4.44 the k- module Hom ;r (3C Os 3VC) 
is the kernel of the pair of maps HomT(3C D e £, JVC) =4 Hom T (3C D e S D e £, JVC). 
By the definition, the fc-module SemiHoms(X, Homo-(3C, JVC)) is the kernel of the 
pair of maps Cohome(X, Homj-(3C, JVC)) =4 Cohome(S De £>, Horn <y(0C, JVC)) = 
Cohonie(X, Cohome(S, Homj-(3C, JVC))). There are natural maps Cohonie(X, Homj 
(0C,M)) — ► Hom T (9C D e £, M) and Coho m e (§ D e £, Hom T (9C, JVC)) — > 
Homj-(3C Dq S Dq £j, JVC) constructed in 16.1.31 Whenever the left S-semicon- 
tramodule structure on Rom<j(0C, JVC) is defined via the construction of 16.1.31 
the corresponding (two) square diagrams commute. So there is a natural map 
SemiHonig(X, Homo-(3C, JVC)) — > Hom^(3C Os £j 3VC), which is an isomorphism pro- 
vided that the map CohomgfX, Hom^(3C, JVC)) — > Hom^DC De £, JVC) and the 
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analogous map for SdeXL in place of XL are isomorphisms; and the left S-semicontra- 
module structure on Homj-(3C, 3VC) is defined provided that the analogous map for S 
in place of XL is an isomorphism. It is straightforward to check that in each case (a-d) 
a left T-semimodule structure on OC Os £ is defined via the construction of 11.4.41 
It is also easy to veryfy (using Proposition 15.21 2(a)) the (co)injectivity conditions 
on Homj-(DC, 3VC) that are needed to guarantee that the semihomomorphism module 
SemiHoms(XL, Homj-(3C, 3VC)) is defined in the case (a). Thus it remains to show that 
the map Cohome(XL, Homj-(3C, 3VC)) — > Honi7-(3C Dq XL, Tvt) is an isomorphism. 

In the case (d), the map Cohonie(XL, Hohid(3C, M)) — > Homi)(9C De XL, M) 
and the analogous map for 7 Djj OC in place of OC are isomorphisms by Proposi- 
tion [5212(e) and the module Cohome(XL, Homg-(3C, 3Vt)) is the kernel of the pair of 
maps Cohom e (Xl/, Homcr(3C, M)) =4 Cohom e (XL, Hom^CT dj, OC, M)), so it is clear 
from the construction of the map Cohonie(XL, Hom3-(3C, 3VC)) — > Hom^JKDe XL , M) 
that it is an isomorphism. In the cases (a-c), one has OC = 7 Dd % and mul- 
tiple cotensor products 7 Dd ■ • • 7 □© % L are associative. So the map 
Cohome(XL, Homj-(3C, 3VC)) — ► Honicr(3C De XL, 3VC) is naturally isomorphic to the 
map Cohome(XL, Homx>(X, 3VC)) — ► Homx^DC De XL, 3VC). The latter is an isomor- 
phism by Proposition 15.21 2(a) in the case (a) and by 15.21 2(d) in the cases (b-c). □ 

Proposition 3. Let ^ be a left S-semicontramodule, OC be a 7-S-bisemimodule, 
and £2 be a left 7 -semicontramodule. Then there is a natural map SemiHom;j-(3C ©§ 
^J, £2) — > Hom s (^3, SemiHomj-(3C, £3)) whenever both modules are defined via the 
constructions of\3.4-4\ and \6.1.3l This map is an isomorphism, at least, in the fol- 



lowing cases: 

(a) D is a projective left B-module, Q is a projective left A-module, ^3 is a pro- 
jective left Q-contramodule, and either 

• 7 is a coprojective left D-comodule, S is a coprojective left Q-comodule, 
and OC as a right S-semimodule with a left D-comodule structure is in- 
duced from a D- coprojective D-Q-bicomodule, or 

• 7 is a projective left B-module and a D / B-coflat right r D-comodule, S is 
a projective left A-module and a Q/A-coflat right Q-comodule, the rings A 
and B have finite left homological dimensions, OC as a right S-semimod- 
ule with a left D-comodule structure is induced from a B-projective and 
Q/A-coflat D-Q-bicomodule, and OC as a left 7 -semimodule with a right 
Q-comodule structure is induced from a B-projective D-Q-bicomodule, or 

• the rings A and B are semisimple, OC as a right S-semimodule with a 
left D-comodule structure is induced from a D-Q-bicomodule, and OC as 
a left 7 -semimodule with a right Q-comodule structure is induced from a 
D-Q-bicomodule; 
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(b) D is a flat right B -module, 7 is a flat right B -module and a T> / B-coflat left 
D-comodule, £J is an infective left B-module, G is a flat right A-module, S is 
a flat right A-module and a G/ A- coprojective left G-comodule, the rings A and 
B have finite left homological dimensions, DC as a right S-semimodule with 
a left D-comodule structure is induced from an A-flat and T)/B-coprojective 
D -G-bicomodule, DC as a left 7-semimodule with a right G-comodule structure 
is induced from an A-flat and Dj B- coprojective D -G-bicomodule, and ^ is a 
coinjective left G-contramodule; 

(c) D is a flat right B-module, 7 is a flat right B-module and a D / B-coflat left 
D-comodule, £2 is an injective left B-module, the rings A and B have finite left 
homological dimensions, DC as a right S-semimodule with a left T)-comodule 
structure is induced from an A-flat D -G-bicomodule, G is a projective left 
A-module, is a G/A-projective left G-contramodule, and either 

• § is a coprojective left G-comodule, or 

• § is a projective left A-module and a G/A-coflat right G-comodule, and 
DC as a left 7-semimodule with a right G-comodule structure is induced 
from a D -G-bicomodule; 

(d) D is a flat right B-module, 7 is a coflat right D-comodule, £} is a coinjective 
left D-comodule, and one of the conditions of the list of Proposition 1(d) holds. 

Proof. Let be a left 2)-contramodule, DC be a D-C-bicomodule with a right S-semi- 
module structure such that multiple cohomomorphisms Cohoni2)(3CC] e Sne- • -OqS, 0) 
are associative and the semiaction map DCDgS — > DC is a left D-comodule morphism, 
and ^ be a left S-semicontramodule. Then there is a natural left S-semicontramodule 
structure on the module Cohomx>(3C, 0). The composition of maps Cohomx>(3C ©s 
0) — > Cohom B (9C © e <p, 0) — > Hom e (<p, Cohomj>(:K, 0)) factorizes through 
the injection Hom s (^3, Cohomi>(3C, 0)) — > Hom e (^J, Cohom I) (3C, 0)), so there is 
a natural map Cohom 1) (3C® s <p, 0) — ► Hom s (<p, Cohom 1) (3C, 0)). The rest of the 
proof is analogous to the proofs of Propositions 1 and 2. □ 

Assume that C is a projective left A-module, S is a coprojective left C-comodule, 
D is a flat right -B-module, and J is a coflat right 2)-comodule. Then it follows 
from I6.L41 together with Propositions 1(d) and 2(d) that for any left T-semimodule 
^3, and T-S-bisemimodule DC, and any left S-semicontramodule ^3 there is a natural 
isomorphism Hom T (9C ® s M) ~ Hom s (<£, Hom T (0C, M)). 

In particular, when C is a projective left and a flat right A-module and S is a 
coprojective left and a coflat right C-comodule, there is a pair of adjoint functors 
^s- S-simod — > S sicntr and S-sicntr — > S-simod compatible with the func- 
tors C-comod — > C-contra and $e : C-contra — > C-comod. In other words, 
the S-semimodule \I/s(3VC) as a C-comodule is naturally isomorphic to \l/epVT) an d the 
S-semicontramodule $s(^P) as a C-contramodule is naturally isomorphic to $e(^P)- 
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Assume that C is a projective left A-module and either S is a coprojective left 
C-comodule, or S is a projective left A-module and a C/A-coflat right C-comodule 
and A has a finite left homological dimension. Then it follows from Propositions 1(a) 
and 2(b,d) that the categories of C-coprojective left S-semimodules and C-projective 
left S-semicontramodules are naturally equivalent. 

Assume that C is a flat right A-module and either S is a coflat right C-comodule, 
or S is a flat right A-module and a C/A-coprojective left C-comodule and A has a 
finite left homological dimension. Then if follows from Propositions l(b,d) and 2(a) 
that the categories of C-injective left S-semimodules and C-coinjective left S-semi- 
contramodules are naturally equivalent. 

Assume that C is a projective left A-module and a flat right A-module, A has a 
finite left homological dimension, and either S is a coprojective left C-comodule and a 
flat right A-module, or S is a projective left A-module and a coflat right C-comodule. 
Then it follows from Propositions l(c,d) and 2(c,d) that the categories of C/A-injec- 
tive left S-semimodules and C/A-projective left S-semicontramodules are naturally 
equivalent. 

Finally, assume that the ring A is semisimple. Then it follows from Proposi- 
tions 1(a) and 2(a) that the categories of C-injective left S-semimodules and C-pro- 
jective left S-semicontramodules are naturally equivalent. 

In each of these cases, the natural maps defined in Propositions 2-3 in the case 
of OC = 7 = S have the following property of compatibility with the adjoint func- 
tors between categories of S-semimodules and S-semicontramodules. For any left 
S-semimodule DVC and any left S-semicontramodule ^3 such that the S-semimodule 
$s(^P) = S©s^3, the S-semicontramodule \l/s(M) = Hom§(S, M), and the fc-module 
of semihomomorphisms SemiHoms( < I ) s(^P)? v I / s(^C)) are defined via the construc- 
tions of 16X31 and I3A41 the maps SemiHom s ($ s (<p), #g(M)) — > Hom s ($ s (^3), M) 
and SemiHoms($s(^P)! ^(M)) — > Hom s (^J, \l/s(3VC)) form a commutative diagram 
with the adjunction isomorphism Homs( < l ) s(^P), 3VC) ~ Hom s (^3, \I/s(Jvt)). 

6.3. Semimodule-semicontramodule correspondence. Assume that the coring 
C is a projective left and a flat right A-module, the semialgebra S is a coprojective left 
and a coflat right C-comodule, and the ring A has a finite left homological dimension. 

Theorem, (a) The functor mapping the quotient category of complexes of Q/A-injec- 
tive left S-semimodules by the thick subcategory of Q-coacyclic complexes of Q/A-in- 
jective S-semimodules into the semiderived category of left S-semimodules is an equiv- 
alence of triangulated categories. 

(b) The functor mapping the quotient category of complexes of Q/A-projective 
left S-semicontramodules by the thick subcategory of Q-contraacyclic complexes of 
Q/A-projective S-semicontramodules into the semiderived category of left S-semicon- 
tramodules is an equivalence of triangulated categories. 
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Proof. Part (b) follows from Lemma [5731 2(b) and Lemma [2761 applied to the construc- 
tion of the morphism of complexes L^^P") — > ^3" from the proof of Theorem 14.6( b). 
As an alternative to using Lemma [5.31 2. one can show that L 2 (^3*) is a complex of 
C/yl-projective S-semicontramodules in the following way. Use Lemma 13.3.2( b) to 
construct a finite right A-injective resolution of every term of the complex of left 
S-semicontramodules ^3", then apply the functor L 2 , which maps exact triples of 
complexes to exact triples, and use Lemmas 13.3.3( c). 15.2( b). and !5. 31 1(b). The proof 
of part (a) is completely analogous. □ 

Remark. The analogue of Theorem for complexes of quite C/A-injective S-semi- 
modules and quite C/A-projective S-semicontramodules is true. Moreover, for any 
complex of left S-semimodules 3VT there exists a morphism from DVT into a com- 
plex of C-injective S-semimodules with a C-coacyclic cone, and for any complex of 
left S-semicontramodules ^3* there exists a morphism into ^3* from a complex of 
C-projective S-semicontramodules with a C-contraacyclic cone. Indeed, consider the 
complex of C/A-injective S-semimodules $sL 2 (^3*) and apply to it the construc- 
tion of the morphism of complexes Li(3C') — > DC' from the proof of Theorems 12.61 
and !4.6( a). For any complex of C/A-injective S-semimodules DC', the complex Li(JK*) 
is a complex of coprojective S-semimodules by Remark 13 . 2 . 2 1 and Lemma [5731 2 (a) (or 
simply because the class of C/A-injective left C-comodules is closed under extensions 
and any A-projective C/A-injective left C-comodule is coprojective, which is easy to 
check). So the complex of C-coprojective S-semimodules L 1 ($§L 2 (^5*)) maps into 
$§L 2 (^5*) with a C-coacyclic cone, hence the complex of C-projective S-semicontra- 
modules \E f sLi($sL 2 (^3*)) maps into L 2 ^3* and ^3* with C-contraacyclic cones. 

Corollary. The restrictions of the functors \&s and $s (applied to complexes term- 
wise) to the homotopy category of complexes of Q/A-injective S-semimodules and 
Q/A-projective S-semicontramodules define mutually inverse equivalences M\l/s and 
L$§ between the semiderived category of left S-semimodules and the semiderived 
category of left S-semicontramodules. 

Proof. By Corollary I5.4[ the restrictions of functors ^§ and $§ induce mutually in- 
verse equivalences between the quotient category of the homotopy category of C/A-in- 
jective S-semimodules by its intersection with the thick subcategory of C-coacyclic 
complexes and the quotient category of the homotopy category of C/A-projective 
S-semicontramodules by its intersection with the thick subcategory of C-contraacyclic 
complexes. Thus it remains to take in account the above Theorem. □ 

6.4. Birelatively contraflat, projective, and injective complexes. We keep 
the assumptions of 16.31 

A complex of left S-semimodules M* is called projective relative to C relative 
to A (S/C/v4-projective) if the complex of homomorphisms over S from 3Vt* into 
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any C-coacyclic complex of C/A-injective S-semimodules is acyclic. A complex of 
left S-semicontramodules ^3* is called injective relative to G relative to A (S/C/A-in- 
jective) if the complex of homomorphisms over S into ^3* from any C-contraacyclic 
complex of C/A-projective S-semicontramodules is acyclic. 

The contratensor product N* ©§ ^3* of a complex N" of right S-semimodules and 
a complex ^3* of left S-semicontramodules is defined as the total complex of the 
bicomplex DNT ®s^3 J , constructed by taking infinite direct sums along the diagonals. 
A complex of right S-semimodules N* is called contraflat relative to G relative to A 
(S/C/A-contraflat) if the contratensor product over S of the complex 3\T any any 
C-contraacyclic complex of C/A-projective left S-semicontramodules is acyclic. 

It follows from Theorem 15.41 and Lemma |5T3"1 1 that the complex of left S-semimod- 
ules induced from a complex of A-projective C-comodules is S/C/A-projective, the 
complex of left S-semicontramodules coinduced from a complex of A-injective C-con- 
tramodules is S/C/A-injective, and the complex of right S-semimodules induced from 
a complex of A-flat C-comodules is S/C/A-contraflat. 

Lemma, (a) Any S/G/A-semiflat complex of A-flat right S-semimodules (in the 
sense of \2. 8\) is S/C/ A- contraflat. 

(b) A complex of A-projective left S-semimodules is S/G/ A-projective if and only 
if it is S/G/A-semiprojective (in the sense of \4-8\ ). 

(c) A complex of A-injective left S-semicontramodules is S/G/ A-injective if and 
only if it is S/G/A-semiinjective (in the sense of \4-8\ ). 

Proof. The functors ^§ and <£>§ define an equivalence between the category of 
C-coacyclic complexes of G/A- injective left S-semimodules and the category of C-con- 
traacyclic complexes of C/A-projective left S-semicontramodules. Therefore, part (a) 
follows from Proposition 16.21 1(c) (applied to OC = T = S) and Lemma 15.31 2(a). 
part (b) follows from Proposition 16.21 2(c) and Lemma [5.31 2(b). and part (c) follows 
from Proposition 16.21 3(c) and Lemma [5.31 2(a). □ 

In view of the relevant results of 14.81 it is also clear that a complex of A-pro- 
jective left S-semimodules is S/C/A-projective if the complex of S-semimodule ho- 
momorphisms from it into any C-contractible complex of G/A- injective S-semimod- 
ules is acyclic. Analogously, a complex of A-injective left S-semicontramodules is 
S/G/A- injective if the complex of S-semicontramodule homomorphisms into it from 
any C-contractible complex of C/A-projective S-semicontramodules is acyclic. 

Question. One can show using the construction of the morphism of complexes of left 
S-semimodules XL* — ► M2(£") and Lemma [1.2.21 that any S/C/A-contraflat complex 
of (appropriately defined) S/C/A-semiflat right S-semimodules is S/C/A-semiflat. 
One can also show using the functor SemiTor 8 that any A-flat S/C/A-contraflat 
right S-semimodule (defined in terms of exact triples of C/ A-projective or C/A-con- 
traflat left S-semicontramodules) is S/C/A-semiflat; the converse is clear (cf. 19.21) . 
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Are all S/C/A-contraflat (in either definition) right S-semimodules A-flat? Are all 
S/C/A-contraflat complexes of A-flat right S-semimodules S/C/A-semiflat? 

The functor mapping the quotient category of S/C/A-contraflat complexes of right 
S-semimodules by its intersection with the thick subcategory of C-coacyclic complexes 
into the semiderived category of right S-semimodules is an equivalence of triangulated 
categories, since the complex L.3lLi(3C") is S/C/A-contraflat for any complex of right 
S-semimodules 0C° . The analogous results for S/C/A-projective complexes of left 
S-semimodules and S/C/A-injective complexes of left S-semicontramodules follow 
from the corresponding results of 14.81 

Remark. It follows from the above Lemma and Lemma 15.21 that any C-coacyclic 
semiprojective complex of C-coprojective left S-semimodules is contractible. Indeed, 
such a complex is simultaneously an S/C/A-projective complex and a C-coacyclic 
complex of C/A-injective S-semimodules. Analogously, any C-contraacyclic semiin- 
jective complex of C-coinjective left S-semicontramodules is contractible. Hence the 
homotopy category of semiprojective complexes of C-coprojective S-semimodules is 
equivalent to the semiderived category of left S-semimodules and the homotopy cat- 
egory of semiinjective complexes of C-coinjective S-semicontramodules is equivalent 
to the semiderived category of left S-semicontramodules. Furthermore, it follows 
that the homotopy category of semiprojective complexes of C-coprojective S-semi- 
modules is the minimal triangulated subcategory containing the complexes of left 
S-semimodules induced from complexes of C-coprojective C-comodules and closed 
under infinite direct sums. Analogously, the homotopy category of semiinjective com- 
plexes of C-coinjective S-semicontramodules is the minimal triangulated subcategory 
containing the complexes of left S-semicontramodules coinduced from complexes of 
C-coinjective C-contramodules and closed under infinite products. (Cf. 12.91 ) 

6.5. Derived functor CtrTor. The following Lemmas provide a general approach 
to one-sided derived functors of any number of arguments. They are essentially due 
to P. Deligne [IB]. 

Lemma 1. Let H be a category and S be a localizing class of morphisms in H. Let 
P and J be full subcategories of H such that either 

(a) the map Houlh(Q, j) is bijective for any object Q G P and any morphism 
j G S fl J, and for any object Y G H there is an object J G J together with a 
morphism Y — > J belonging to S, or 

(b) the map Homing, J) is bijective for any morphism q G S fl P and any object 
J G J, and for any object X G H there is an object Q G P together with a 
morphism Q — > X belonging to S. 

Then for any objects P G P and I G J the natural map Hohih(-P, /) — > 
Hoiiih[s-i](P,/) is bijective. 
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Proof. Part (b): any element of Hom H p-i](P,/) can be represented by a fraction of 
morphisms P < — X — > I in H, where the morphism X — > P belongs to S. Choose 
an object Q G P together with a morphism Q — > X belonging to S. Then the compo- 
sition Q — > X — > P belongs to S fl P, hence the map Hom H (P, /) — > Hom H (Q, -0 
is bijective and there exists a morphism P — > I that forms a commutative triangle 
with the morphisms Q — > X — > P and Q — > X — > 1. Obviously, this morphism 
P — > I represents the same morphism in H[S _1 ] that the fraction P < — X — > 1. 
Now suppose that there are two morphisms P =4 / in H whose images in H[S _1 ] coin- 
cide. Then there exists a morphism X — > P belonging to H which has equal composi- 
tions with the morphisms P =$ I . Choose an object Q G P together with a morphism 
Q — > X belonging to H again. The composition Q — > X — > P has equal compo- 
sitions with the morphisms P =^ J, and since the map Hohih(-P, /) — > Homn(Q,/) 
is bijective, our two morphisms P =4 I are equal. Proof of part (a) is dual. □ 

Lemma 2. Let H, ; i = l,...,n be several categories, Si be localizing classes of 
morphisms in Hj, and Fi be full subcategories of Hj. Assume that for any object X 
in Hj there is an object U in Fj together with a morphism U — ► X from Sj. Let 
K be a category and 6: Hi x ■•• x H n — > K be a functor such that the morphism 
Q(Ui, . . . , Ui-i, t, Ui+i, . . . , U n ) is an isomorphism for any objects Uj G Fj and any 
morphism t £ SiDFi. Then the left derived functor L0 : FbJSf x ] x ■ ■ • x H^fS^ 1 ] — >K 
obtained by restricting to F± x ■ ■ • x F n is a universal final object in the category 
of all functors 5: Hi x • • ■ x H n — > K factorizable through HiJSf 1 ] x ■ ■ ■ x HyJS^ 1 ] 
and endowed with a morphism of functors H — > O. 

Proof. It suffices to consider a single category H = Hi x ■■• x H„ with the class of 
morphisms S = Si x • • • x S n , the full subcategory F = Fi x • • • x F„, and the functor of 
one argument 0: H — > K. The functor F[(S fl F) _1 ] — > H[S _1 ] is an equivalence of 
categories by Lemma 12. 6[ so the derived functor LO can be defined. For any object 
X G H, choose an object Ux G F together with a morphism Ux — > X from S; 
then we have the induced morphism L0(X) = Q(Ux) — > Q(X). For any morphism 
X — > Y in H there exists an object V in F together with a morphism V — > Ux 
belonging to S and a morphism V — > Uy in H forming a commutative diagram with 
the morphisms Ux — > X — > Y and Vx — > Y. So we have constructed a morphism 
of functors L0 — > 0. Now if a functor 5: H — ► K factorizable through H[S _1 ] is 
endowed with a morphism of functors 5 — > 0, then the desired morphism of functors 
H — ► LO can be obtained by restricting the morphism of functors 5 — ► to the 
subcategory F C H. □ 

Notice the difference between the construction of a double-sided derived functor 
of two arguments in Lemma 12.71 and the construction of a left derived functor of any 
number of arguments in Lemma 2. While in the former construction only one of the 
two arguments is resolved, and the conditions imposed on the resolutions guarantee 
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that the two derived functors obtained in this way coincide, in the latter construction 
all of the arguments are resolved at once and it would not suffice to resolve only 
some of them. In other words, the construction of Lemma 12.71 only works to define 
balanced double-sided derived functors, while construction of Lemma 2 allows to 
define nonbalanced one-sided derived functors. 

Assume that the semialgebra S satisfies the conditions of 16.31 
According to Lemma 1(a) and (the proof of) Theorem 16.3( a). the natural map 
Hom H ot(s-simod)(£'*, 3VT) — > Hom D si(s_ simod )(£/", M") is an isomorphism whenever £* 
is a complex of S/C/A-projective S-semimodules and M" is a complex of C/A-injec- 
tive S-semimodules. So the functor of homomorphisms in the semiderived category 
of left S-semimodules can be lifted to a functor 

Ext s : D si (S-simod) op x D si (S-simod) ► D(Jfe-mod), 

which is defined by restricting the functor of homomorphisms of complexes of left 
S-semimodules to the Carthesian product of the homotopy category of S/C/A-projec- 
tive complexes of S-semimodules and the homotopy category of complexes of G/A-m- 
jective S-semimodules. By Lemma 2, this construction of the right derived functor 
Ext§ does not depend on the choice of subcategories of adjusted complexes. 

Analogously, according to Lemma 1(b) and (the proof of) Theorem 16.3( b). the 
natural map HomHot(s-sicntr)(^3*, O*) — > Hom D si(g_ sicntr )(^3*, £l') is an isomorphism 
whenever ^3* is a complex of C/A-injective S-semicontramodules and £5* is a complex 
of S/C/A-injective S-semicontramodules. So the functor of homomorphisms in the 
semiderived category of left S-semicontramodules can be lifted to a functor 

Ext s : D si (S-sicntr) op x D si (S-sicntr) ► D(fc-mod), 

which is defined by restricting the functor of homomorphisms of complexes of 
left S-semicontramodules to the Carthesian product of the homotopy category of 
complexese of C/A-projective S-semicontramodules and the homotopy category of 
S/C/A-injective complexes of S-semicontramodules. 

Finally, the left derived functor of contratensor product 

CtrTor 8 : D si (simod-S) x D si (S-sicntr) ► D(A;-mod) 

is defined by restricting the functor of contratensor product over S to the Carthesian 
product of the homotopy category of S/C/A-contraflat complexes of right S-semi- 
modules and the homotopy category of complexes of C/A-projective left S-semicon- 
tramodules. By the definition, this restriction factorizes through the semiderived 
category of left S-semicontramodules in the second argument; let us show that it 
also factorizes through the semiderived category of right S-semimodules in the first 
argument. The complex of left S-semicontramodules Homfc(3V*, k y ) is S/C/A-injec- 
tive whenever a complex of right S-semimodules T\T is S/C/A-contraflat; and the 
complex HoHifc(?sr, k v ) is C-contraacyclic whenever the complex N* is C-coacyclic. 
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Hence if JV" is a C-coacyclic S/C/A-contraflat complex of right S-semimodules and 
^5* is a complex of C/A-projective left S-semicontramodules, then the complex 
Hom s (^3*, Hom fc (?\P, k v )) is acyclic, so the complex T\P ®§ ^3* is also acyclic. By 
Lemma 2, this construction of the left derived functor CtrTor 8 does not depend on 
the choice of subcategories of adjusted complexes. 

Notice that the constructions of derived functors M$?g and L$g in Corollary 16.31 
are also particular cases of Lemma 2. 

Remark. To define/compute the composition multiplication Ext§(X*,M*) <8>£ 
Ext§(9C*, £*) — > Exts(3C*,M*) it suffices to represent the images of DC*, £*, and 
M* in the semiderived category of left S-semimodules by semiprojective complexes of 
C-coprojective S-semimodules. The same applies to the functor Ext 8 and semiinjec- 
tive complexes of C-coinjective S-semicontramodules. Besides, one can compute the 
functors Ext§, Ext 8 , and CtrTor 8 using resolutions of other kinds. In particular, one 
can use complexes of C-injective S-semimodules and complexes of C-projective S-semi- 
contramodules (see Remark I6T31) together with (appropriately defined) S/ C-projective 
complexes of left S-semimodules, S/C-injective complexes of left S-semicontramod- 
ules, and S/C-contraflat complexes of right S-semimodules. One can also compute 
the functor Ext§ in terms of injective complexes of S-semimodules (defined as com- 
plexes right orthogonal to C-coacyclic complexes in Hot(S-simod)) and the functor 
Ext 8 in terms of projective complexes of S-semicontramodules. These can be ob- 
tained by applying the functor $§ to semiinjective complexes of C-coinjective S-semi- 
contramodules and the functor to semiprojective complexes of C-coprojective 
S-semimodules, and using Propositions 16.21 2(a) and 16.21 3(a). Injective complexes of 
S-semimodules can be also constructed using the functor right adjoint to the forgetful 
functor S-simod — > C-comod (see Question l3.3.1l) and infinite products of complexes 
of S-semimodules; this approach works assuming only that C is a flat right A-module, 
S is a coflat right C-comodule, and A has a finite left homological dimension. 

6.6. SemiExt and Ext, SemiTor and CtrTor. We keep the assumptions of 16.31 

Corollary, (a) There are natural isomorphisms of functors SemiExts(M*, ~ 
Ext s (M , ,L$ s (<p*)) ~ Ext s (R# s (M* ),<£*) on the Carthesian product of the cate- 
gory opposite to the semiderived category of left S-semimodules and the semiderived 
category of left S-semicontramodules. 

(b) There is a natural isomorphism of functors SemiTor 8 (]\P, 3VT) ~ 
CtrTor s (N*, R'il/gpVt*)) on the Carthesian product of the semiderived category 
of right S-semimodules and the semiderived category of left S-semimodules. 

Proof. It suffices to construct natural isomorphisms SemiExtg(,C*, R\I/g(M*)) ~ 
Ejrt s (£ - ,M"), SemiExt s (L$ s (*P' ),£T) - Ext s (^r, £2*), and SemiTor 8 (N*, 
L<&g($P*)) ~ CtrTor 8 (]\P, $P"). In the first case, represent the image of JVC* in 
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D sl (S-simod) by a complex of C/v4-injective S-semimodules and the image of £* in 
D s '(S-simod) by a semiprojective complex of C-coprojective S-semimodules, and use 
Proposition 16.21 2(d) and Lemma 16.4( b). Alternatively, represent the image of M* 
in D sl (S-simod) by a complex of C/A-injective S-semimodules and the image of -C* 
in D sl (S-simod) by an S/C/A-semiprojective complex of A-projective S-semimod- 
ules (see 14.80 . and use Proposition 16.21 2(c). Lemma 16.4( b). and Lemma 15.31 2(b). 
In the second case, represent the image of ^3* in D sl (S-sicntr) by a complex of 
C/A-projective S-semicontramodules and the image of £3* in D sl (S-sicntr) by a 
semiinjective complex of C-coinjective S-semimodules, and use Proposition 16.21 3(d) 
and Lemma 16.4( c). Alternatively, represent the image of ^3* in D sl (S-sicntr) by a 
complex of C/A-projective S-semicontramodules and the image of £3* in D sl (S-sicntr) 
by an S/C/A-semiinjective complex of A-injective S-semicontramodules (see 14.81) . 
and use Proposition 16.21 3(c). Lemma [6.4( c). and Lemma [5.31 2(a). In the third case, 
represent the image of ^3* in D sl (S-sicntr) by a complex of C/A-projective S-semi- 
contramodules and the image of N* in D sl (simod-S) by a semiflat complex of C-cofiat 
S-semimodules, and use Proposition 16.21 1(d) and Lemma 16.4( a). Alternatively, 
represent the image of ^3* in D sl (S-sicntr) by a complex of C/A-projective S-semi- 
contramodules and the image of N* in D sl (simod-S) by an S/C/A-semiflat complex 
of yl-flat S-semimodules (see I2.8p . and use Proposition 16.21 1(c). Lemma l6T4T a). and 
Lemma 15.31 2(a). 

Finally, to show that the three pairwise isomorphisms between the functors 
SemiExts(M',*p*), Ext s (M*, L$ s ($£')), and Ext s (ra s (:JVr), $P") form a commu- 
tative diagram, one can represent the image of M* in D sl (S-simod) by a semiprojec- 
tive complex of C-coprojective S-semimodules and the image of ^3* in D sl (S-sicntr) 
by a semiinjective complex of C-coinjective S-semicontramodules (having in mind 
Lemmas 16.41 and [572]) . and use a result of 16.21 □ 
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7. FUNCTORIALITY IN THE CORING 



7.1. Compatible morphisms. Let C be a coring over a A;-algebra A and D be a 
coring over a /c-algebra 5. 

7.1.1. We will say that a map C — ► D is compatible with a /c-algebra morphism 
A — > B if the biaction maps A ® k C ® fc A — > C and B ® k T> ® k B — > T) form a 
commutative diagram with the maps C — > D and A® k Q® k A — > B ® k T> ® k B (in 
other words, the map C — ► D is an A-A-bimodule morphism) and the comultipli- 
cation maps C — > C <S>a C and T> — > D ® B D, as well as the counit maps C — > A 
and D — > B, form commutative diagrams with the maps A — > B, C — > D, and 

e® A e — >d® b d. 

Let C — ► D be a map of corings compatible with a /c-algebra map A — > B. 
Let M be a left comodule over C and N be a left comodule over B. We will say 
that a map M — > N is compatible with the maps A — ► B and C — ► T) if the 
action maps A ® k M — > M and B ® k J4 — ► N form a commutative diagram with 
the maps M — > IN and A Cg)^. M — > B (E) k J4 (that is the map M — ► IN" is an 
A-module morphism) and the coaction maps M — > C <S>a 3VC and 74 — > D ®b N 
form a commutative diagram with the maps M — > 3\f and C ®a M — ► D ® B M. 
Analogously, let *}3 be a left contramodule over C and be a left contramodule over 
D. We will say that a map — > ^3 is compatible with the maps A — ► B and 
C — > T> if the action maps ^3 — > Y{ovn k (A, ^3) and £2 — > Homfc(.E>,0) form a 
commutative diagram with the maps — > ^3 and B.om k (B , 0) — >■ Homfc(A, ^3) 
(that is the map — > ^3 is an A-module morphism) and the contraaction maps 
Hom j4 (C,^P) — > *P and Hom B (2),0) — >■ form a commutative diagram with the 
maps — > <p and Hom B (D, 0) — ► Hom A (C, <p). 

Let M' — > X' be a map from a right C-comodule M' to a right D-comodule N' 
compatible with the maps A — > B and C — > D, and M" — > 3\f" be a map from 
a left C-comodule M" to a left D-comodule N" compatible with the maps A — >■ £? 
and C — ► D. Then there is a natural map M' D e M" — > N' X". Analogously, 
let M — > 3\f be a map from a left C-comodule M to a left D-comodule N compatible 
with the maps A — ► B and C — > D, and — ► *}3 be a map from a left D-con- 
tramodule to a left C-contramodule *}3 compatible with the maps A — > 5 and 
C — >■ D. Then there is a natural map Cohomxi(N, 0) — > Cohom e (M, ^3). 

7.1.2. Let C — > D be a map of corings compatible with a /c-algebra map A — > B. 
Then there is a functor from the category of left C-comodules to the category of left 
D-comodules assigning to a C-comodule M the D-comodule #M = B ®a 3VC with the 
D-coaction map defined as the composition B<S>a^ — ► B ®a C <8> a M — ► DiguM = 
T> ® B {B ®a M) of the map induced by the C-coaction in M and the map induced 
by the map C — ► D and the left £>-action in D. The functor M i — ► Mb from 
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the category of right C-comodules to the category of right D-comodules is defined in 
the analogous way. Furthermore, there is a functor from the category of left C-con- 
tramodules to the category of left D-contramodules assigning to a C-contramodule 
*P the D-contramodule = Hom^(.B,*}3) with the contraaction map defined as 
the composition Hom B (D, Rom A (B, = Hom A (D,<p) — ► Hom A (C ® A B, <p) = 
Hom j4 (_B, Homyi(C, ^P)) — > Hom^(S,^P) of the map induced by the map C — > D 
and the right S-action in D with the map induced by the C-contraaction in *p. 

If C is a flat right A-module, then the functor M i — > has a right adjoint 
functor assigning to a left D-comodule IN" the left D-comodule qH = C# N, 
where C# = C ®a B is a C-D-bicomodule with the right D-comodule structure pro- 
vided by the above construction. These functors are adjoint since both fc-modules 
Homx>(sM, N) and Homg(M, qH) are isomorphic to the fc-module of all maps of co- 
modules M — > N compatible with the maps A — > B and C — > D. Without any 
assumptions on the coring C, the functor N i — > is defined on the full subcategory 
of left D-comodules such that the cotensor product C# Dx> N can be endowed with 
a left C-comodule structure via the construction of 11.2.41 this includes, in particular, 
quasicoflat D-comodules. Analogously, if C is a flat left A-module, then the functor 
M i — > Ms has a right adjoint functor assigning to a right D-comodule N the right 
C-comodule N e = N B G, where B G = B ® A C is a D-C-bicomodule with the left 
D-comodule structure provided by the above construction. 

Furthermore, if C is a projective left A-module, then the functor *p i — > 
has a left adjoint functor assigning to a left D-contramodule the left C-contra- 
module e = Co1iohi£,(.bC, 0). These functors are adjoint since both fc-modules 
Hom :D (£j, s ^3) and Hom e ( e 0, ^3) are isomorphic to the fc-module of all maps of con- 
tramodules — > ^3 compatible with the maps A — ► B and C — ► D. Without any 
assumptions on the coring C, the functor £2 i — ► e is defined on the full subcategory 
of left D-contramodules such that the cohomomorphism module CohomD^C, 0) can 
be endowed with a left C-contramodule structure via the construction of I3.2.4( this 
includes, in particular, quasicoinjective D-contramodules. 

If C is a projective left ^-module, then for any right C-comodule M and any left 
D-contramodule £2 there is a natural isomorphism M^O^H — M©e e 0. Indeed, both 
fc-modules are isomorphic to the cokernel of the pair of maps M <S>a Hom^(D, £1) =4 
M <8u 0, one of which is induced by the D-contraaction in and the other is the 
composition of the map induced by the C-coaction in M and the map induced by the 
evaluation map C# ®b Hohib(D,0) — > 0. This is obvious for Mb Ox> 0, and in 
order to show this for M©e e it suffices to represent e as the cokernel of the pair of 
C-contramodule morphisms Hohib(bC, Hohib(D, 0)) HomePC, 0). Without any 
assumptions on the coring C, there is a natural isomorphism MbObQ-MOc e 
for any right C-comodule M and any left D-contramodule for which the C-contra- 
module e = CoIiohid^C, 0) is defined via the construction of 13.2.41 
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7.1.3. Let C — ► T> be a map of corings compatible with a A;-algebra map A — > B. 

Proposition, (a) For any left G-comodule M and any right D-comodule INT for which 
the right G-comodule Ne is defined there is a natural map Ne De 3VC — ► N 0<d gM, 
which is an isomorphism, at least, when G and M are flat left A-modules or is a 
quasicoflat right D-comodule. 

(b) For any left G-contramodule and any left D-comodule USf /or which 
the left G-comodule qN is defined there is a natural map Cohomi)(N, B ^P) — ► 
Cohom e ( e !N, which is an isomorphism, at least, when either G is a flat right 
A-module and ^3 is an injective left A-module, or N is a quasicoprojective left 
"D-comodule. 

(c) For any left G-comodule M and any left D-contramodule for which the 
left G-contramodule e is defined there is a natural map Cohomx)(sM, 0) — ► 
Cohomg(M, e 0), which is an isomorphism, at least, when G and M are projective 
left A-modules or is a quasicoinjective left D -contramodule. 

Proof. Part (a): for any left C-comodule M and any right 2)-comodule N there are 
maps of comodules M — ► bM and Ne — ► N compatible with the maps A — ► B 
and G — > D. So there is the induced map Ne De M — ► N Dd bM. On the other 
hand, for any left C-comodule M there is a natural isomorphism of left D-comodules 
B M ~ B eD e M, hence X e D e M = (NDdbC) DeM and Kn BB M = ND D ( fl ea e M). 
Let us check that the maps N e D e M — ► N B M, N e D e M — ► X ® B bC <Eu 
M and TsT Dd bM — ► IN" ®b bC 0^ M form a commutative diagram. Indeed, the 
map (N Dd 56) (g)^ M — ► N ®b bC £gu 3Vt is equal to the composition of the map 
(N Dd b C) 8aM — ► (>T Dd b C) ®a e ®a M induced by the C-coaction in N B C 
with the map (X Dj, B C) <8U C ®a M — >■ N <8>b bG^M induced by the maps 
X Dd bC — > N and C — > bG; while the composition of maps (N Dd bC) <8U 
M — >■ X ®b (bC Dg M) — > N ®b b6®aM is equal to the composition of the 
map (N Eb B C) <8u M — > (X Dd bQ ^C%M induced by the C-coaction in M 
with the same map (IN* bC) <%>a C ®a JVC — > N®b b C <SU M. It remains to apply 
Proposition 11.2.5( d) and (e) with the left and right sides switched. The proofs of 
parts (b) and (c) are completely analogous; the proof of (b) uses Proposition ^. 2. 5( g.h) 
and the proof of (c) uses Proposition I3.2.5( f.i). □ 

7.1.4. Let C — > D be a map of corings compatible with a &;-algebra map A — > B. 
Assume that C is a projective left and a flat right A-module. 

Then for any left D-contramodule there is a natural morphism of C-comodules 
$e( C 0) — ► e(^D0), which is an isomorphism, at least, when D is a flat right 
-B-module and is a D/£?-contraflat left D-contramodule. Indeed, $e( e 0) — 
C O e e ~ G B 0s as a left C-comodule and e ($:D0) = C B □» (D B 0), so 
it remains to apply Proposition 15.21 1(c). Analogously, for any left D-comodule N 
there is a natural morphism of C-contramodules e (\l/i>!N") — > ^ e (gDST), which is an 
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isomorphism, at least, when D is a projective left .B-module and N is a D/B-in- 
jective left D-comodule. Indeed, \Pe(&N") = Hom e (C, e J4) ~ Hom^^C, N) as a left 
C-contramodule and e (\l/ii}sf) = Cohom^sC, Homi>(D, 74)), so it remains to apply 
Proposition 15.21 2(c). 

Without any assumptions on the corings C and D, there is a natural isomorphism 
$e( e 0) — e^xiH) for any quite D/5-projective D-contramodule Q. and a natural 
isomorphism e (\I>ii3\f) — ^e(eN) for any quite D/5-injective D-comodule 74. 

The natural morphisms <3> e ( e H) — > e($i>£2) and c (\I/dIN") — > ^ e (eN) have the 
following compatibility property. For any left D-comodule 74 and left D-contramod- 
ule £2 for which the C-comodule q74 and the C-contramodule e H are defined via 
the constructions of 11.2.41 and 13.2.41 for any pair of morphisms $dH — ► N and 
H — > corresponding to each other under the adjunction of functors and 

$©, the compositions $ e ( e £) — ► e ($BH) — ► and e H — ► e (^ B >J") — ► ^e(e^) 
correspond to each other under the adjunction of functors \l/e and $e- 

7.2. Properties of the pull-back and push-forward functors. 

7.2.1. Let C — ► D be a map of corings compatible with a fc-algebra map A — ► B. 

Theorem, (a) Assume that G is a flat right A-module. Then the functor 74 i — > 
qN maps D/B-coflat (T>/B-coprojective) left D-comodules to G/A-coflat (G/A-co- 
projective) left G-comodules. Assume additionally that D is a flat right B-module. 
Then the same functor applied to complexes maps coacyclic complexes of D/B-coflat 
D-comodules to coacyclic complexes of G-comodules. 

(b) Assume that G is a projective left A-module. Then the functor i — > e H 
maps D / 'B-coinjective left D-contramodules to G/A-coinjective left G-contramodules. 
Assume additionally that D is a projective left B-module. Then the same functor 
applied to complexes maps contraacyclic complexes of D / 'B-coinjective D-contramod- 
ules to contraacyclic complexes of G-contramodules. 

Proof. Part (a): the first assertion follows from parts (a) (with the left and right sides 
switched) and (b) of Proposition 17.1.31 To prove the second assertion, denote by %' 
the cobar resolution Q b ®bD — > Cb®_bD® b D — > • • • of the right D-comodule Gb- 
Then %* is a complex of D-coflat C-D-bicomodules and the cone of the morphism 
Gb — > %' is coacyclic with respect to the exact category of I?-flat C-D-bicomod- 
ules. Thus if IN* is a coacyclic complex of left D-comodules, then the complex of 
left C-comodules %' 0<r> 74' is coacyclic and if 74' is a complex of D/5-coflat left 
D-comodules, then the cone of the morphism Gb Dd 74' — ► %' 74' is coacyclic. 
The proof of part (b) is completely analogous. □ 
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7.2.2. It is obvious that the functor M i — ► maps complexes of A-flat 

C-comodules to complexes of 5-flat 2?-comodules. It will follow from the next The- 
orem that it maps coacyclic complexes of A-flat C-comodules to coacyclic complexes 
of D-comodules. 

Theorem, (a) Assume that the coring Q is aflat left and right A-module and the ring 
A has a finite weak homological dimension. Then any complex of A-flat Q-comodules 
that is coacyclic as a complex of C-comodules is coacyclic with respect to the exact 
category of A-flat Q-comodules. 

(b) Assume that the coring Q is a projective left and a flat right A-module and the 
ring A has a finite left homological dimension. Then any complex of A-projective left 
Q-comodules that is coacyclic as a complex of Q-comodules is coacyclic with respect 
to the exact category of A-projective left Q-comodules. 

(c) In the assumptions of part (b), any complex of A-injective left Q-contramodules 
that is contraacyclic as a complex of Q-contramodules is contraacyclic with respect to 
the exact category of A-injective left Q-contramodules. 

Proof. The proof is not difficult when k is a field, as in this case the functors of 
Lemmas II. 1.31 and 13. 1.31 can be made additive and exact. Then it follows that for any 
coacyclic complex of C-comodules M* the complex Li(M") is coacyclic with respect 
to the exact category of A-flat C-comodules, while it is clear that for any complex of 
A-flat C-comodules M* the cone of the morphism Li(M') — > M* is coacyclic with 
respect to the exact category of A-flat C-comodules. Besides, parts (b) and (c) can 
be derived from the result of Remark 15.51 using the cobar and bar constructions for 
C-comodules and C-contramodules. Finally, part (a) can be deduced from part (b) 
using Lemma 13.1.3( a). but this argument requires stronger assumptions on C and A. 

Here is a direct proof of part (a). Let us call a complex of C-comodules m-flat 
if its terms considered as A-modules have weak homological dimensions not exceed- 
ing m, and let us call an m-flat complex of C-comodules m-coacyclic if it is coacyclic 
with respect to the exact category of C-comodules whose weak homological dimen- 
sion over A does not exceed m. We will show that for any m-coacyclic complex 
of C-comodules JVC" there exists an (m — l)-coacyclic complex of C-comodules L' 
together with a surjective morphism of complexes L* — ► M* whose kernel %' is 
also (m — l)-coacyclic. It will follow that any (m — l)-flat m-coacyclic complex 
of C-comodules M is (m — l)-coacyclic, since the total complex of the exact triple 
9C* — >• — > M* is (m — l)-coacyclic, as is the cone of the morphism %' — > 
By induction we will deduce that any 0-flat (i-coacyclic complex of C-comodules is 
O-coacyclic, where d denotes the weak homological dimension of the ring A; that is a 
reformulation of the assertion (a). 

Let M* be the total complex of an exact triple of m-flat complexes of C-comodules 
'M* — ► "M* — > "'M\ Let us choose for each degree n projective A-modules 'G n and 
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"'G n endowed with surjective A-module maps 'G n — > 'M n and "'G n — ► w M n . The 
latter map can be lifted to an A-module map "'G n — > "M n , leading to a surjective 
map from the exact triple of A-modules 'G n — > 'G n © "'G n — > "'G n to the exact triple 
of C-comodules 'M n — > "M" — > w M n . Applying the construction of Lemma fl. 1.31 one 
can obtain a surjective map from an exact triple of A-flat C-comodules "P n — > "J" 1 — ► 
"'IP™ to the exact triple of C-comodules 'M n -> "M n -> '"M n . Now consider three 
complexes of C-comodules X*, 'X*, and "X* whose terms are MXL n = My™ -1 © Wy n 
and the differential dfaj.: WXL n — > maps My 1 into itself by the identity map 

and vanishes in the restriction to My n_1 and in the projection to Wy i + 1 . There are 
natural surjective morphisms of complexes wXL* — > ^M' constructed as in the proof 
of Theorem 15 .41 Taken together, they form a surjective map from the exact triple of 
complexes X* — > 'X* — > "X* onto the exact triple of complexes 'M* — > "3VC* — > "'JVC* . 
Let '3C* — > "3C* — > '"X* be the kernel of this map of exact triples of complexes; then 
the complexes *- s X* are 0-flat, while the complexes ( s >%' are (m — l)-flat. Therefore, 
the total complex L' of the exact triple X* — > 'X* — > "X* is O-coacyclic, while the 
total complex %' of the exact triple '%' — > "%' — > "'%' is (m — l)-coacyclic. There 
is a surjective morphism of complexes £/ — > M* with the kernel %'. 

Now let '3C* -►'£,•-> 'M* and "DC* -►"£"-> "M* be exact triples of complexes of 
C-comodules where the complexes '%', X', and 'X* are [m — l)-coacyclic, and 
suppose that there is a morphism of complexes 'M* — > "M*. Let us construct for 
the complex M* = cone('M* — > "M") an exact triple of complexes — > XL* — M* 
with (m — l)-coacyclic complexes %' and XL*. Denote by "X* the complex X* © 
'X*; there is the embedding of a direct summand X* — ► "X* and the surjective 
morphism of complexes "X* — > "M* whose components are the composition X* — ► 
'M* — ► "M* and the surjective morphism 'X* — > "M*. These two morphisms form 
a commutative square with the morphisms X* — > 'M* and 'M* — > "M*. The kernel 
"'%' of the morphism "X* — ► "M* is the middle term of an exact triple of complexes 
"%' — > "'%' — ► X*. Since the complexes "%' and X* are (m — l)-coacyclic, the 
complex "'%* is also (m — l)-coacyclic. Set XL* = cone(X* — > "X*) and %' = 
cone('!X* — > "'%*); then there is an exact triple of complexes %' — > XL* — > M* with 
the desired properties. 

Obviously, if certain complexes of C-comodules M* can be presented as quotient 
complexes of (m — l)-coacyclic complexes by (m — l)-coacyclic subcomplexes, then 
their direct sum M* can be also presented in this way. 

Finally, let M* — > 'M* be a homotopy equivalence of m-flat complexes of 
C-comodules, and suppose that there is an exact triple — > X* — > 'M* with 
(m — l)-coacyclic complexes '%' and X*. Let us construct an exact triple of com- 
plexes %' — > XL* — >• M* with (m — l)-coacyclic complexes %' and XL*. Consider the 
cone of the morphism M* — > 'M*; it is contractible, and therefore isomorphic to the 
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cone of the identity endomorphism of a complex of C-comodules N* with zero differ- 
ential. The complex N* is m-flat, so it can be presented as the quotient complex of a 
complex of A-flat C-comodules V by its (m — l)-flat subcomplex Q\ Hence the com- 
plex cone(M* — > 'M') is isomorphic to the quotient complex of a 0-flat contractible 
complex cone(idy.) by an (m — l)-flat contractible subcomplex cone(idQ.). 

As we have proven, for the cocone "M* of the morphism 'M* — > cone(M* — > 'M') 
there exists an exact triple "%' — > "&* — > "M* with (m — l)-coacyclic complexes "%' 
and "L*. The complex "M* is isomorphic to the direct sum of the complex M* and the 
cocone of the identity endomorphism of the complex 'M*. (Indeed, there is a term- 
wise split exact triple of complexes cone (id />(;.)[— 1] — > "M* — > M* and the complex 
cone(id'3v[.)[— 1] is contractible.) The latter cocone can be presented as the quotient 
complex of an (m — l)-flat contractible complex "J" by an (m — l)-flat contractible 
subcomplex '□*, e. g., by taking "J" = cone(id/^.)[— 1] and 'Q* = cone(id/gc.)[— 1]. 

Now suppose that there are exact triples "%' — > "L° — > "M* and 'Q* — > "J" — > 
'[NT* with (m — l)-coacyclic complexes "IK*, 'X*, and 'J 3 * for certain complexes 
"M* = M* © and 'XV Let us construct an exact triple % m -> £• -> M* with 
(m — l)-coacyclic complexes 3C* and (in fact, we will have %' = "%' and our 
construction with obvious modifications will work for the kernel M* of a surjective 
morphism of complexes "M* — > 'W). Set "'M* = M'ffi'O 5 *; then there is a surjective 
morphism of complexes '"M* — ► "M* with the kernel 'Q*. Let '"L* be the fibered 
product of the complexes '"M* and "L* over "M"; then there are exact triples of 
complexes — ► — > '"M* and 'Q* — ► "'L' — ► "L\ It follows from the 
latter exact triple that the complex is (m — l)-coacyclic. Furthermore, there is 
an injective morphism of complexes M* — > '"M* with the cokernel "J". Let L* be 
the fibered product of the complexes M* and "'L' over '"M*; then there are exact 
triples of complexes "X* — ► £• — >■ M* and L' — > '"L* — > It follows from 
the latter exact triple that the complex L' is (m — l)-coacyclic. 

Part (a) is proven; the proofs of parts (b) and (c) are completely analogous. □ 

Remark. It follows from part (a) of Theorem that (in the same assumptions) any co- 
acyclic complex of coflat C-comodules is coacyclic with respect to the exact category 
of coflat C-comodules. Indeed, for any complex of C-comodules M* coacyclic with 
respect to the exact category of A-flat C-comodules the complex R 2 (M*) is coacyclic 
with respect to the exact category of coflat C-comodules, and for any complex of coflat 
C-comodules M* the cone of the morphism M* — > R2(M*) is coacyclic with respect 
to the exact category of coflat C-comodules (by Lemma fl.2.2[) . Analogously, if C is 
a flat right A-module then any coacyclic complex of C/A-coflat left C-comodules is 
coacyclic with respect to the exact category of C/A-coflat left C-comodules. For copro- 
jective C-comodules, coinjective C-contramodules, (quite) C/A-injective C-comodules, 
and (quite) C/A-projective C-contramodules even stronger results are provided by Re- 
mark [531 Theorem 15.41 and Theorem 15.51 
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7.3. Derived functors of pull-back and push-forward. Let C — ► D be a map 

of corings compatible with a k- algebra map A — > B. 

Assume that C is a flat right A-module and D is a flat right -B-module. Then 
the functor mapping the quotient category of the homotopy category of complexes 
of D/i?-coflat left D-comodules by its intersection with the thick subcategory of 
coacyclic complexes to the coderived category of left D-comodules is an equivalence 
of triangulated categories by Lemma [2761 Indeed, for any complex of left D-comodules 
Ji* there is a morphism from N* into a complex of D/5-coflat D-comodules K^N') 
with a coacyclic cone, which was constructed in l2.5l Compose the functor X* i — > eN° 
acting from the homotopy category of left D-comodules to the homotopy category 
of left C-comodules with the localization functor Hot(C-comod) — > D co (C-comod) 
and restrict it to the full subcategory of complexes of D/5-coflat D-comodules. By 
Theorem 17.2.1( a). this restriction factorizes through the coderived category of left 
D-comodules. Let us denote the right derived functor so obtained by 

W i — ► §>[•: D co (D-comod) ► D co (e-comod). 

According to Lemma 11)751 2. this definition of a right derived functor does not depend 
on the choice of a subcategory of adjusted complexes. 

Assume that C is a flat left and right A-module, A has a finite weak homological 
dimension, and D is a flat right .B-module. Then the functor mapping the quo- 
tient category of the homotopy category of complexes of A-flat C-comodules by its 
intersection with the thick subcategory of coacyclic complexes to the coderived cat- 
egory of C-comodules is an equivalence of triangulated categories by Lemma 12.61 
Indeed, for any complex of C-comodules M* there is a morphism into M* from a 
complex of A-flat C-comodules Li(M') with a coacyclic cone, which was constructed 
in 12. 51 Compose the functor M* i — > #M* acting from the homotopy category of 
left C-comodules to the homotopy category of left D-comodules with the localization 
functor Hot(D-comod) — > D co (D-comod) and restrict it to the full subcategory of 
complexes of A-flat C-comodules. It follows from Theorem 17.2.2( a) that this restric- 
tion factorizes through the coderived category of left C-comodules. Let us denote the 
left derived functor so obtained by 

M* i — >^JVP: D co (C-comod) ► D co (D-comod). 

According to Lemma [6.51 2. this definition of a left derived functor does not depend 
on the choice of a subcategory of adjusted complexes. 

Analogously, assume that C is a projective left A-module and D is a projective left 
.B-module. Then the left derived functor 

0*i — D ctr (D-contra) ► D ctr (C-contra) 

is defined by restricting the functor 0" i — > e 0* to the full subcategory of complexes 
of D/i?-coinjective left D-contramodules. 
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Assume that C is a projective left and a flat right A-module, A has a finite left 
homological dimension, and D is a projective left -B-module. Then the right derived 
functor 

qr i — >£<p*: D ctr (e-contra) ► D ctr (2)-contra) 

is defined by restricting the functor i — > ^^p* to the full subcategory of complexes 
of A-injective left C-contramodules. 

Properties of the above-defined derived functors will be studied (in the greater 
generality of semimodules and semicontramodules) in Section [SJ In particular, the 
functor N* i — > gK* is right adjoint to the functor M* i — > B M.* when the latter is 
defined; the functor £2* i — > is left adjoint to the functor ^3* i — ► when 
the latter is defined; the equivalences of categories D co (C-comod) ~ D ctr (C-contra) 
and D co (2)-comod) ~ D ctr (D-contra), when they are defined, thansform the functor 
N" i — ► g!N* into the functor £2* i — > and there are formulas connecting our 

derived functors with the derived functors Ctrtor, Cotor and Coext. 

7.4. Faithfully flat/projective base ring change. 

7.4.1. The main ideas of the following are due to Kontsevich and Rosenberg [33] . 

Let C be a coring over a fc-algebra A and A — > B be a /c-algebra morphism. 
The coring b^-b over the fc-algebra B is constructed in the following way. As a 
£>-£>-bimodule, b^b is equal to B ® A Q® A B . The comultiplication in b &b is defined 
as the composition B ® A t® A B — > B® A G® A G® A B — > B® A G® A B® A G® A B = 
(B ® A C ® A B) ® B (B ®a C ®a B) of the map induced by the comultiplication in C 
and the map induced by the map A — > B. The counit in b&b is defined as the 
composition B ®> A C ® A B — > B ® A B — > B of the map induced by the counit in C 
and the map induced by the multiplication in B. 

The coring b^b is a universal initial object in the category of corings T> over B 
endowed with a map C — ► 2) compatible with the map A — > B. 

As always, B is called a faithfully flat right A-module if it is a flat right 
A-module and for any nonzero left A-module M the tensor product B ® A M is 
nonzero. Assuming the former condition, the latter one holds if and only if the map 
M = A ® A M — ► B ® A M is injective for any left A-module M. Therefore, B is 
a faithfully flat right A-module if and only if the map A — ► B is injective and its 
cokernel A/B is a flat right A-module. Analogously, the ring B is called a faith- 
fully projective left A-module if it is a projective generator of the category of left 
A-modules, i. e., it is a projective left A-module and for any nonzero left A-module P 
the module Hom A (B,P) is nonzero. Assuming the former condition, the latter one 
holds if and only if the map Hom A (B, P) — > Hom A (A, P) = P is surjective for any 
left A-module P. Therefore, B is a faithfully projective left A-module if and only if 
the map A — > B is injective and its cokernel A/B is a projective left A-module. 
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If the coring C is a flat right A- module and the ring B is a faithfully flat right 
A-module, then the functors M i — > and IN i — > eN are mutually inverse equiv- 
alences between the abelian categories of left C-comodules and left sCs-comodules. 
Analogously, if C is a projective left A-module and B is a faithfully projective left 
A-module, then the functors ^3 i — ► and i — ► e Q are mutually inverse equiv- 
alences between the abelian categories of left C-contramodules and left ^C^-con- 
tramodules. Both assertions follow from the next general Theorem, which is the 
particular case of Barr-Beck Theorem |36j for abelian categories and exact functors. 

Theorem. If A : B — ► A is an exact functor between abelian categories mapping 
nonzero objects to nonzero objects and T : A — ► B is a functor left (resp., right) 
adjoint to A ; then the natural functor from the category B to the category of modules 
over the monad Ar (resp., comodules over the comonad Arj over the category A is 
an equivalence of abelian categories. □ 

To prove the first assertion, it suffices to apply Theorem to the functor A: 
C-comod — ► -B-mod mapping a C-comodule M to the .B-module B ® A M and the 
functor T: -B-mod — ► C-comod right adjoint to A mapping a .B-module U to the 
C-comodule C <EU U. To prove the second assertion, apply Theorem to the functor 
A : C-contra — > -B-mod mapping a C-contramodule ^3 to the -B-module Hom^-B, *}3) 
and the functor T : .B mod — > C-contra left adjoint to A mapping a -B-module V to 
the C-contramodule Hom^(C, V). 

7.4.2. Let C be a coring over a /c-algebra A and A — > B be a A;-algebra morphism. 

Assume that C is a flat left and right A- module and B is a faithfully flat left 
and right A-module. Then it follows from Proposition 17.1.3( a) that for any right 
C-comodule IN and any left C-comodule M there is a natural map IN" De M — ► 
Nb ^ B e B bM, which is an isomorphism, at least, when one of the A- modules IN and 
M is flat or one of the sCs-comodules INb and #M is quasicoflat. Analogously, assume 
that C is a projective left and a flat right A-module and B is a faithfully projective 
left and a faithfully flat right A-module. Then it follows from Proposition I7.1.3( b-c) 
that for any left C-comodule M and any left C-contramodule ^3 there is a natural 
map Cohom s e s ( B M, B ^p) — ► Cohom e (M, ^3), which is an isomorphism, at least, 
when the A-module M is projective, the A-module ^3 is injective, the sCs-comodule 
is quasicoprojective, or the sCs-contramodule B ^3 is quasicoinjective. 

Remark. In general the map NDgM — > IN# ^ B e B is not an isomorphism, even 
under the strongest of our assumptions on A, B, and C. For example, let C = A and 
B G B = B ®a -B; then IN D e M = IN <g> A M, while N B ^ B e B is the kernel of the 
pair of maps IN ® A B ® a M =^ IN ® A B ® A B ® A M induced by the map A — ► B. 
The sequence — > N ® A M — > N ® A B ® A M — > N ® A B ® A B ® A M is exact 
if one of two A-modules M and N is flat or admits a -B-module structure, but in 
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general the map N ®a M — > N <&a B ®a M is not injective. Indeed, let A; be a 
field, A = k[x] be the algebra of polynomials in one variable, and B = k[x, d x ] be the 
algebra of differential operators in the affine line. Let M = k = N be one-dimensional 
A-modules with the trivial action of x. Then the map N <EU M — > N ®a B <S>a M 
is zero, since m®l®n = m® (d x x — xd x ) ® n = in A" <S>a B <S>a M. 

Assume that C is a projective left and a flat right A-module and B is a faithfully 
projective left and a faithfully flat right A-module. Then the equivalences between 
the categories C-comod and B C£-comod and between the categories C-contra and 
sC^-contra transform the functors \l/e and $e into the functors ^ B e B and & B e B - 
Indeed, one has Hom BeB ( B Q B , B M) = Hom e (Cs,M) = Hom^(_B, Hom e (C, M)) and 
b^b & B e B B ty = b& &e%$ = B ® A (6 ©e Alternatively, the same isomorphisms 
can be constructed as in 17. 1.41 using Propositions 15.21 1(e) and 15.21 2(e). 

7.4.3. Let C be a coring over a fc-algebra A and A — > B be a A;-algebra morphism. 

Obviously, if C is a flat right A-module and B is a faithfully flat right A-module, 
then a complex of left C-comodules M* is coacyclic if any only if the complex of left 
sCs-comodules bM* is coacyclic. So the functor M* i — > bM* induces an equivalence 
of the coderived categories of left C-comodules and left bCb-co modules. If C is a pro- 
jective left v4-module and B is a faithfully projective left A-module, then a complex 
of left C-contramodules ^3* is contraacyclic if and only if the complex of ^C^-contra- 
modules B( #' is contraacyclic. So the functor ^3* i — > B< $' induces an equivalence of 
the contraderived categories of left C-contramodules and left sCs-contramodules. 

If C is a flat left and right A-module, B is a faithfully flat left and right A-module, 
and A and B have finite weak homological dimensions, then the equivalences of cat- 
egories D c °(comod-C) ~ D co (comod-BCB) and D c °(C-comod) ~ D co ( B e B -comod) 
transform the derived functor Cotor 6 into the derived functor Cotor sCs . If C is 
a projective left and a flat right A-module, B is a faithfully projective left and 
a faithfully flat right A-module, and A and B have finite left homological dimen- 
sions, then the equivalences of categories D co (C-comod) ~ D co (£C£-comod) anc l 
D ctr (C-contra) ~ D ctr ( B Ce-contra) transform the derived functor Coext e into the 
derived functor Coext B e s - in the same assumptions, the same equivalences of cat- 
egories transform the mutually inverse functors M^g and L$g into the mutually 
inverse functors IR^gg an d L$ fl e fl . If C is a flat right A- module, B is a faithfully 
flat right A-module, and A and B have finite left homological dimensions, then the 
above equivalence of categories transforms the functor Exte into the functor Ext s e s - 
If C is a projective left /1-module, B is a faithfully projective left A-module, and A and 
B have finite left homological dimensions, then the above equivalences of categories 
transform the functors Ext e and Ctrtor e into the functors Ext BCs and Ctrtor ses . 

These isomorphisms of functors can be deduced from the uniqueness/universality 
assertions of Lemmas 12 . 71 and 16.51 2 or derived from the preservation/reflection results 
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of the next Remark. Besides, they are particular cases of the much more general 
isomorphisms constructed in Section El 

Remark. In the strongest of the above flatness/projectivity and homological dimen- 
sion assumptions, almost all the properties of comodules and contramodules over 
corings considered in this book are preserved by the passages from a coring C to 
the coring B G B and back. This applies to the properties of coflatness, coprojectivity, 
coinjectivity, relative coflatness, relative coprojectivity, relative coinjectivity, injectiv- 
ity, projectivity, contraflatness, relative injectivity, relative projectivity, relative con- 
traflatness. All of this follows from the facts that an ^4-module M is flat if and only if 
the .B-module B®aM is flat, an A-module M is projective if and only if the .B-module 
B ®a M is projective, and an A-module P is injective if and only if the .B-module 
Hom j4 (_B, P) is injective. Indeed, suppose that the left .B-module -Btgi^M is flat. Any 
flat left .B-module is a flat left A-module, since the ring B is a flat left A-module. 
Consider the tensor product of complexes (A — > B) ®a • • • ®a (A — > B) <S)a M, 
where the number of factors A — > B is at least equal to the weak homological di- 
mension of A. This complex is exact everywhere except its rightmost term, since 
the map A — > B is injective and B/A is a flat right A-module. Since all terms of 
this complex, except possibly the leftmost one, are flat left A-modules, the leftmost 
term A is also a flat left A-module. Alternatively, one can consider the complex 
M — > B ® a M — > B <g> a B <S)a M — > ■ ■ ■ with the alternating sums of the maps 
induced by the map A — > B as the differentials; this complex of left A-modules is 
acyclic, since the induced complex of left -B-modules is contractible. Notice that the 
assumption of finite weak homological dimension of the ring A is necessary for this 
argument, since otherwise the ring B can be absolutely flat while the ring A is not 
(see Remark 18.4.31) . Assuming only that C is a flat right A-module and B is a faith- 
fully flat right ^4-module, the right ^CB-comodule Jf B is coflat if a right C-comodule 
3\f is coflat, etc. On the other hand, even under the strongest of the above assump- 
tions there are more quite C/A-injective C-comodules than quite sCs/i^-injective 
b&b-co modules and there are more quite C/A-projective C-contramodules than quite 
^C_B/-B-projective ^CB-contramodules; i. e., quite relative injectivity and quite rel- 
ative projectivity is not preserved by the equivalences of categories M i — ► #M and 
*P i — ► in general. Analogously, there are more quasicoflat C-comodules than qua- 
sicoflat bGb-co modules. Indeed, consider the case when C = A and b^b = B ®a B. 
Then all C-comodules are coinduced and all C-contramodules are induced, while a 
#C£-comodule i s quite BCs/5-injective, or a #C_B-contramodule is quite bCb/ 'S-pro- 
jective, if and only if the corresponding A-module is a direct summand of an A-module 
admitting a -B-module structure. For example, if A = k[x] and B = k[x,d x ] as in 
Remark 17.4.21 then the one- dimensional A-module M with the trivial action of x is 
not the direct summand of any A-module admitting a -B-module structure, since the 
equation xm = would imply m = —xd x m. At the same time, any projective left 
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A-module is a direct summand of a projective left -B-module and any injective left 
A-module is a direct summand of an injective left -B-module. It follows, in partic- 
ular, that the cokernel of an injective morphism of quite C/A-injective C-comodules 
is not always quite G/A- injective and the kernel of a surjective morphism of quite 
C/A-projective C-contramodules is not always quite C/A-projective. 

7.5. Remarks on Morita morphisms. 

7.5.1. A Morita morphism from a A;- algebra A to a k- algebra B is an A-B-bimodule 
E such that E is a finitely generated projective right -B-module. For any Morita 
morphism E from A to B, set E v = Hohibo P (B, _B); then E v is a .B-A-bimodule and 
a finitely generated projective left -B-module. To any fc-algebra morphism A — > B, 
one can assign a Morita morphism E = B = E v from A to B. 

Equivalently, a Morita morphism from A to B can be defined as a pair consisting 
of an A-i?-bimodule E and a S-A-bimodule E v endowed with an A-A-bimodule 
morphism A — > E® B E y and a .B-.B-bimodule morphism E v <S> A E — > B such that 
the two compositions E — ► E® B E y ® A E — ► E and B v — > E V ® A E® B E V — ► E v 
are equal to the identity endomorphisms of E and E v . 

For any Morita morphism E from A to B the functor N i — > A N = E ® B N = 
Hom^(i? v , N) from the category of left 5-modules to the category of left A-modules 
has a left adjoint functor M i — ► B M = E y ®a M and a right adjoint functor P i — ► 
B P = Rom A (E, P). Analogously, the functor N i — > N A = N® B E V = Hom B o P (B, N) 
from the category of right 5-modules to the category of right A-modules has a left 
adjoint functor M i — > M B = M <S>a E and a right adjoint functor P i — > P B = 
Hom B op(E v ,P). 

Let C be a coring over a fc-algebra A and £ be a Morita morphism from A to 
B. Then there is a coring structure on the £>-B>-bimodule B G B = E y ® A C ®a E 
defined in the following way [IT]. The comultiplication in B G B is the composition 
E y ® A £® A E — ► E y ® A G® A G® A E — > E v ® A e® A E® B E v ® A e® A Eofthe map 
induced by the comultiplication in C and the map induced by the map A — > E® B E y . 
The counit in B G B is the composition E y ® A G ® A E — > E y ® A E — > B, where the 
first map is induced by the counit in C. 

All the results of l7.1f[7T3l can be generalized to the situation of a Morita morphism E 
from a fc-algebra A to a fc-algebra B and a morphism B G B — > D of corings over B. 
In particular, for any left C-comodule M there is a natural D-comodule structure 
on the .B-module B M, = E y ® A M, and analogously for right comodules and left 
contramodules. For any right C-comodule M' and any left C-comodule M" there is 
a natural map M! D e M" — > M' B B M" compatible with the map M' <g) A M" — ► 
®b bM", etc. All the results of 17.41 can be generalized to the case of a Morita 
morphism E from a /c-algebra A to a fc-algebra B. In particular, E y is a (faithfully) 
flat right A-module if and only if E ® B E y is a (faithfully) flat right A-module, etc. 
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7.5.2. One would like to define a Morita morphism from a coring C to a coring D 
as a pair consisting of a C-D-bicomodule £ and a D-C-bicomodule £ v endowed with 
maps C — > £ Dd £ v and £ v Dq £ — > D satisfying appropriate conditions. This 
works fine for coalgebras over fields, but in the coring situation it is not clear how to 
deal with the problems of nonassociativity of the cotensor product. That is why we 
restrict ourselves to the special case of coflat/coprojective Morita morphisms. 

Notice that, assuming 2) to be a flat right -B-module, a /c-linear functor 
A : C-comod — > D-comod is isomorphic to a functor of the form M i — > XDeM for 
a certain D-C-bicomodule % if and only if it preserves cokernels of the morphisms 
coinduced from morphisms of A-modules, kernels of A-split morphisms, and infinite 
direct sums. Analogously, assuming D to be a projective left -B-module, a fc-linear 
functor A: C-contra — > D-contra is isomorphic to a functor of the form *p i — > 
Cohome(DC, ^P) for a certain C-D-bicomodule % if and only if it preserves kernels of the 
morphisms induced from morphisms of A-modules, cokernels of A-split morphisms, 
and infinite direct products. Indeed, let us compose our functor A with the induction 
functor A-mod — > C-contra and with the forgetful functor D-contra — ► -B-mod; 
then the functor A-mod — ► -B-mod so obtained has the form U i — > Hom.^(JC,U) 
for an v4-.B-bimodule %. This follows from a theorem of Watts about representability 
of left exact product-preserving covariant functors on the category of modules over a 
ring, which is a particular case of the abstract adjoint functor existence theorem [36J. 
The morphism of functors Hom^C, Hom^C, U)) — > Hom^C, U) induces a left 
C-coaction in %, while the functorial D-contramodule structures on the .B-modules 
Hom^(3C, U) induce a right D-coaction in %. Since the functor A sends the exact 
sequences Hohia(C, Hom^(C, ^3)) — >■ Homyi(C,^P) — >■ ^} — >■ to exact sequences, 
it is isomorphic to the functor *p i — > Cohome(DC, ^3). 

Let C be a coring over a A;- algebra A and D be a coring over a fc-algebra B. Assume 
that C is a flat right A-module and D is a flat right -B-module. A right coflat Morita 
morphism from C to 2) is a pair consisting of a D-coflat C-D-bicomodule £ and a 
C-coflat X>-C-bicomodule £ v endowed with a C-C-bicomodule morphism C — > £Dd£ v 
and a D-D-bicomodule morphism £ v Dg £ — > D such that the two compositions 
£ — ► £ £ v D e £ — > £ and £ v — > £ v D e £ □© £ v are equal to the identity 
endomorphisms of £ and £ v . A right coflat Morita morphism (£, £ v ) from C to D 
induces an exact functor M i — > = £ v DeM from the category of left C-comodules 
to the category of left D-comodules and an exact functor 74 i — ► eN = £ Dd ^N" from 
the category of left D-comodules to the category of left C-comodules; the former 
functor is left adjoint to the latter one. Conversely, any pair of adjoint exact fc-linear 
functors preserving infinite direct sums between the categories of left C-comodules 
and left D-comodules is induced by a right coflat Morita morphism. 

Analogously, assume that C is a projective left ^4-module and D is a projective 
left .B-module. A left coprojective Morita morphism from C to D is defined as a pair 
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consisting of a C-coprojective C-D-bicomodule £ and a D-coprojective D-C-bicomod- 
ule £ v endowed with a C-C-bicomodule morphism C — > £ Dn £ v and a D-D-bico- 
module morphism £ v \3q £ — > D satisfying the same conditions as above. A left 
coprojective Morita morphism (£, £ v ) from C to D induces an exact functor *}3 i — ► 
= Cohome(£,*|}) from the category of left C-contramodules to the category of 
left D-contramodules and an exact functor i — > e = Cohonix>(£ v , 0) from the 
category of left D-contramodules to the category of left C-contramodules; the former 
functor is right adjoint to the latter one. Conversely, any pair of adjoint exact fc-linear 
functors preserving infinite products between the categories of left C-contramodules 
and left D-contramodules is induced by a left coprojective Morita morphism. 

All the results of l7.H - [7T3"l can be extended to the situation of a left coprojective and 
right coflat Morita morphism from a coring C to a coring D. In particular, for any 
right C-comodule M and any left D-contramodule the compositions (M Dq £) 0s 
— > (M D e £) 2 Cohom e (£,Cohom B (£ v ,n)) — > M e Cohom 1) (£ v , £3) and 
M0 e Cohom B (£ v ,0) — ► (Mn e £D:D£ v ) e Cohom 1) (£ v , £3) — > (MD e £) 0^0 of 
the maps induced by the morphisms £ v De£ — ► D and C — ► £Dd£ v and the natural 
"evaluation" maps are mutually inverse isomorphisms between the fc-modules Mx>0d 
and M 0e e 0- For any left D-contramodule there are natural isomorphisms of 
left C-comodules $ e ( e 0) = C 0g e ~ Cd 0d — £ 0d — £ (D 0d 0) = 
e($x>£3) by Proposition 15.21 1(e). etc. However, one sometimes has to impose the 
homological dimension conditions on A and B where they were not previously needed 
and strengthen the quasicoflatness (quasicoprojectivity, quasicoinjectivity) conditions 
to coflatness (coprojectivity, coinjectivity) conditions. 

7.5.3. A right coflat Morita equivalence between corings C and D is a right coflat 
Morita morphism (£,£ v ) from C to D such that the bicomodule morphisms C — ► 
£Dd£ v and £ v De£ — > D are isomorphisms; it can be also considered as a right coflat 
Morita morphism (£ v , £) from D to C. Left coflat Morita equivalences and left copro- 
jective Morita equivalences are defined in the analogous way. A right coflat Morita 
equivalence between corings C and D induces an equivalence of the categories of left 
C-comodules and left D-comodules, and, assuming that C is a flat right A-module 
and D is a flat right -B-module, any equivalence between these two fc-linear categories 
comes from a right coflat Morita equivalence. Analogously, a left coprojective Morita 
equivalence between corings C and D induces an equivalence of the categories of left 
C-contramodules and left D-contramodules, and, assuming that C is a projective left 
A-module and D is a projective left -B-module, any equivalence between these two 
fc-linear categories comes from a left coprojective Morita equivalence. 

Let C be a coring over a fc-algebra A and (E, E y ) be a Morita morphism from A 
to B. If C is a flat right A-module and E v is a faithfully flat right A-module, then 
the pair of bicomodules £ = C# = C 0^ E and £ v = B Q = E y 0^ C is a right coflat 
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Morita equivalence between the corings C and b^b- Analogously, if C is a projective 
left A-module and E is a faithfully projective left A-module, then the same pair of 
bicomodules £ = C# and £ v = #C is a left coprojective Morita equivalence between 
the corings C and b^b- This is a reformulation of the results of 17.4.11 in the case of 
a Morita morphism of /c-algebras. 

All the results of 17.4.31 can be generalized to the situation of a Morita equivalence, 
satisfying appropriate coflatness/coprojectivity conditions, between corings C and T>. 
The same applies to the results of !7.4.2[ with homological dimension conditions added 
when necessary and the quasicoflatness (quasicoprojectivity, quasicoinjectivity) con- 
ditions strengthened to coflatness (coprojectivity, coinjectivity) conditions. 

Remark. When the rings A and B are semisimple, one can consider Morita mor- 
phisms from the coring C to the coring T) without any coflatness/coprojectivity con- 
ditions imposed. Moreover, for any Morita morphism (£,£ v ) from C to D the left 
C-comodule £ is coprojective and the right C-comodule £ v is coprojective. In par- 
ticular, any Morita equivalence between C and T) is left and right coprojective. On 
the other hand, without such conditions on the rings A and B not every right coflat 
Morita equivalence between C and D is a left coflat Morita equivalence. For example, 
when C is a finite-dimensional coalgebra over a field k, B is the algebra over k dual 
to C, and D = B, the right coflat Morita equivalence between C and D inducing the 
equivalence of categories C-comod ~ B-mod is not left coflat, since this equivalence 
of categories does not preserve coflatness of comodules. 
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8. FUNCTORIALITY IN THE SEMIALGEBRA 



8.1. Compatible morphisms. Let C — > T> be a map of corings compatible with 
a /c-algebra map A — > B. Let S be a semialgebra over the coring C and T be a 
semialgebra over the coring T>. 

8.1.1. A map S — > 7 is called compatible with the maps A — > B and C — > D if 
the biaction maps A ®k S ®k A — > S and B <S>k 7 ®k B — > 7 form a commutative 
diagram with the maps S — > 7 and A ®k S ®fe A — > B ®^7 ®k B (that is the map 
S — > 7 is an A-A-bimodule morphism), the bicoaction maps S — > C (g)^ S <g> A C 
and CT — > 2) <g> B CT <g> B D form a commutative diagram with the maps S — ► 7 
and C ® A S <S) A C — ► 2) ® B T <g> B X) (that it the induced map 5 <8u S ® A B — > 
7 is a D-D-bicomodule morphism), and furthermore, the semimultiplication maps 
S De S — >■ S and 7 Dp — ► CT and the semiunit maps C — > S and D — > 7 form 
commutative diagrams with the maps C — > D, S — > T, and S D e S — > CT Dp T. 

Let S — ► 7 be a map of semialgebras compatible with a map of corings C — > T> 
and a /c-algebra map A — > B. Let M be a left S-semimodule and [NT be a left 
CT-semimodule. A map JVC — > JV is called compatible with the maps A — > B, 
C — ► T>, and S — > 7 if it is compatibe with the maps A — > B and C — > T> as a 
map from a C-comodule to a D-comodule and the semiaction maps S D e JVC — ► M 
and T D-p JV — ► JV form a commutative diagram with the maps JVC — ► JV and 
SDeM — > 7n<r>J4. Analogously, let ^3 be a left S-semicontramodule and be a left 
CT-semicontramodule. A map — > ^5 is called compatible with the maps A — > B, 
C — > 2), and S — > T if it is compatibe with the maps A — > B and C — > T> as 
a map from a D-contramodule to a C-contramodule and the semicontraaction maps 
^5 — > Cohom e (S, ?p) and — > Cohomp(CT, 0) form a commutative diagram with 
the maps — > ^5 and Cohom^T, 0) — > Cohomg(S, ^3). 

Let JVC' — >■ JV' be a map from a right S-semimodule to a right CT-semimodule 
compatible with the maps A — > B, G — >■ 2), and S — > 7, and let M" — > JV" 
be a map from a left S-semimodule to a left CT-semimodule compatible with the 
maps A — > B, C — > 2), and S — > 7. Assume that the triple cotensor products 
JVC' De S De JVC" and JV' Dp, 7 Od JV" are associative. Then there is a natural map 
of fc-modules JVC' Os M" — ► JV' Os N". Analogously, let JVC — ► JV be a map from 
a left S-semimodule to a left CT-semimodule compatible with the maps A — ► B, 
C — > D, and S — > 7, and let £} — > be a map from a left T-semicontramod- 
ule to a left S-semicontramodule compatible with the maps A — > B, C — > D, 
and S — ► 7. Assume that the triple cohomomorphisms Cohom e (S Oq JVC, ^J) and 
Cohomx,(T D-p JV, 0) are associative. Then there is a natural map of /c-modules 
SemiHom T (JV, 0) — ► SemiHom s (JVC, «p). 
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8.1.2. Let S — > J be a map of semialgebras compatible with a map of corings 
C — ► D and a /c-algebra map A — >■ B. 

Assume that C is a flat right A-module and either S is a coflat right C-comodule, 
or S is a flat right A-module and a C/A-coflat left C-comodule and A has a finite 
weak homological dimension, or A is absolutely flat. Then for any left T-semimod- 
ule N there is a natural S-semimodule structure on the left C-comodule qN. It is 
constructed as follows: the composition S Uq qN — > 7 N — ► N of the map 
induced by the maps S — ► 7 and eN — >■ N with the T-semiaction in N is a 
map from a C-comodule to a D-comodule compatible with the maps A — > B and 
C — > T>, hence there is a C-comodule map S Dq eN — ► ^N. Analogously, assume 
that C is a projective left A-module and either S is a coprojective left C-comodule, or 
S is a projective left A-module and a C/A-coflat right C-comodule and A has a finite 
left homological dimension, or A is semisimple. Then for any left CT-semicontramod- 
ule there is a natural S-semicontramodule structure on the left C-contramodule 
e Q. Indeed, the composition — > Cohomi)(T, 0) — > Cohome(S, e £3) is a map 
from a D-contramodule to a C-contramodule compatible with the maps A — ► B 
and C — > D, hence a C-contramodule map e £3 — ► Cohome(S, e O). Assuming 
that D is a flat right 5-module, C is a flat right A-module, and S is a coflat right 
C-comodule, for any D-coflat right CT-semimodule 3V there is a natural S-semimodule 
structure on the coflat right C-comodule ]\fe and for any D-coinjective left T-semi- 
contramodule there is a natural S-semicontramodule structure on the coinjective 
left C-contramodule e £3 provided that B is a flat right A-module. 

Assume that C is a flat right A-module, S is a coflat right C-comodule, D is a flat 
right -B-module, and 7 is a coflat right 2)-comodule. Then the functor 3NT i — > e^M" 
from the category of left T-semimodules to the category of left S-semimodules has 
a left adjoint functor M i — >■ jM, which is constructed as follows. For induced left 
S-semimodules, one has o-(SDe£) = 70^ to compute the CT-semimodule o-^VC for 
an arbitrary left S-semimodule DVC, one can represent 3Vt as the cokernel of a morphism 
of induced S-semimodules. Both /c-modules Homg(3Vt, eN) and Hom^jOVt, 3V) are 
isomorphic to the /c-module of all maps of semimodules M — > N compatible with 
the maps A — > B, C — > T>, and S — > 7. There are also a few situations when 
the functor M i — > ?3Vl is defined on the full subcategory of induced S-semimodules. 
Under analogous assumptions, the functor 3VC i — > left adjoint to the functor 
INT i — > Ne acts from the category of right S-semimodules to the category of right 
T-semimodules. 

Now assume that C is a flat left and right A-module, S is a flat left A-module and 
a coflat right C-comodule, A has a finite weak homological dimension, D is a flat 
right -B-module, and 7 is a coflat right 2?-comodule. Then the functor 3NT i — > qN 
can be constructed in a different way: when M is a flat left A-module, one has 
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<j3vl = 7q <0s where 7q = TDd #C is a T-S-bisemimodule with the right S-semi- 
module structure provided by the above construction. To compute the T-semimodule 
j-M for an arbitrary left S-semimodule M, one can represent M as the cokernel of a 
morphism of A-flat S-semimodules. Assuming only that C is a flat right A-module, 
S is a coflat right C-comodule, D is a flat right -B-module, and 7 is a coflat right 
2)-comodule, the functor JA i — > jjOVt can be defined by the formula y}A = 7q Os 3VC 
for any 3Vt whenever B is a flat right A-module. If C is a flat left and right A-module, 
S is a coflat left and right C-comodule, D is a flat right -B-module, and 7 is a coflat 
right 2)-comodule, the functor M i — > jM is given by the formula -jM. = 7q Os M 
on the full subcategory of C-coflat S-semimodules M. 

Furthermore, assume that C is a projective left A-module, S is a coprojective left 
C-comodule, D is a projective left -B-module, and 7 is a coprojective left 2)-comodule. 
Then the functor £2 i — > e £j from the category of left CT-semicontramodules to 
the category of left S-semicontramodules has a right adjoint functor ^3 i — > T ^3, 
which is constructed as follows. For coinduced left S-semicontramodules, one has 
T Cohonie(S, -SK) = Cohomxi(T, B 9V); to compute the CT-semicontramodule for 
an arbitrary left S-semicontramodule ^J, one can represent ^3 as the kernel of a 
morphism of coinduced S-semicontramodules. Both fc-modules Hom s ( e £j, Vfi) and 
Horn (£1, are isomorphic to the fc-module of all maps of semicontramodules 
£2 — ► ^5 compatible with the maps A — ► B, C — > D, and S — > 7. There are 
also a few situations when the functor i — > is defined on the full subcategory 
of coinduced S-semicontramodules. 

Now assume that C is a projective left and a flat right A-module, S is a coprojective 
left C-comodule and a flat right A-module, A has a finite left homological dimension, 
D is a projective left -B-module, and 7 is a coprojective left D-comodule. Then the 
functor <p — > T «p can be constructed in a different way: when ^3 is an injective 
left A-module, = SemiHoms( e CT, to compute the T-semicontramodule 
for an arbitrary left S-semicontramodule ^3, one can represent as the kernel of a 
morphism of A-injective S-semicontramodules. Assuming only that C is a projective 
left A-module, S is a coprojective left C-comodule, D is a projective left -B-module, 
and 7 is a coprojective left 2)-comodule, the functor *p i — ► can be defined by 
the formula = SemiHomg(eCT, ^J) for any whenever 5 is a projective left 
A-module. If C is a projective left and a flat right A-module, S is a coprojective 
left and a coflat right C-comodule, D is a projective left .B-module, and 7 is a 
coprojective left 2)-comodule, the functor ^3 i — > is given by the formula = 
SemiHoms(e?', 9?) on the full subcategory of C-coinjective S-semicontramodules ^3. 

Assume that C is a projective left A-module, S is a coprojective left C-comodule, 
D is a projective left -B-module, and 7 is a coprojective left D-comodule. Then for 
any right S-semimodule HVC and any left T-semicontramodule £J there is a natural 
isomorphism JA? @ 7 Q. ~ M ®§ e £j. Moreover, both /c-modules are isomorphic to 
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the cokernel of the pair of maps (JVC Dq S)b 0b O =4 Ms 0b £3 one of which is 
induced by the S-semiaction in 3VC and the other is defined in terms of the morphism 
(MDcS)b — > JVCbDdT, the CT-semicontraaction in £2, and the natural "evaluation" 
map (M B Dj, 7) s Cohom^T, 0) — ► M B S £2. This is clear for M ® s e £2, and 
to construct this isomorphism for Mj%£l it suffices to represent M as the cokernel 
of the pair of morphisms of induced S-semimodules 3VC Dg S Og S =4 3VC Dg S. In the 
above situations when 3VCj- = M Os e^> this isomorphism can be also constructed by 
representing My as the cokernel of the pair of CT-semimodule morphisms M Dg S De 
e T =4 M Dg gT and using the isomorphisms M Dg gT ~ Mb Dd T. 

8.1.3. Let S — > 7 be a map of semialgebras compatible with a map of corings 
C — ► D and a A;-algebra map A — ► B. 

Proposition, (a) Let 3VC be a left S-semimodule and N be a right 7-semimodule. 
Then the semitensor product -jM. = Tg Os 3VC can be endowed with a left 7-semi- 
module structure via the construction of \1.4-4\ an d the map of semitensor products 
Ng Os 3VC — > N Ot t^VC induced by the maps of semimodules Ng — ► N and 3VC — ► 
crM is an isomorphism, at least, in the following cases: 

• D is a flat right B -module, 7 is a coflat right D-comodule, JV is a coflat 
right D-comodule, Q is a flat left A-module, S is a flat left A-module and a 
Q/A-coflat right Q-comodule, the ring A has a finite weak homological dimen- 
sion, and JVC is a flat left A-module, or 

• D is a flat right B-module, 7 is a coflat right "D-comodule, N is a coflat right 
D-comodule, Q is a flat left A-module, S is a coflat left Q-comodule, and 3VC 
is a coflat left Q-comodule, or 

• D is a flat right B-module, 7 is a coflat right D-comodule, N is a coflat right 
D-comodule, Q is a flat right A-module, S is a coflat right Q-comodule, and B 
is a flat right A-module, or 

• D is a flat left B-module, 7 is a flat left B-module and a D / B-coflat right 
D-comodule, the ring B has a finite weak homological dimension, Q is a flat 
left A-module, S is a coflat left Q-comodule, and M is a semiflat left S-semi- 
module, or 

• D is a flat left B-module, 7 is a coflat left D-comodule, bQ is a coflat left 
D-comodule, Q is a flat left A-module, § is a coflat left Q-comodule, and M 
is a semiflat left S-semimodule. 

When the ring A (resp., B) is absolutely flat, the Q/ A- co flatness (resp., D / B-coflat- 
ness) assumption can be dropped. 

(b) Let 9fi be a left S-semicontramodule and N be a left 7-semimodule. Then 
the module of semihomomorphisms = SemiHoms(gT, ^3) can be endowed with a 
left 7 -semicontramodule structure via the construction of \3.4-4\ an d the map of the 
semihomomorphism modules SemiHom^N, T ^3) — > SemiHonis(gN, ^3) induced by 
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the maps of semimodules and semicontramodules qN — ► N and — > ^3 is an 
isomorphism, at least, in the following cases: 

• D is a projective left B-module, 7 is a coprojective left D-comodule, DNT is 
a coprojective left D-comodule, G is a fiat right A-module, § is a flat right 
A-module and a G/ A- coprojective left G-comodule, the ring A has a finite left 
homological dimension, and ^3 is an injective left A-module, or 

• D is a projective left B-module, 7 is a coprojective left D-comodule, N is a 
coprojective left D-comodule, G is a flat right A-module, § is a coflat right 
G-comodule, and ^ is a coinjective left G-comodule, or 

• D is a projective left B-module, 7 is a coprojective left D-comodule, 'N is a co- 
projective left D-comodule, G is a projective left A-module, S is a coprojective 
left G-comodule, and B is a projective left A-module, or 

• D is aflat right B-module, 7 is aflat right B -module and a D / B- coprojective 
left D-comodule, the ring B has a finite left homological dimension, G is a flat 
right A-module, § is a coflat right G-comodule, and ^ is a semiinjective left 
S-semicontramodule, or 

• D is a flat right B-module, 7 is a coflat right D-comodule, Gb is a coflat right 
D-comodule, G is a flat right A-module, § is a coflat right G-comodule, and 
^3 is a semiinjective left S-semicontramodule. 

When the ring A (resp., B) is semisimple, the G/A-coprojectivity (resp., D/B-copro- 
jectivity) assumption can be dropped. 

(c) Let M be a left §-semimodule and O. be a left 7-semicontramodule. Then the 
map of semihomomorphism modules SemiHom^j-M, £3) — > SemiHoms(M, e £3) 
induced by the map of semimodules M — > j-M and the map of semicontramodules 
£3 — > e £l is an isomorphism, at least, in the following cases: 

• D is a flat right B-module, 7 is a coflat right D-comodule, £} is a coinjec- 
tive left D-contramodule, G is a projective left A-module, § is a projective 
left A-module and a G/A-coflat right G-comodule, the ring A has a finite left 
homological dimension, and M is a projective left A-module, or 

• D is a flat right B-module, 7 is a coflat right D-comodule, £} is a coinjective 
left D-contramodule, G is a projective left A-module, § is a coprojective left 
G-comodule, and M is a coprojective left G-comodule, or 

• D is a flat right B-module, 7 is a coflat right D-comodule, £} is a coinjective 
left D-contramodule, G is a flat right A-module, § is a coflat right G-comodule, 
and B is a flat right A-module, or 

• D is a projective left B-module, 7 is a projective left B-module and a 
D I ' B -coflat right D-comodule, the ring B has a finite left homological dimen- 
sion, G is a projective left A-module, § is a coprojective left G-comodule, and 
M is a semiprojective left S-semimodule, or 
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• D is a projective left B -module, 7 is a coprojective left r D-comodule, #C is a 
coprojective left T)-comodule, C is a projective left A-module, S is a coprojec- 
tive left C-comodule, and HVC is a semiprojective left S-semimodule. 

When the ring A (resp., B) is semisimple, the Q/ A- co flatness (resp., D / B-coflatness) 

assumption can be dropped. 

Proof. Part (a): under our assumptions, there is a natural isomorphism of right 
S-semimodules Ng ~ 3NT Ot 7q. F° r an y left S-semimodule M and right T-semimod- 
ule ]ST for which the iterated semitensor products (NOt^c) Os^VC an d NOtrCeOs^VC) 
are defined and the triple cotensor product N 0%, 7q Dq M is associative, the map 
('N0i7 e )()§'M — > N0:r(^e0sM) induced by the bisemimodule maps S — ► 7 e — ► 
7 compatible with the maps A — > B, C — ► T>, and S — > 7 forms a commutative 
diagram with the maps N n v 7 e Dg M — >■ (NOt 7 e ) Os M and N □© T e Dg M — ► 
N Ot (Te Os M). Indeed, the map N T e Dg M — >■ N Dd (Tg Os M) is equal to 
the composition of the map 3ST Tg Og 3VC — > N Dd CT Dd (Tg Os induced by 
the maps 7 e — > 7 and M — > 7 e Os M and the map ND^TDb (Tg Os M) — ► 
3ST Dd (Tg Os 3Vt) induced by the left T-semiaction in Tg Os 3Vt. To check this, one 
can notice that the diagram in question is obtained by taking the cotensor product 
with N of the diagram of maps Tg D e M — > 7 Du (Tg Os 3VC) — >■ Tg Os 3VC and 
compose the latter diagram with the surjective map Tg Dq S EUg M — > Tg Dg M 
induced by the left S-semiaction in 3VC. On the other hand, the composition of 
maps N Dn Tg D e M — ► (N Ot Tg) Os M — >■ N Dn (T e Os M) is equal to the 
composition of the same map NDx>T eDeM — > NDuT Dn (TgOs^VC) and the map 
NDbJDj) (T e Os M) — > 3V Dd (Tg Os M) induced by the right T-semiaction in JV, 
since both compositions are equal to the composition of the map NdDTgdgM — ► 
N Dg 3VC induced by the composition ]\T Dd Tg — ► N Ocr Tg — ► N with the map 
3V Dg M — ► 3NT Dd (Tg Os M) induced by the map M — > Tg Os It remains to 
apply Proposition ll.4.41 The proofs of parts (b) and (c) are completely analogous. □ 

8.1.4. Let S — > 7 be a map of semialgebras compatible with a map of corings 
C — > T> and a /c-algebra map A — > B. 

Assume that C is a projective left and a flat right A-module, S is a coprojective 
left and a coflat right C-comodule, D is a projective left and a flat right -B-module, 
and 7 is a coprojective left and a coflat right C-comodule. Then for any left T-semi- 
contramodule £3 the natural map of C-comodules $g( e £l) — ► g($xi£i) is an S-semi- 
module morphism <I>s( e £) — ► e($rO)- Indeed, $s( e £J) = S ® s e £3 ~ S T © T £2 ~ 
q7 ®y O. as a left S-semimodule and g(<iV;Q) = e(7 @<j£±), so there is an S-semi- 
module morphism $g( e ;Q) — ► e($^r£3); it coincides with the C-comodule morphism 
$g( e £l) — ► g($x>£l) defined in 17.1.41 Analogously, for any left T-semimodule N 
the natural map of C-contramodules c (\I/d?\0 — ► v I / g(g^N") is an S-semicontramodule 
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morphism e (^ T N) — > $ 8 ( e N). Indeed, ^s(eN) = Hom s (S, e N) ~ Hom T (S T , N) ~ 
Homcr(CT e , N) as a left S-semicontramodule and e (^^N) = e Homj-(CT, N). 

Assume that C is a projective left A-module, S is a coprojective left C-comodule, 
D is a projective left .B-module, J is a coprojective left D-comodule, and B is a 
projective left A-module. Then the equivalence of categories of C-coprojective left 
S-semimodules and C-projective left S-semicontramodules and the equivalence of cat- 
egories of D-coprojective left CT-semimodules and D-projective left S-semicontramod- 
ules transform the functor JVf i — > qN into the functor £i i — > e £2. Indeed, the above 
argument shows that for any D-projective left CT-semicontramodule £5 the isomor- 
phism $ e ( e £3) — g($i)0) preserves the S-semimodule structures. 

Assume that C is a flat right A-module, S is a coflat right C-comodule, D is a 
flat right -B-module, CT is a coflat right D-comodule, and B is a flat right A-module. 
Then the equivalence of categories of C-injective left S-semimodules and C-coinjec- 
tive left S-semicontramodules and the equivalence of categories of D-injective left 
CT-semimodules and D-coinjective left S-semicontramodules transform the functor 
3V i — ► into the functor £} i — ► e £2. Indeed, the above argument shows that for 
any D-injective left CT-semimodule J\T the isomorphism e (\E r xi^N") — ^e(eN) preserves 
the S-semicontramodule structures. 

Assume that C is a projective left and a flat right A-module, S is a coprojective 
left C-comodule and a flat right A-module, 2) is a projective left and a flat right 
.B-module, CT is a coprojective left D-comodule and a flat right .B-module, and the 
rings A and B have finite left homological dimensions. Then the equivalence of 
categories of C/A-injective left S-semimodules and C/A-projective left S-semicontra- 
modules and the equivalence of categories of D/£>-injective left CT-semimodules and 
D/5-projective left CT-semicontramodules transform the functor N i — > qN into the 
functor O i — > e £J. Indeed, the above argument shows that for any D/S-projec- 
tive left CT-semicontramodule £J the isomorphism $e( e £J) — e(&x>£l) preserves the 
S-semimodule structures. The analogous result holds when S is a projective left 
A-module and a coflat right C-comodule and CT is a projective left .B-module and a 
coflat right D-comodule; it can be proven by applying the above argument to the 
isomorphism e (\l>2>N") — ^e(e^") f° r a D/B-injective left CT-semimodule ]ST. 

Finally, assume that the rings A and B are semisimple. Then the equivalence of 
categories of C-injective left S-semimodules and C-projective left S-semicontramod- 
ules and the equivalence of categories of D-injective left CT-semimodules and D-pro- 
jective left CT-semicontramodules transform the functor N i — > qN into the functor 
£2 i — > e £}. One can show this using the semialgebra analogues of the assertions 
of 17. 1.21 related to quasicoflat comodules and quasicoinjective contramodules. 
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8.2. Complexes, adjusted to pull-backs and push-forwards. Let S — ► 7 be 

a map of semialgebras compatible with a map of corings C — > D and a /c-algebra 
map A — > B. The following result generalizes Theorem 16.31 

Theorem 1. (a) Assume that D is a flat right B -module, 7 is a coflat right 
D-comodule and a D / 'B-coflat (D / B-coprojective) left D-comodule, and the ring 
B has a finite weak (left) homological dimension. Then the functor mapping the quo- 
tient category of the homotopy category of complexes of T) / B-coflat (D / B-coprojec- 
tive) left 7 -semimodules by its intersection with the thick subcategory of D-coacyclic 
complexes into the semiderived category of left 7-semimodules is an equivalence of 
triangulated categories. 

(b) Assume that D is a projective left B -module, 7 is a coprojective left and a 
D I 'B-coflat right D-comodule, and the ring B has a finite left homological dimen- 
sion. Then the functor mapping the quotient category of the homotopy category of 
complexes of D / ' B-coinjective left 7 -semicontramodules by its intersection with the 
thick subcategory of T> - contraacyclic complexes into the semiderived category of left 
7 -semicontramodules is an equivalence of triangulated categories. 

Proof. To prove part (a) for TJ/S-coflat T- semimodules, use Lemma [1.3.3[ the con- 
struction of the morphism of complexes £* — > R2GCO from the proof of Theo- 
rem EJH and Lemma 12.61 To prove part (a) for D /.B-coprojective T-semimodules, 
use Lemma [3.3.3( b). To prove part (b), use Lemma [3.3.3( a) and the construction of 
the morphism of complexes L^SK*) — > £K" from the proof of Theorem 14.61 □ 

A complex of S-semimodules is called quite S/G/A-semiflat (quite S/G/A-semi- 
projective) if it belongs to the minimal triangulated subcategory of the homotopy 
category of complexes of S-semimodules containing the complexes induced from com- 
plexes of v4-flat (A-projective) C-comodules and closed under infinite direct sums. 
Analogously, a complex of S-semicontramodules is called quite S/ 6/ A-semiinjective 
if it belongs to the minimal triangulated subcategory of the homotopy category of 
complexes of S-semicontramodules containing the complexes coinduced from com- 
plexes of A-injective C-contramodules and closed under infinite products. Under 
appropriate assumptions on S, C, and A, any quite S/C/A-semiflat complex of A-flat 
S-semimodules is S/C/A-semiflat in the sense of I2.8[ and analogously for birelative 
semiprojectivity and semiinjectivity in the sense of 14.81 Any quite S/C/A-semiflat 
complex of right S-semimodules is S/C/A-contraflat, any quite S/C/A-semiprojective 
complex of left S-semimodules is S/C/A-projective, and any quite S/C/ A-semiinjec- 
tive complex of left S-semicontramodules is S/C/A-injective in the sense of 16.41 

Theorem 2. (a) Assume that Q is a flat (projective) left and a flat right A-module, C 
is a flat (projective) left A-module and a coflat right Q-comodule, and the ring A has a 
finite weak (left) homological dimension. Then the functor mapping the quotient cate- 
gory of the homotopy category of quite S/Q/A-semiflat (quite S/Q/A-semiprojective) 
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complexes of left S-semimodules by its minimal triangulated subcategory containing 
complexes induced from coacyclic complexes of A-flat (A-projective) S-semimodules 
and closed under infinite direct sums into the semiderived category of left S-semi- 
modules is an equivalence of triangulated categories. 

(b) Assume that C is a projective left and a flat right A-module, C is a coprojective 
left Q-comodule and a flat right A-module, and the ring A has a finite left homological 
dimension. Then the functor mapping the quotient category of the homotopy cate- 
gory of quite S/Q/A-semiinjective complexes of left S-semicontramodules by its min- 
imal triangulated subcategory containing complexes of coinduced from contraacyclic 
complexes of A-injective Q-contramodules and closed under infinite products into the 
semiderived category of left S-semicontramodules is an equivalence of triangulated 
categories. 

Proof. Proof of part (a): for any complex of S-semimodules DC* there is a natural 
morphism into DC' from a quite S/C/A-semiflat complex of S-semimodules hsLiiOC') 
with a C-coacyclic cone. Hence it follows from Lemma [2.61 that the semiderived cat- 
egory of S-semimodules is equivalent to the quotient category of the homotopy cate- 
gory of quite S/C/A-semiflat complexes of S-semimodules by its intersection with the 
thick subcategory of C-coacyclic complexes. It remains to show that any C-coacyclic 
quite S/C/A-semiflat complex of S-semimodules belongs to the minimal triangulated 
subcategory containing the complexes induced from coacyclic complexes of A-flat 
S-semimodules and closed under infinite direct sums. Indeed, if a complex of A-flat 
left S-semimodules 3VT is C-coacyclic, then the total complex L 3 (M*) of the bar bi- 
complex • • ■ — > SdeSdeM* — ► SDeM* up to the homotopy equivalence can be ob- 
tained from complexes of S-semimodules induced from coacyclic complexes of A-flat 
C-comodules using the operations of cone and infinite direct sum. So the same applies 
to a C-coacyclic complex of S-semimodules M* homotopy equivalent to a complex 
of A-flat S-semimodules. On the other hand, if a complex of S-semimodules 3Vt* is 
induced from a complex of C-comodules, then the cone of the morphism of complexes 
L 3 (DVC*) — ► M* is a contractible complex of S-semimodules, since it is isomorphic to 
the cotensor product over C of the bar complex • ■ ■ — ► SdeSDeS — > S\J e S — > S, 
which is contractible as a complex of left S-semimodules with right C-comodule struc- 
tures, and a certain complex of left C-comodules. So the same applies to any complex 
of S-semimodules M* that up to the homotopy equivalence can be obtained from 
complexes of S-semimodules induced from complexes of C-comodules using the oper- 
ations of cone and infinite direct sum. Part (a) for quite S/C/A-semiflat complexes is 
proven; the proofs of part (a) for quite S/C/A-semiprojective complexes and part (b) 
are completely analogous. □ 

Theorem 3. (a) Assume that C is a flat right A-module, S is a coflat right 
Q-comodule, D is a flat right B-module, and 7 is a coflat right D-comodule. Then 
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the functor M* i — ► cr^M" maps quite S/Q/ ' A-semiflat (quite S/Q/ A-semiprojective) 
complexes of left S-semimodules to quite 7 /T> / B-semiflat (quite 7 /D / B-semiprojec- 
tive) complexes of left 7 -semimodules. Assume additionally that Q and S are flat left 
A-modules and the ring A has a finite weak homological dimension. Then the same 
functor maps Q-coacyclic quite S/Q/ A-semiflat complexes of left S-semimodules to 
e D-coacyclic complexes of left 7 -semimodules. 

(b) Assume that Q is a projective left A-module, S is a coprojective left Q-comodule, 
D is a projective left B-module, and 7 is a coprojective left T>-comodule. Then 
the functor ^3* i — > maps quite S/Q/A-semiinjective complexes of left S-semi- 
contramodules to quite 7 '/D / ' B-semiinjective complexes of left 7-semicontramodules. 
Assume additionally that Q and S are flat right A-modules and the ring A has a 
finite left homological dimension. Then the same functor maps Q-contraacyclic quite 
S/Q/A-semiinjective complexes of left S-semicontramodules to Ti-contraacyclic com- 
plexes of left 7-semicontramodules. 

(c) Assume that Q is a projective left and a flat right A-module, S is a coprojective 
left and a coflat right Q-comodule, A has a finite left homological dimension, D is a 
projective left and a flat right B-module, 7 is a coprojective left and a coflat right 
Ti-comodule, and B has a finite left homological dimension. Then the functor JVT i — ► 
jW maps S/Q/A-projective complexes of left S-semimodules to 7 '/D / B -projective 
complexes left 7 -semimodules and the functor i — > maps S/Q/A-injective 
complexes of left S-semicontramodules to 7/T> / B-injective complexes of left 7-semi- 
contramodules. The same functors map Q-coacyclic S/Q/A-projective complexes of 
left S-semimodules to D-coacyclic complexes of left 7 -semimodules and Q-contra- 
acyclic S/Q/A-injective complexes of left S-semicontramodules to D-contraacyclic 
complexes of left 7-semicontramodules. 

Proof. Part (a): the functor JVC i — > j-DVC maps the S-semimodule induced from a 
C-comodule £ to the CT-semimodule induced from the D-comodule The first 
assertion follows immediately; to prove the second one, use Theorem 17.2.2( a) and 
Theorem 2(a). The proof of part (b) is completely analogous. Part (c): the first 
assertion follows from the adjointness of functors 3VT i — ► j-W and ]\T* i — ► eN', 
the adjointness of functors ^3* i — ► and £}* i — > e £i*, and the second assertions 
of Theorem 17.2.1( a) and (b). The second assertion follows from the first assertions 
of Theorem I7.2.1( a-b). because a complex of left S-semimodules M* is S/Q/A-pio- 
jective and C-coacyclic if and only if the complex Homs(M*,Xj*) is acyclic for all 
complexes of C/A-injective left S-semimodules XL*, and a complex of left S-semicon- 
tramodules ^3" is S/C/A-injective and C-contraacyclic if and only if the complex 
YLom s (%' is acyclic for all complexes of C/A-projective left S-semicontramod- 
ules JV (and analogously for complexes of T-semimodules and T-semicontramodules). 
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This follows from Theorem 16.31 and the results of 16.51 since a complex of S-semimod- 
ules is C-coacyclic iff it represents a zero object of the semiderived category of S-semi- 
modules, and a complex of S-semicontramodules is C-contraacyclic iff it represents a 
zero object of the semiderived category of S-semicontramodules. □ 

8.3. Derived functors of pull-back and push-forward. Let S — ► T be a map 

of semialgebras compatible with a map of corings 6 — > D and a fc-algebra map 
A — >B. 

Assume that C is a flat right A-module, S is a coflat right C-comodule, D is a flat 
right B- module, 7 is a coflat right D-comodule and a D/f?-coflat left D-comodule, 
and B has a finite weak homological dimension. The right derived functor 

W i — >pf: D si (T-simod) > D si (S-simod) 

is defined by composing the functor N* i — > gN' acting from the homotopy category 
of left T-semimodules to the homotopy category of left S-semimodules with the local- 
ization functor Hot(S-simod) — > D sl (S-simod) and restricting it to the full subcate- 
gory of complexes of D/5-coflat CT-semimodules. By Theorems 18.21 1(a) and 17.2. IT a), 
this restriction factorizes through the semiderived category of left T-semimodules. 

Assume that C is a flat left and right A-module, S is a flat left A-module and a 
coflat right C-comodule, A has a finite weak homological dimension, D is a flat right 
B-module, and 7 is a coflat right D-comodule. The left derived functor 

M'i — >^M': D si (S-simod) ► D si (T-simod) 

is defined by composing the functor 3VT i — > jOVl* acting from the homotopy cat- 
egory of left S-semimodules to the homotopy category of left T-semimodules with 
the localization functor Hot(CT-simod) — > D sl (T-simod) and restricting it to the 
full subcategory of quite S/C/A-semiflat complexes of S-semimodules. By Theo- 
rems [1212(a) and !8. 21 3(a). this restriction factorizes through the semiderived category 
of left S-semimodules. 

Analogously, assume that C is a projective left A-module, S is a coprojective left 
C-comodule, D is a projective left 5-module, 7 is a coprojective left D-comodule 
and a D/5-coflat right D-comodule, and B has a finite left homological dimension. 
The left derived functor 

0'i — >lO': D si (T-sicntr) ► D si (S-sicntr) 

is defined by composing the functor £J* i — > e £2* with the localization functor 
Hot(S-sicntr) — > D sl (S-sicntr) and restricting it to the full subcategory of complexes 
of D/S-coinjective CT-semicontramodules. By Theorems 18.21 1(b) and 17.2.11 (b). this 
restriction factorizes through the semiderived category of left T-semicontramodules. 
According to Lemma [6.51 2. this definition of a left derived functor does not depend 
on the choice of a subcategory of adjusted complexes. 
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Assume that C is a projective left and a flat right A-module, S is a coprojective 
left C-comodule and a flat right A-module, A has a finite left homological dimension, 
T> is a projective left -B-module, and 7 is a coprojective left D-comodule. 

W i — ► D si (S-sicntr) ► D si (T-sicntr) 

is defined by composing the functor ^5* i — > T ^3* with the localization func- 
tor Hot(T-simod) — ► D sl (T-simod) and restricting it to the full subcategory of 
quite S/C/A-semiflat complexes of S-semicontramodules. By Theorems 18.21 2(b) 
and 18.21 3(b). this restriction factorizes through the semi derived category of left 
S-semicontramodules. According to Lemma [6.51 2. this definition of a right derived 
functor does not depend on the choice of a subcategory of adjusted complexes. 

Notice that in the assumptions of Theorem 18. 21 3(c) above and Corollary 1(c) below 
one can also define the left derived functor M* i — ► JjOVC* in terms of S/C/A-projective 
complexes of left S-semimodules and the right derived functor ^3* i — > I^}3* in terms 
of S/C/A-injective complexes of left S-semicontramodules. 

The derived functors N* i — > gN* and £3* i — > ££3* in the categories of semi- 
modules and semicontramodules agree with the derived functors X" i — > g3\f* and 
Q* i — > ^n* in the categories of comodules and contramodules, so our notation is not 
ambiguous. 

Remark 1. Under the assumptions that C is a flat right A-module, S is a coflat right 
C-comodule, D is a flat right -B-module, 7 is a coflat right D-comodule, and B has 
a finite left homological dimension, one can define the derived functor N* i — ► gN" 
in terms of injective complexes of left T-semimodules (see Remark 16.51) . 

Corollary 1. (a) The derived functor M* i — > JjOVC* is left adjoint to the derived 
functor ]ST* i — > g3V* whenever both functors are defined by the above construction. 

(b) The derived functor ^3* i — > jj^}3* is right adjoint to the derived functor £3* i — ► 
£0* whenever both functors are defined by the above construction. 

(c) Assume that C is a projective left and a flat right A-module, § is a coprojec- 
tive left and a coflat right G-comodule, A has a finite left homological dimension, D 
is a projective left and a flat right B-module, 7 is a coprojective left and a coflat 
right "D-comodule, and B has a finite left homological dimension. Then for any ob- 
jects 3VC" in D sl (simod-S) and 0* in D sl (T-sicntr) there is a natural isomorphism 
CtrTor cr (DVt^ L , £3*) ~ CtrTor s (3Vt*, ^£3*) in the derived category of k -modules. 

Proof. In the assumptions of part (c), one can prove somewhat stronger ver- 
sions of the assertions (a) and (b): for any DVT in D sl (S-simod) and J\T in 
D sl (CT-simod), there is a natural isomorphism Ext^ljOVC, N) ~ Ext s (M,gN) and 
for any ^3* in D sl (S-sicntr) and £3* in D sl (T-sicntr) there is a natural isomorphism 
Ext T (£3*, jj^P*) ~ Ext s (£0*, ^3*) in the derived category of fc-modules. To obtain 
the first isomorphism, it suffices to represent the object by an S/C/A-projective 
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complex of left S-semimodules and the object N* by a complex of D/5-injective left 
T-semimodules, and use Lemma [531 2 (a). Theorem l7.2.1( a). and Theorem l8.21 3(c). In 
the second case, one can represent the object ^3* by an S/C/A-injective complex of left 
S-semicontramodules and the object £3" by a complex of D/5-projective left CT-semi- 
contramodules, and use Lemma [5.31 2(b). Theorem 17.2.1( b). and Theorem 18.21 3(c). 
To verify part (c), it suffices to represent the object M* by a quite S/C/A-semifiat 
complex of right S-semimodules and the object O" by a complex of D/B-projective 
left S-semicontramodules, and use Lemma 15.31 2(b). Theorem 17.2.1( b). and Theo- 
rem [8T2j3(a) . Finally, parts (a) and (b) in their weaker assumptions follow from the 
next Lemma. □ 

Lemma. Let Hi and H 2 be categories, Si and S 2 be localizing classes of morphisms 
in Hi and H 2 , and Fi and F 2 be full subcategories in Hi and H 2 . Assume that for 
any object X G Hi there exists an object U G Fi together with a morphism U — > X 
from Si and for any object Y G H 2 there exists an object V G F 2 together with a 
morphism Y — > V from S 2 . Let E: Hi — > H 2 be a functor and IT: H 2 — > Hi 
be a functor right adjoint to E. Assume that the morphism E(t) belongs to S 2 for 
any morphism t G Fx D Si and the morphism IT(s) belongs to Si for any morphism 
s G F 2 fl S 2 . Then the right derived functor Mil: H 2 [S 2 1 ] — > H^S^f 1 ] defined by 
restricting IT to F 2 is right adjoint to the left derived functor LE: H^Sf 1 ] — ► H 2 [S 2 1 ] 
defined by restricting E to Fj. 

Proof. The functors Fi[(F% fl Sj) _1 ] — > HJS,^ 1 ] are equivalences of categories by 
Lemma 12.61 so the derived functors LE and MIT can be defined. For any ob- 
jects U G Fi and V G F 2 we have to construct a bijection between the sets 
Hom Hi [ S -i]([7, ITV) and Hom H2 j S -i](EC/, V), functorial in U and V. Any element 
of the first set can be represented by a fraction U <— U' — > HV in Hi with the 
morphism U' — > U belonging to Si. By assumption, one can choose U' to be an 
object of Fi. Assign to this fraction the element of the second set represented by 
the fraction TJJ <— EC/' — > V. By assumption, the morphism TXJ' — > TJJ belongs 
to S 2 . Analogously, any element of the second set can be represented by a fraction 
HU — > V <— V in H 2 with the morphism V — > V belongning to S 2 , and one can 
choose V to be an object of F 2 . Assign to this fraction the element of the first set 
represented by the fraction U —>■ HV <— ITV. The compositions of these two maps 
between sets of morphisms are identities, since the square formed by the morphisms 
U' — >U, U — ► ITV, U' — ► nV, and nV — ► nV and the square formed by the 
morphisms EC/' — > EC/, EC/ — ► V, EC/' — ► V, and V — ► V are commutative 
simultaneously. □ 

Let Oi be a semialgebra over a coring £ over a /c-algebra F, and 7 — > Ji be a 
map of semialgebras compatible with a map of corings T> — > £ and a fc-algebra map 
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B — ► F . Then the composition provides a map of semialgebras S — ► CR compatible 
with a map of corings C — > £ and a fc-algebra map A — > B. 

Corollary 2. (a) There is a natural isomorphism g(f)£>*) — g£* f or an V object £* 
in D sl (^R-simod) "whenever both functors £* i — > Jp-C* and N" i — ► g3\T are defined 
by the above construction. 

(b) There is a natural isomorphism ^(JjJVT) ~ j^VC* for any object M* m 
D sl (S-simod) whenever both functors 3VT i — > a^Vt* one? ?sT i — ► are defined 
by the above construction. 

(c) There is a natural isomorphism ^(l^*) — for any object in 
D sl (3l-sicntr) whenever both functors i — > and £3* i — > £0* are defined 
by the above construction. 

(d) There is a natural isomorphism r(r^3") — r^3* for any object ^3* in 
D sl (S-sicntr) whenever both functors i — > jj^3* and £2* i — ► j£l' are defined 
by the above construction. 

Proof. Part (a) follows from the first assertion of Theorem 17.2.1( a). part (b) follows 
from the first assertion of Theorem 18.21 3(a). part (c) follows from the first assertion of 
Theorem 17.2.1( b). part (d) follows from the first assertion of Theorem 18.21 3(b). □ 

Recall that a complex of C-coflat right S-semimodules is called quite semiflat if it 
belongs to the minimal triangulated subcategory of the homotopy category of right 
S-semimodules containing the complexes of S-semimodules induced from complexes 
of coflat right C-comodules and closed under infinite direct sums (see 12.91) . This 
definition presumes that C is a flat right A-module and S is a coflat right C-comodule. 

Corollary 3. (a) Assume that C is a flat left and right A-module, § is a coflat 
left and right Q-comodule, A has a finite weak homological dimension, T> is a 
flat left and right B-module, 7 is a coflat left and right D-comodule, and B has 
a finite weak homological dimension. Then for any objects JA' in D sl (S-simod) 
and ]\P in D sl (simod-T) there is a natural isomorphism SemiTor T (]NT*, JjOVC*) — 
SemiTor s (Nf, DVT) in D(fc-mod). 

(b) Under the assumptions of Corollary 1(c), for any objects ^3* in D sl (S-sicntr) 
and ]\T* in D sl (T-simod) there is a natural isomorphism SemiExt cr(N*, jjsJJ*) — 
SemiExtsdN*, 9T) in D(fc-mod). 

(c) Under the assumptions of Corollary 1(c), for any objects M* in D sl (S-simod) 
and £5* in D s '(T-sicntr) there is a natural isomorphism SemiExt y(j3Vt*, £2*) ~ 
SemiExt s (M , ,f£3*) in D(jfe-mod). 

Proof. Part (a): represent the object 3VT by a quite semiflat complex of S-semi- 
modules and the object N* by a semiflat complex of D-coflat T-semimodules, and 
use the second case of Proposition 18.1.3( a). Alternatively, represent M* by a quite 
S/C/A-semiflat complex of A-flat S-semimodules and ]ST* by a complex of D-coflat 
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T-semimodules, and use Theorem 17.2.1( a). Theorem 18.21 3(a). the result of 12.81 and 
the first case of Proposition 18 . 1 .3( a) ; or represent M* by a quite semiflat complex of 
semiflat S-semimodules and N" by a complex of D / 5-coflat CT-semimodules, and use 
the same Theorems, the result of 12.81 and the fourth case of Proposition 18. 1 .3T a) . 

Part (b): represent the object ^3* by a semiinjective complex of C-coinjective 
S-semicontramodules (having in mind Lemma [6.4( c) or Remark 16.41) and the object 
3\T by a semiprojective complex of D-coprojective T-semimodules, and use the second 
case of Proposition 18.1.3( b). Alternatively, represent ^3" by a quite S/C/A-semiin- 
jective complex of A-injective S-semicontramodules and N* by a complex of D-co- 
projective T-semimodules, and use Theorem 17.2.1( a). Theorem 18.21 3(b). the result 
of I4.8[ and the first case of Proposition 18.1.3T b); or represent ^3* by a semiinjective 
complex of semiinjective S-semicontramodules and N" by a complex of D/5-copro- 
jective T-semimodules, and use the same Theorems, the result of I4.8[ and the fourth 
case of Proposition 18. 1 .3( b) . 

Part (c): represent the object 3VC* by a semiprojective complex of C-coprojec- 
tive S-semicontramodules (having in mind Lemma 16.4( b) or Remark I6.4[) and the 
object £3* by a semiinjective complex of D-coinjective CT-semicontramodules, and 
use the second case of Proposition 18.1.3( c). Alternatively, represent M* by a quite 
S/G/A- semiprojective complex of A-projective S-semimodules and £}* by a complex 
of D-coinjective T-semicontramodules, and use Theorem 17.2.1( b). Theorem 18. 21 3 (a), 
the result of 14.81 and the first case of Proposition 18.1.37 c); or represent M* by a 
semiprojective complex of semiprojective S-semimodules and £3" by a complex of 
D/5-coinjective CT-semicontramodules, and use the same Theorems, the result of 14.81 
and the fourth case of Proposition 18.1.3( c). □ 

Remark 2. Suppose that two objects 'M* in D sl (simod-S) and 'N* in D sl (simod-CT) 
are endowed with a morphism 'M^ — > '3V", or, which is the same, a morphism 
'M* — > 'N?, and two objects "M* in D si (S-simod) and "N* in D si (T-simod) are en- 
dowed with a morphism L .£M* — ► "N", or, which is the same, a morphism — ► 
R ^NV Then the two morphisms SemiTor s ('M*, "M") — ► SemiTor T ( / N*, "N") in 
D(k-mod) provided by the compositions SemiTor s ('M*, "3VC*) — > SemiTor^'Ng 18 , 
"M") ~ SemiTor^'N'^M') — ► SemiTor T (']V, "N") and SemiTor s ('M", "M") — > 
SemiTor s ('M', R ^>r) ~ SemiTor^'M^, "N*) — > SemiTor^'N*, "N") coincide 
with each other. Indeed, let us represent the objects 'M* and 'N* by complexes 
of right S-semimodules and T-semimodules in such a way that the adjoint mor- 
phisms '3Vt^ — ► 'N* and '3VT — > could be represented by a map of complexes 
of semimodule s 'JVC* — ► 'N* compatible with the maps A — > B, C — ► T>, 
and S — ► 7. Applying to the complexes of 'M* and 'TsT simultaneously the con- 
structions from the proof of Theorem I2.6[ one can construct a map of quite semi- 
flat complexes of right semimodules L^H^lLiC^VC*) — ► L3R2L1CN*) representing 
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the same adjoint morphisms in the semiderived categories of left semimodules. So 
one can assume 'M. and 'N* to be quite semiflat complexes. Analogously, repre- 
sent the morphisms L ^M* — > "DVT and — > R g3Sf* in the semiderived cate- 
gories of left semimodules by a map of quite semiflat complexes of left semimodules 
"M* — > "N* compatible with the maps A — > B, G — > T>, and S — > 7. 
Then both compositions in question are represented by the same map of complexes 
of fc-modules 'M* Os "M* — > '3V* Oct "N*. Furthermore, suppose that two ob- 
jects M* in D sl (S-simod) and ?sT in D sl (T-simod) are endowed with a morphism 
SpJVC" — > ?sT, or, which is the same, a morphism 3Vt* — > f]ST, and two objects ^3* 
in D sl (S-sicntr) and £3* in D sl (T-sicntr) are endowed with a morphism £2* — ► jjpP*, 
or, which is the same, a morphism ^£5* — > ^P*- Then the two morphisms 
SemiExt T (N',£3*) — > SemiExt s (M*, *P') in D(k-mod) provided by the com- 
positions SemiExt^N*^') — > SemiExt T (]V, ^T) ~ SemiExt s (|N*, qT) — ► 
SemiExt s (M',?p*) and SemiExt D -(N*, £2*) — ► SemiExto-^M*, £T) ~ SemiExt s (M , ) 
£0*) — > SemiExts(M*, ^J*) coincide with each other. 

Corollary 4. Under the assumptions of Corollary 1(c), the mutually inverse equiva- 
lences of categories M$>§: D s '(S-simod) — > D s '(S-sicntr) and L$§: D s '(S-sicntr) — > 
D sl (S-simod) and the mutually inverse equivalences of categories M^j-: D s '(CT-simod) 
— > D sl (CT-sicntr) and L$o-: D s '(T-sicntr) — ► D s '(T-simod) transform the derived 
functor ]ST* i — > g]\P mto i/ie derived functor 0* i — > £0* . 

Proof. To construct the isomorphism L$s(l0*) — e^^J^*), represent the ob- 
ject 0* by a complex of D/i?-projective C-contramodules, and use Lemma 15.31 2. 
Theorem 17.2.1( b). and the results of 17.1.41 and 18.1.41 To construct the isomor- 
phism ^(JR^tN*) ~ R^§(|N*), represent the object N* by a complex of D/S-injec- 
tive C-comodules, and use Lemma 15.31 2. Theorem 17.2.1( a). and the results of 17.1.41 
and 18.1.41 To show that these isomorphisms agree, it suffices to check that for any 
adjoint morphisms L$3-0* — ► ]\T and 0* — > M^fyN' in the semiderived cate- 
gories of CT-semimodules and T-semicontramodules the compositions £.$§(^0*) — > 
|(L$ T £J') — > g?sf* and £0* — ► f (M$ T ]ST) — > R* S (|N*) are adjoint morphisms 
in the semiderived categories of S-semimodules and S-semicontramodules. Here one 
can represent N* by a semiprojective complex of 2)-coprojective left CT-semimodules 
and 0* by a semiinjective complex of D-coinjective left CT-semicontramodules (having 
in mind Lemmas 15.21 and 16.41) , and use a result of 17.1.41 □ 

Thus we have constructed three functors between the semiderived categories 
D si (S-simod) ~ D si (S-sicntr) and D si (T-simod) ~ D si (T-sicntr): the functor de- 
scribed in Corollary 4, and two functors adjoint to it from the left and from the 
right, described in Corollary 1. 
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Remark 3. One can show that the isomorphisms of derived functors from Corol- 
lary 16.61 are compatible with the change-of-semialgebra isomorphisms from Corol- 
laries 1, 3, and 4 in the following way. To check that the compositions of iso- 
morphisms SemiExt T (^M*,M*:r(>r)) — > Ext^M*, N') — ► Ext s (M , ,^N # ) 
and SemiExt^JfM'^o-CN*)) — > SemiExt s (M*, ^KtfyJM-)) — > SemiExtspVT, 
IR^s^N*)) — > Ext§(M", §N") coincide, represent the object M* by a semipro- 
jective complex of semiprojective left S-semimodules and the object N* by a com- 
plex of D/5-injective left CT-semimodules, and use the result of 14.81 To check that 
the compositions of isomorphisms CtrTor s (M*, l^Q*) — > CtrTor cr (M^ L , £3") — ► 
SemiTor T (M£,L$:r(£r)) and CtrTor s (M*, £Q*) — ► SemiTor s (M', L$ S (£Q")) 
— ► SemiTor s (M , ,f(L$ T £2*)) — ► SemiTor T (M^, L$ T (£T)) coincide, represent 
the object M* by a quite semiflat complex of semiflat right S-semimodules and the 
object £5* by a complex of ©/^-projective left CT-semicontramodules, and use the 
result of 12.81 Commutativity of the respective diagrams on the level of abelian cat- 
egories is straightforward to verify under our assumptions on the terms of the com- 
plexes representing the objects M\ 

8.4. Remarks on Morita morphisms. 

8.4.1. Let C be a coring over a /c-algebra A and D be a coring over a fc-algebra B 
such that C is a flat right A-module and D is a flat right £> -module. Let (£,£ v ) 
be a right coflat Morita morphism from C to D and 7 be a semialgebra over the 
coring D such that 7 is a coflat right D-comodule. In this case, the semialgebra q7q 
over the coring C is constructed in the following way. As a C-C-bicomodule, e^e is 
equal to £ DjTDd £ v . The semimultiplication in q7q is defined as the composition 
£ Dd 7 □■£) £ v U e £ Da, 7 £ v — ► £ D-d 7 Dd 7 D<r> £ v — > £ 7 n v £ v of 
the morphism induced by the morphism £ v Dg £ — ► D and the morphism induced 
by the semimultiplication in 7. The semiunit in q7q is defined as the composition 
C — ► £ £ v — > £ O-X) 7 Dd £ v of the morphism induced by the morphism 
C — ► £ Dd £ v and the morphism induced by the semiunit in 7. 

For example, if C — > D is a map of corings compatible with a /c-algebra map 
A — > B such that B is a flat right A-module and C# is a coflat right D-comodule, 
one can take £ = C# and £ v = #C. Then the algebra e^e is a universal final object 
in the category of semialgebras S over C endowed with a map S — > 7 compatible 
with the maps A — > B and C — > D. The semialgebra q7q = Cb 7Hd sC can 
be also defined, e. g., when (E,E V ) is a Morita morphism from a ^-algebra A to a 
A;- algebra B and b^-b = E w ®a C ®a ^ — ► 2) is a morphism of corings over B such 
that E v is a flat right A-module, B C = £ v <g> A C is a D/5-coflat left D-comodule, T 
is a flat right -B-module and a D/I?-coflat left D-comodule, and the rings A and B 
have finite weak homological dimensions. 
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All the results of 18. 1148731 can be extended to the situation of a left coprojective and 
right coflat Morita morphism (£, £ v ) from a coring C to a coring D and a morphism 
S — > eTe of semialgebras over C. In particular, when C is a flat right A-module, D is 
a flat right 5-module, S is a coflat right C-comodule, 7 is a coflat right D-comodule, 
and (£, £ v ) is a right coflat Morita morphism, the functor N i — ► qN = £ D^N from 
the category of left T-semimodules to the category of left S-semimodules has a left 
adjoint functor M i — > j-M = 7e Os Analogously, when C is a projective left 
A-module, D is a projective left 5-module, S is a coprojective left C-comodule, 7 is 
a coprojective left D-comodule, and (£, £ v ) is a left coprojective Morita morphism, 
the functor Q. i — > e £? = Cohomxi(£ v , £?) from the category of left T-semicon- 
tramodules to the category of left S-semicontramodules has a right adjoint functor 
^3 i — > = SemiHomg(eCT, etc. However, one sometimes has to impose the 
homological dimension conditions on A and B where they were not previously needed. 

8.4.2. Assume that C is a flat right A-module and D is a flat right S-module. A 
right D-comodule % is called faithfully coflat if it is a coflat D-comodule and for 
any nonzero left D-comodule M the cotensor product % Dd M is nonzero. A right 
coflat Morita morphism (£, £ v ) from C to D is called right faithfully coflat if the 
right D-comodule £ is faithfully coflat. A right coflat Morita morphism (£, £ v ) is 
right faithfully coflat if and only if the right D-comodule £ v Dg £ is faithfully coflat 
and if and only if the morphism £ v Dq £ — > D is surjective and its kernel is a 
coflat right D-comodule. Indeed, the cotensor product £ M is nonzero if and only 
if the morphism £ v Dg £ □© M — > M is nonzero; this holds for any nonzero left 
D-comodule M if and only if the morphism £ v DqS. DdM — ► M is surjective for any 
left D-comodule M, and it remains to use the results of (the proof of) Lemma [1.2.21 

Let (£, £ v ) be a right faithfully coflat Morita morphism from C to D and 7 be a 
semialgebra over the coring D such that 7 is a coflat right D-comodule. Then the 
functor JV i — > e'N is an equivalence of the abelian categories of left T-semimodules 
and left e^e _sem i m odules. This follows from Theorem 17.4.11 applied to the functor 
A: T-simod — ► C-comod mapping a T-semimodule N to the C-comodule eN and 
the functor T: C-comod — ► T-simod left adjoint to A mapping a C-comodule M to 
the T-semimodule 7 bM. 

Now assume that C is a projective left ^-module and D is a projective left 
-B-module. A left D-comodule % is called faithfully coprojective if it is a coprojec- 
tive D-comodule and for any nonzero left D-contramodule the cohomomorphism 
module Cohomi>(IK, ^P) is nonzero. A faithfully coprojective D-comodule is faith- 
fully coflat. A left coprojective Morita morphism (£, £ v ) from C to D is called left 
faithfully coprojective if the left D-comodule £ v is faithfully coprojective. A left co- 
projective Morita morphism (£, £ v ) is left faithfully coprojective if and only if the left 
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D-comodule £ v De£ is faithfully coflat and if and only if the morphism £ v De£ — ► D 
is surjective and its kernel is a coprojective left D-comodule. 

Let (£, £ v ) be a left faithfully coprojective Morita morphism from C to D and 7 be 
a semialgebra over the coring D such that 7 is a coprojective left D-comodule. Then 
the functor £J i — ► e £l is an equivalence of the abelian categories of left CT-semi- 
contramodules and left eTe-semicontramodules. This follows from Theorem 17.4.11 
applied to the functor A : T-sicntr — > C-contra mapping a CT-semicontramodule £3 
to the C-contramodule e £2 and the functor T: C-contra — > T-sicntr right adjoint 
to A mapping a C-contramodule to the T-semicontramodule Cohom^CT, D ^P). 

8.4.3. Assume that C is a flat right A-module and D is a flat right i?-module. Let 
(£, £ v ) be a right coflat Morita morphism from C to D and 7 be a semialgebra over 
the coring D such that 7 is a coflat right D-comodule. Then the functor INT* i — > qN* 
maps D-coacyclic complexes of T-semimodules to C-coacyclic complexes of e^Vsemi- 
modules and the semiderived category of left q Te-semimodules is a localization of the 
semiderived category of left CT-semimodules by the kernel of the functor induced by 
N* i — > eN* (as one can check by computing the functor i — > g(!^M") on the semi- 
derived category of left e^Vsemimodules). The triangulated categories D s '(CT-simod) 
and D sl (eTe-simod) are equivalent when (£, £ v ) is a right coflat Morita equivalence, 
or more generally when the morphism £ v Oq £ — > D is an isomorphism. 

Analogously, assume that C is a flat right A- module and D is a projective left 
-B-module. Let (£, £ v ) be a left coprojective Morita morphism from C to D and 7 
be a semialgebra over the coring T> such that 7 is a coprojective left D-comodule. 
Then the functor £J* i — > e £j" maps D-contraacyclic complexes of T-semicontra- 
modules to C-contraacyclic complexes of e^e-semicontramodules and the semiderived 
category of left e^Vsemicontramodules is a localization of the semiderived category 
of left CT-semicontramodules by the kernel of the functor induced by £2* i — > e £jV 
The triangulated categories D s '(CT-sicntr) and D s '(eCTe-sicntr) are equivalent when 
(£, £ v ) is a left coprojective Morita equivalence, or more generally when the morphism 
£ v Dq £ — ► D is an isomorphism. 

Remark. The semiderived categories of left T-semimodules and left e^Vsemimod- 
ules can be different even when (£, £ v ) is a right faithfully coflat Morita morphism and 
the abelian categories of left T-semimodules and left e^e-semimodules are equivalent. 
Indeed, let A = B = k be a field and F be a finite-dimensional algebra over k. Let 
D = F* and C = End(F)* be the coalgebras over k dual to the finite-dimensional 
fc-algebras F and End(F). Then there is a coalgebra morphism C — ► D dual to 
the algebra embedding F — ► End(F) related to the action of F in itself by left 
multiplications. Since End(F) is a free left F-module, C is a cofree right D-comodule. 
Set £ = C = £ v ; this is a right faithfully coprojective Morita morphism from C to 
D. Now put 7 = D; then the semiderived category of left T-semimodules coincides 
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with the coderived category of left 2?-comodules. At the same time, the coalgebra C 
is semisimple and a complex of C-comodules is coacyclic if and only if it is acyclic, 
so the semiderived category of left e^Vcomodules is equivalent to the conventional 
derived category of left X>-comodules. When F is a Frobenius algebra, End(F) is 
a free left and right F-module, so (£,£ v ) is a left and right faithfully coprojective 
Morita morphism, but the categories D s '(CT-simod) and D sl (eTe-simod) are still not 
equivalent when the homological dimension of F is infinite. Alternatively, one can 
consider the right coprojective Morita morphism from the coalgebra C = k to the 
coalgebra T> = F* with £ = F* and £ v = F and the same semialgebra 7 = D 
over D; then the semialgebra q7q over C is isomorphic to the algebra F over k; the 
category D sl (T-simod) is the coderived category of F*-comodules and the category 
D s '(eCTe-simod) is the derived category of F-modules. 

Assume that C is a flat left and right A-module, T) is a flat left and right i?-module, 
the rings A and B have finite weak homological dimensions, 7 is a coflat left and 
right 2)-comodule, and (£,£ v ) is a left and right coflat Morita morphism from C 
to D. Then whenever the functor 3V* i — > qN' induces an equivalence of the semi- 
derived categories of left CT-semimodules and left e^e-semimodules and the functor 
3V* i — > ]STg induces an equivalence of the semiderived categories of right CT-semi- 
modules and right e^Vsemimodules, these equivalences of categories transform the 
functor SemiTor T into the functor SemiTor eTe . 

Assume that C is a projective left and a flat right A-module, T) is a projective left 
and a flat right .B-module, the rings A and B have finite left homological dimensions, 
7 is a coprojective left and a coflat right D-comodule, and (£, £ v ) is a left coprojective 
and right coflat Morita morphism from C to D. Then whenever the functor N* i — > 
eN° induces an equivalence of the semiderived categories of left T-semimodules and 
left e^e-semimodules and the functor £3* i — > e £j* induces an equivalence of the 
semiderived categories of left T-semicontramodules and left e^e- sem i con trarnodules, 
these equivalences of categories transform the functor SemiExto- into the functor 
SemiExt e cr e and the equivalences of categories IM/y and L$o- into the equivalences 
of categories R^ e T e an d L$ e ^ e . The same applies to the functors Ext^-, Ext T , and 
CtrTor T , under the relevant assumptions. 

8.4.4. Here are some further partial results about equivalence of the semiderived 
categories related to 7 and e^e- The problem is, essentially, to find conditions un- 
der which a complex of left D-comodules N* is coacyclic whenever the complex of 
C-comodules qN' is coacyclic, or a complex of left D-contramodules 0* is contra- 
acyclic whenever the complex of C-contramodules e Q.' is contraacyclic. 

Consider the following general setting. Let A and B be exact categories with exact 
functors of infinite direct sum, A: B — > A be an exact functor preserving infinite 
direct sums and such that a complex C over B is acyclic if the complex A(C") over A 
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is contractible, and T : A — ► B be an exact functor left adjoint to A. Clearly, if a 
complex C is coacyclic then the complex A(C*) is coacyclic; we would like to know 
when the converse holds. 

First, if a complex C* is coacyclic whenever the complex A(C') is contractible, 
then a complex C is coacyclic if and only if the complex A(C") is coacyclic. In- 
deed, consider the bar bicomplex • • • — ► rArA(C*) — ► rA(C') — ► C whose 
differentials are the alternating sums of morphisms induced by the adjunction mor- 
phism TA — ► Id. The total complex of this bicomplex contructed by taking infinite 
direct sums along the diagonals becomes contractible after applying the functor A; 
the contracting homotopy is induced by the adjunction morphism Id — > AT. By 
assumption, it follows that the total complex itself is coacyclic over B. On the other 
hand, if the complex A(C") is coacyclic over A, then every complex (TA) n (C) is 
coacyclic over B, since the functors A and T are exact and preserve infinite direct 
sums. The total complex of the bicomplex • • ■ — > rArA(C') — > TA(C) is ho- 
motopy equivalent to a complex obtained from the complexes (TA) n (C*) using the 
operations of shift, cone, and infinite direct sum; hence the complex C is coacyclic. 

By the same argument, a complex C* is acyclic if and only if the complex A(C) is 
acyclic, so if the exact category B has a finite homological dimension, then a complex 
C° is coacyclic if and only if the complex A(C") is coacyclic. This is the trivial case. 

Finally, let us say that an exact functor A : B — ► A has a finite relative homological 
dimension if the category B with the exact category structure formed by the exact 
triples in B that split after applying A has a finite homological dimension. We claim 
that when the functor A has a finite relative homological dimension, a complex C 
over B is coacyclic if and only if the complex A(C) is coacyclic, in our assumptions. 
Indeed, consider again the bar bicomplex • • • — > rArA(C*) — > rA(C*) — ► C*. 
One can assume that the category B contains images of idempotent endomorphisms, 
as passing to the Karoubian closure doesn't change coacyclicity. One can also assume 
that the complex C° is bounded from above, as any acyclic complex bounded from 
below is coacyclic. The complex • • • — > TArA(X) — ► TA(X) is split exact in 
high enough (negative) degrees for any object X G B, since it is exact and the 
complex of homomorphisms from it to an object Y G B computes Ext(JT, Y) in the 
relative exact category. Let d be an integer not smaller than the relative homological 
dimension; denote by Z(X) the image of the morphism (rA) d+1 (X) — ► (TA) d (X). 

Then the total complex of the bicomplex ► (rA) d+2 (C*) — ► (TA) d+1 (C) — ► 

Z(C m ) is contractible, while the total complex of the bicomplex (V A) d (C) / Z(C) — ► 
iTA) d -\C) — ► ... — ► rA(C") — »■ C is coacyclic. If the complex A(C) is 
coacyclic, the total complex of the bicomplex • • • — ► rArA(C*) — > TA(C) is also 
coacyclic; thus the complex C* is coacyclic. 
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8.4.5. Let S be a semialgebra over a coring C and 7 be a semialgebra over a coring CD. 
Assume that C is a flat right A-module, CD is a flat right B-module, S is a coflat right 
C-comodule, and 7 is a coflat right CD-comodule. A right semiflat Morita morphism 
from S to 7 is a pair consisting of a CT-semiflat S-T-bisemimodule £ and an S-semiflat 
CT-S-bisemimodule £ v endowed with an S-S-bisemimodule morphism S — > £ <j £ v 
and a CT-CT-bisemimodule morphism £ v Os £ — ¥ J such that the two compositions 
£ — > £Ot£ V< 0s£ — ¥ £ an d £ v — > £ v 0s£0t£ V — ► £ V are equal to the identity 
endomorphisms of £ and £ v . A right semiflat Morita morphism (£, £ v ) from S to 7 
induces an exact functor M i — > = £ v 0s^VC from the category of left S-semimod- 
ules to the category of left T-semimodules and an exact functor N i — > §N = £ OcrN 
from the category of left CT-semimodules to the category of left S-semimodules; the 
former functor is left adjoint to the latter one. Conversely, any pair of adjoint exact 
fc-linear functors preserving infinite direct sums between the category of left S-semi- 
modules and left CT-semimodules is induced by a right semiflat Morita morphism. 
Indeed, any exact fc-linear functor S-simod — ► CT-simod preserving infinite direct 
sums is the functor of semitensor product with an S-semiflat CT-S-bisemimodule; this 
can be proven as in 17.5.21 

Analogously, assume that C is a projective left A-module, D is a projective 
left i?-module, S is a coprojective left C-comodule, and J is a coprojective left 
D-comodule. A left semiprojective Morita morphism from S to 7 is defined as a 
pair consisting of an S- semiprojective S-T-bisemimodule £ and a 7- semiprojective 
T-S-bisemimodule £ v endowed with an S-S-bisemimodule morphism S — ► £ Ot £ V 
and a T-T-bisemimodule morphism £ v Os £ — ► 7 satisfying the same conditions 
as above. A left semiprojective Morita morphism (£, £ v ) from S to 7 induces an 
exact functor i — > = SemiHom§(£, $P) from the category of left S-semi- 
contramodules to the category of left T-semicontramodules and an exact functor 
£2 i — > s O = SemiHomj-(£ v , 0) from the category of left CT-semicontramodules to 
the category of left S-semicontramodules; the former functor is right adjoint to the 
latter one. Conversely, any pair of adjoint exact fc-linear functors preserving infinite 
products between the category of left S-semicontramodules and left T-semicontra- 
modules is induced by a left semiprojective Morita morphism. Indeed, any exact 
fc-linear functor S-sicntr — ► T-sicntr preserving infinite products is the functor of 
semihomomorphisms from an S- semiprojective S-T-bisemimodule. 

A right semiflat Morita morphism (£, £ v ) from S to 7 is called a right semiflat 
Morita equivalence if the bisemimodule morphisms S — ► £<0cr£ V and £ v 0s£ — ► 7 
are isomorphisms; then it can be also considered as a right semiflat Morita morphism 
(£ v , £) from 7 to S. Left semiprojective Morita equivalences are defined in the 
analogous way. A right semiflat Morita equivalence between semialgebras S and 7 
induces an equivalence of the abelian categories of left S-semimodules and left CT-semi- 
modules, and in the relevant above assumptions any equivalence between these two 
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fc-linear categories comes from a right semiflat Morita equivalence. Analogously, a 
left semiprojective Morita equivalence between S and 7 induces an equivalence of the 
abelian categories of left S-semicontramodules and left CT-semicontramodules, and in 
the relevant above assumptions any equivalence between these two fc-linear categories 
comes from a left semiprojective Morita equivalence. 

Assume that the coring C is a flat right A-module and the coring D is a flat right 
-B-module. Let 7 be a semialgebra over D such that 7 is a coflat right D-comodule 
and (£, £ v ) be a right faithfully coflat Morita morphism from C to D. Then the 
pair of bisemimodules £ = and £ v = 7q is a right semiflat Morita equivalence 
between the semialgebras 7 and e^e- Analogously, assume that C is a projective left 
A-module and CD is a projective left -B-module. Let 7 be a semialgebra over D such 
that 7 is a coprojective left D-comodule and (£, £ v ) be a left faithfully coprojective 
Morita morphism from C to D. Then the same pair of bisemimodules £ and £ v is a 
left semiprojective Morita equivalence between 7 and e^e- 

All the results of 18.11 can be extended to the case of a left semiprojective and 
right semiflat Morita morphism (£, £ v ) from a semialgebra S to a semialgebra 7. 
In particular, for any left T-semimodule N there are natural isomorphisms of left 
S-semicontramodules \I/s(sN) = Homs(S,s]\T) ~ Hom^o-S, ]ST) ~ Homj(£ v , N) ~ 
SemiHom T (£ v , Rom 7 (7, DM")) = S (^j-'N) by Proposition 16.21 2(d). etc. However, one 
sometimes has to strengthen the coflatness (coprojectivity, coinjectivity) conditions 
to the semiflatness (semiprojectivity, semiinjectivity) conditions. 

The first assertions of Theorem 18.21 3(a). (b) and (c) do not hold for Morita mor- 
phisms of semialgebras, though. The derived functors M* i — > JfM* and ^5* i — > jj^P* 
still can be defined in terms of S/C-projective (= quite S/C-semiflat) complexes of 
S-semimodules and S/C-injective (= quite S/C-semiinjective) complexes of S-semi- 
contramodules. The right derived functor IN** i — > fDST* can be defined in terms of 
injective complexes of T-semimodules and the left derived functor £}* i — ► can 
be defined in terms of projective complexes of T-semicontramodules (see Remark 16.51) . 

The results of Corollaries 18. 31 2- 18.31 4 do not hold for Morita morphisms of semialge- 
bras, as one can see in the example of the Morita equivalence related to a Frobenius 
algebra from Remark 18.4.31 considered as a Morita morphism in the inverse direc- 
tion. The mentioned results remain valid for left semiprojective and right semiflat 
Morita morphisms from S to 7 when the categories of C-comodules and C-contra- 
modules have finite homological dimensions, or the Morita morphism of semialgebras 
is induced by a left coprojective and right coflat Morita morphism of corings, or 
more generally when the functors Tsf* i — > §N m , N* i — > N§, and £T i — > S £J* 
map 2)-coacyclic and D-contraacyclic complexes to C-coacyclic and C-contraacyclic 
complexes. 

Morita equivalences of semialgebras do not induce equivalences of the semiderived 
categories of semimodules and semicontramodules, except in rather special cases. A 
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right semiflat Morita equivalence between S and 7 does induce an equivalence of the 
semiderived categories of left S-semimodules and left CT-semimodules when the cate- 
gories of left C-comodules and left D-comodules have finite homological dimensions, 
or when the Morita equivalence comes from a right faithfully coflat Morita morphism 
of corings and one of the conditions of I8.4.3H8.4.4I is satisfied. 

8.4.6. A short summary: one encounters no problems generalizing the results of 
I7.1H7.4I and I8.1H8.3I to the case of a Morita morphism of fc-algebras and related 
maps of corings and semialgebras. The problems are manageable when one con- 
siders Morita morphisms of corings. And there are severe problems with Morita 
morphisms/equivalences of semialgebras, which do not always respect the essential 
structure of "an object split in two halves" (see Introduction). 
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9. Closed Model Category Structures 

By a closed model category we mean a model category in the sense of Hovey [25] . 

9.1. Complexes of comodules and contramodules. Let C be a coring over a 
fc-algebra A. Assume that C is a projective left and a flat right A-module and the 
ring A has a finite left homological dimension. 

Theorem, (a) The category of complexes of left Q-comodules has a closed model 
category structure with the following properties. A morphism is a weak equivalence 
if and only if its cone is coacyclic. A morphism is a cofibration if and only if it is 
injective and its cokernel is a complex of A-projective Q-comodules. A morphism is 
a fibration if and only if it is surjective and its kernel is a complex of Q/A-injective 
Q-comodules. An object is simultaneously fibrant and cofibrant if and only if it is a 
complex of coprojective left Q-comodules. 

(b) The category of complexes of left Q- contramodules has a closed model category 
structure with the following properties. A morphism is a weak equivalence if and only 
if its cone is contraacyclic. A morphism is a cofibration if and only if it is injective 
and its cokernel is a complex of Q/ A-projective Q- contramodules. A morphism is 
a fibration if and only if it is surjective and its kernel is a complex of A-injective 
Q- contramodules. An object is simultaneously fibrant and cofibrant if and only if it is 
a complex of coinjective left Q- contramodules. 

Proof. Part (a): the category of complexes of left C-comodules has arbitrary limits 
and colimits, since it is an abelian category with infinite direct sums and prod- 
ucts. The two-out-of-three property of weak equivalences follows from the octahe- 
dron axiom, since coacyclic complexes form a triangulated subcategory of the ho- 
motopy category of left C-comodules. The retraction properties are clear, since the 
classes of projective A-modules, C/A-injective C-comodules, and coacyclic complexes 
of C-comodules are closed under direct summands. It is also clear that a morphism is 
a trivial cofibration if and only if it is injective and its cokernel is a coacyclic complex 
of A-projective C-comodules, and a morphism is a trivial fibration if and only if it is 
surjective and its kernel is a coacyclic complex of C/A-injective C-comodules. Now 
let us verify the lifting properties. 

Lemma 1. Let U , V , X , and Y be four objects of an abelian category A, U — > V be 
an injective morphism with the cokernel E, and X — > Y be a surjective morphism 
with the kernel K. Suppose that Fjxt\(E,K) = 0. Then for any two morphisms 
U — > X and V — > Y forming a commutative square with the above two morphisms 
there exists a morphism V — ► X forming two commutative triangles with the given 
four morphisms. 
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Proof. Let us first find a morphism V — ► X making a commutative triangle with 
the morphisms U — > X and £7 — > V. The obstruction to extending the morphism 
U — > X from £7 to V lies in the group Ext A (£7, X). Since the composition U — > 
X — > K admits an extension to V, our element of Ext A (i?,X) becomes zero in 
Ext A (-B l , y) and therefore comes from the group Ext A (i?, K). Now let us modify the 
obtained morphism so that the new morphism V — > X forms also a commutative 
triangle with the morphisms V — > Y and X — > Y. The difference between the 
given morphism V — > Y and the composition V — > X — > Y is a morphism 
V — > Y annihilating U, so it comes from a morphism E — > Y. We need to lift the 
latter to a morphism E — > X. The obstruction to this lies in Fixt\(E, K). □ 

To verify the condition of Lemma 1, consider an extension £* — ► M* — ► %' 
of a complex of A-projective left C-comodules %' by a complex of C/A-injective left 
C-comodules £*. By Lemma 15.31 1(a). this extension is term-wise split, so it comes 
from a morphism of complexes of C-comodules %" — ► £*[1]. Now suppose that one of 
the complexes DC* and £■ is coacyclic. Then any morphism %' — ► £*[1] is homotopic 
to zero by a result of 15.51 hence the extension of complexes £* — ► M* — > %' is 
split. The lifing properties are proven. 

It remains to construct the functorial factorizations. These constructions use two 
building blocks: one is Lemma [3.1.3( a). the other one is the following Lemma 2. 

Lemma 2. (a) There exists a (not always additive) functor assigning to any left 
Q-comodule an injective morphism from it into a G/A-injective left G-comodule with 
an A-projective cokernel. 

(b) There exists a (not always additive) functor assigning to any left G-contramod- 
ule a surjective morphism onto it from a G/ A-projective left G-contramodule with an 
A-injective kernel. 

Proof. Part (a): let M be a left C-comodule and CP(DVC) — > M be the surjective mor- 
phism onto it from an A-projective C-comodule IP(M) constructed in Lemma f3. 1.3( a). 
Let X be kernel of the map ?(M) — ► M and let 7(M) — > G <g> A 3>(M) be the 
C-coaction map. Set £J(M) to be the cokernel of the composition % — ► T(M) — ► 
C ® A ^(M). Then the composition of maps 3>(M) — > G ® A 0»(M) — > d(M) factor- 
izes through the surjection D 5 (M) — > M, so there is a natural injective morphism of 
C-comodules M — ► <J(M). The C-comodule J(M) is C/A-injective as the cokernel of 
an injective map of G/A- injective C-comodules % — ► CtguO^M). The cokernel of the 
map M — > <J(M) is isomorphic to the cokernel of the map (P(M) — > G^A^i^) and 
hence A-projective. Part (a) is proven; the construction of the surjective morphism 
of C-contramodules — > ^3 in part (b) is completely analogous. □ 

Let us first decompose functorially an arbitrary morphism of complexes of left 
C-comodules £* — > M* into a cofibration followed by a fibration. This can be done 
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in either of two dual ways. Let us start with a surjective morphism CP + (M*) — ► 
M* onto the complex M* from a complex of A-projective left C-comodules y + (M*) 
constructed as in the proof of Theorem 12.51 Let %' be the kernel of the morphism 
XL* © ? + (M*) — ► M* and let %' — ► # + (3C*) be an injective morphism from the 
complex %' into a complex of C/A-injective left C-comodules <J + (3C*) constructed 
in the analogous way using Lemma 2. The cokernel of this morphism is a complex 
of A-projective C-comodules. Let £* denote the fibered coproduct of XL* © y + (M*) 
and $ + (%') over %'. There is a natural morphism of complexes £* — > M* whose 
composition with the morphism $ + (%') — > £* is zero and composition with the 
morphism XL* © T + (M*) — > £* is equal to our morphism XL* © y + (M*) — > M*. The 
morphism XL* — > M* is equal to the composition XL* — > £* — > M*. The cokernel 
of the morphism XL* — > £* is an extension of the cokernel of the morphism %* — > 
and the complex 5 )+ (M*), hence a complex of A-projective C-comodules. 
The kernel of the morphism £* — > M* is isomorphic to $ + (X*), which is a complex 
of G/A- injective C-comodules. Another way is to start with an injective morphism 
XL* — > # + (XL*) and consider the cokernel of the morphism £* — > M* © 3 + {&')- 

Now let us construct a factorization of the morphism L* — > M* into a cofibration 
followed by a trivial fibration. Represent the kernel of the morphism £* — ► M* as 
the quotient complex of a complex of A-projective left C-comodules £* by a complex 
of C/v4-injective C-comodules; represent the latter complex as the quotient complex 
of a complex £' with the analogous properties, etc. The complexes £* are also 
complexes of C/A-injective C-comodules as extensions of complexes of C/04-injec- 
tive C-comodules. For d large enough, the kernel Z* of the morphism E' d — > £^_ x 
will be a complex of A-projective C-comodules. Actually, £* and Z* are complexes 
of coprojective C-comodules, as a C/A-injective A-projective left C-comodule Q is 
coprojective (since the injection of C-comodules Q — > G®aQ splits, Q — > C©aQ — > 
G ®a Q/Q being an exact triple of A-projective C-comodules). Let %* be the total 
complex of the bicomplex Z* — > £' — ► ■ • • — ► £* — ► £*. Then the morphism 
XL* — ► M* factorizes through %' in a natural way, the kernel of the morphism 
%* — > M* is a coacyclic complex of C/A-injective C-comodules, and the cokernel of 
the morphism L' — > %' is a complex of A-projective C-comodules. Notice that the 
complex %' is the cone of the natural morphism L 1 (ker(£* — > M*)) — ► £*, where 
Li denotes the functor from the proof of Theorem 14.51 

Finally, let us construct a factorization of the morphism XL* — > M* into a trivial 
cofibration followed by a fibration. Represent the cokernel of the morphism XL* — ► £* 
as a subcomplex of a complex of C/A-injective left C-comodules x £* such that the quo- 
tient complex is a complex of A-projective C-comodules; represent this quotient com- 
plex as a subcomplex of a complex 2 £* with the analogous properties, etc. The com- 
plexes J £* are also complexes of A-projective C-comodules as extensions of complexes 
of A-projective C-comodules (so they are complexes of coprojective C-comodules). Let 
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%* be the total complex of the bicomplex £* — > 1 £* — > 2 £' — > ■ ■ ■ , constructed 
by taking infinite direct sums along the diagonals. Then the morphism £* — > M* 
factorizes through %' in a natural way, the cokernel of the morphism L* — > %' is 
a coacyclic complex of A-projective C-comodules, and the kernel of the morphism 
%' — ► M* is a complex of C/A-injective C-comodules. The class of C/A-injective 
C-comodules is closed under infinite direct sums by Lemma [5.31 2(a). 

Part (a) is proven; the proof of part (b) is completely analogous. □ 

Remark. It follows from the proof of Lemma 2 that any C/A-injective left 
C-comodule can be obtained from coinduced C-comodules by taking extensions, cok- 
ernels of injective morphisms, and direct summands. Analogously, any C/A-projec- 
tive left C-contramodule can be obtained from induced C-contramodules by taking 
extensions, kernels of surjective morphisms, and direct summands. 

Let C and D be two corings satisfying the above assumptions and C — > D be a 
map of corings compatible with a /c-algebra map A — > B. Then the pair of adjoint 
functors M* i — > bM* and N* i — > e'N* is a Quillen adjunction [26] from the category 
of complexes of left C-comodules to the category of complexes of left 2)-comodules; 
the pair of adjoint functors £2* i — ► e £2* and i — ► B( $' is a Quillen adjunction 
from the category of complexes of left D-contramodules to the category of complexes 
of left C-contramodules. The same applies to the case of a Morita morphism (E, E y ) 
from A to B and a morphism b^-b — ► D °f corings over B. 

The pair of adjoint functors $e an d applied to complexes term-wise is not a 
Quillen equivalence, and not even a Quillen adjunction, between the model category 
of complexes of left C-contramodules and the model category of complexes of left 
C-comodules. This pair of functors is a Quillen equivalence, however, when C is a 
coring over a semisimple ring A. In general, the model categories of complexes of left 
C-comodules and left C-contramodules can be connected by a chain of three Quillen 
equivalences (see Remark [9.21 2). 

9.2. Complexes of semimodules and semicontramodules. Let S be a semial- 
gebra over a coring C over a fc-algebra A. Assume that C is a projective left and a 
flat right A-module, S is a coprojective left and a coflat right C-comodule, and the 
ring A has a finite left homological dimension. 

A left S-semimodule £ is called S/G/A-projective if the functor of S-semimodule 
homomorphisms from £ maps exact triples of C/A-injective left S-semimodules to 
exact triples. An A-projective left S-semimodule XL is called S/Q/A-semiprojective if 
the functor of semihomomorphisms from £ over S maps exact triples of C/04-coinjec- 
tive left S-semicontramodules to exact triples. Analogously, a left S-semicontramod- 
ule £2 is called S/Q/A-injective if the functor of S-semicontramodule homomorphisms 
into £2 maps exact triples of C/A-projective left S-semicontramodules to exact triples. 
An A-injective left S-semicontramodule £J is called S / 'C / A-semiinjective if the functor 
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of semihomomorphisms into £2 over S maps exact triples of C/A-coprojective left 
S-semimodules to exact triples. 

As in Lemma 16.41 it follows from Proposition 16.21 2(c) that an A-projective left 
S-semimodule is S/C/A-projective if and only if it is S/C/A-semiprojective. Analo- 
gously, it follows from Proposition 16.21 3(c) that an A-injective left S-semicontramod- 
ule is S/C/A-injective if and only if it is S/C/A-semiinjective. It will be shown below 
that any S/C/A-projective left S-semimodule is A-projective and any S/C/A-injective 
left S-semicontramodule is A-injective. 

Theorem, (a) The category of complexes of left S-semimodules has a closed model 
category structure with the following properties. A morphism is a weak equivalence 
if and only if its cone is G-coacyclic. A morphism is a cofibration if and only if 
it is injective and its cokernel is an S/G/A-projective complex of S/G/A-projective 
S-semimodules. A morphism is a fibration if and only if it is surjective and its kernel 
is a complex of G/A-injective S-semimodules. An object is simultaneously fibrant and 
cofibrant if and only if it is a semiprojective complex of semiprojective left S-semi- 
modules. 

(b) The category of complexes of left S-semicontramodules has a closed model cat- 
egory structure with the following properties. A morphism is a weak equivalence if 
and only if its cone is G-contraacyclic. A morphism is a cofibration if and only if it 
is injective and its cokernel is a complex of G/A-projective S-semicontramodules. A 
morphism is a fibration if and only if it is injective and its cokernel is an S/ G/A-in- 
jective complex of S/ G/A-injective S-semicontramodules . An object is simultaneously 
fibrant and cofibrant if and only if it is a semiinjective complex of semiinjective left 
S-semicontramodules . 

Proof. Part (a): existence of limits and colimits, the two-out-of-three property of 
weak equivalences, and the retraction properties are verified as in the proof of The- 
orem 19.11 It is clear that a morphism is a trivial cofibration if and only if it is 
injective and its cokernel is a C-coacyclic S/C/A-projective complex of S/C/A-projec- 
tive S-semimodules, and a morphism is a trivial fibration if and only if it is surjective 
and its kernel is a C-coacyclic complex of C/A-injective S-semimodules. To check the 
lifting properties, use Lemma [9. 11 1. Consider an extension £* — > M* — ► DC' of an 
S/C/A-projective complex of S/C/A-projective left S-semimodules DC* by a complex 
of C/A-injective left S-semimodules £*. By the next Lemma 1, this extension is term- 
wise split, so it comes from a morphism of complexes of S-semimodules DC* — > £*[!]• 
Now suppose that one of the complexes DC' and £* is C-coacyclic. Then any mor- 
phism DC' — ► £*[1] is homotopic to zero by a result of 16.51 hence the extension of 
complexes £* — ► JVT — ► DC' is split. So after Lemma 1 is proven it will remain to 
construct the functorial factorizations. 
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Lemma 1. (a) A left S-semimodule & is S/G/A-projective if and only if for any 
G/A-injective left S-semimodule M the k-modules Ext§(X,M) of Yoneda extensions 
in the abelian category of left S-semimodules vanish for all i > 0. The functor of 
S-semimodule homomorphisms into a G/A-injective S-semimodule maps exact triples 
of S/G/A-projective left S-semimodules to exact triples. The classes of S/G/A-pro- 
jective left S-semimodules and S/G/A-projective complexes of S/G/A-projective left 
S-semimodules are closed under extensions and kernels of surjective morphisms. 

(b) A left S-semicontramodule £l is S/ G/A-injective if and only if for any G/A-pro- 
jective left S-semicontramodule ^3 the k-modules Ext s, *(^3, £3) of Yoneda extensions 
in the abelian category of left S-semicontramodules vanish for all i > 0. The functor 
of S-semicontramodule homomorphisms from a G/ A- projective S-semicontramodule 
maps exact triples of S/ G/A-injective left S-semicontramodules to exact triples. The 
classes of S/ G/A-injective left S-semicontramodules and S/ G/A-injective complexes 
of S/G/A-injective left S-semicontramodules are closed under extensions and coker- 
nels of injective morphisms. 

Proof. Part (a): the forgetful functor S-simod — > C-comod preserves injective ob- 
jects, since it is right adjoint to the exact functor of induction. Let us show that 
any C/A-injective left S-semimodule JVC is a subsemimodule of an injective S-semi- 
module (it will follow that the category of left S-semimodules has enough injectives). 
The construction of Lemma [3.3.2( b) assigns to a C/A-coinjective left S-semicontra- 
module ^3 an injective map from it into a semiinjective S-semicontramodule 3(^3) 
with a C/A-coinjective cokernel. Indeed, the cokernel of the map ^3 — > 3(^3) is 
a C/A-coinjective C-contramodule by Lemma [3.1.3( b). so 3(^}3) is a C/A-coinjective 
C-contramodule as an extension of two C/A-coinjective C-contramodules and a coin- 
jective C-contramodule as an A-injective and C/A-coinjective C-contramodule. Hence 
3(^3) = Cohome(S, 3(^3)) is a semiinjective S-semicontramodule. The cokernel of 
the composition of injective morphisms ^3 — > Cohonie(S, ^3) — ► Cohonie(S, 3(^3)) 
is an extension of the cokernel of the morphism Cohome(S, ^3) — ► Cohome(S, 3(^3)) 
and the cokernel of the morphism ^3 — ► Cohome(S, ^3); the former is C/A-coinjec- 
tive since the cokernel of the morphism ^3 — ► 3(^3) is, and the latter is C/A-coin- 
jective as a C-contramodule direct summand of Cohomg(S, ^3). Hence the cokernel 
of the morphism ^3 — > 3(^3) is C/A-coinjective. Applying these observations to 
the S-semicontramodule ^3 = $s(3Vt) and using Lemmas 15.31 2(b) and 15.31 1(c). we 
conclude that JVC — > $§3(\I / s3Vt) is an injective morphism of S-semimodules when- 
ever JVC is a G/A- injective left S-semimodule. Now the functor <!>§ maps semiinjective 
S-semicontramodules to injective S-semimodules by Proposition 16.21 2(a). 

So any C/A-injective left S-semimodule JVC has an injective right resolution; by the 
construction or by Lemma [5.31 1(a). this resolution is exact with respect to the exact 
category of C/A-injective S-semimodules. Applying to this resolution the functor 
of S-semimodule homomorphisms from an S/C/A-projective left S-semimodule £, 
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we obtain the desired vanishing Extg(X, JVC) = for all % > 0. The remaining 
assertions follow (to verify the assertions related to complexes, notice that the class 
of acyclic complexes of fc-modules is closed under extensions and cokernels of injective 
morphisms). Part (a) is proven; the proof of part (b) is completely analogous and 
based on the construction of a semicontramodule projective resolution. Alternatively, 
one can argue as in the proof of Lemma [5.31 1(a-b). □ 

The analogous results for S/C/A-semiprojective (complexes of) left S-semimodules 
and S/C/A-semiinjective (complexes of) left S-semicontramodules can be obtained 
by considering the derived functor SemiExt§(JVC, ^3), defined as the cohomology of 
the object SemiExt§(M, Vp) of D(/c-mod). For an A-projective S-semimodule JVC 
and a C/A-coinjective S-semicontramodule ^3 or a C/A-coprojective S-semimodule 
JVC and an A-injective S-semicontramodule ^3 it is computed by the cobar-complex 
Cohom e (JvC, «p) — ► Cohom e (S D e JVC, «p) — ► • • • , hence SemiExt^(M, «p) = for 
i > and SemiExt£(JvC, «p) = SemiHom s (JVC, 

Lemma 2. (a) There exists a (not always additive) functor assigning to any left 
S-semimodule an injective morphism from it into a Q/A-injective S-semimodule 
with an S/ Q/A-projective cokernel. Furthermore, there exists a functor assigning 
to any complex of left S-semimodules an injective morphism from it into a complex 
of Q/A-injective S-semimodules such that the cokernel is a Q-coacyclic S/Q/A-pro- 
jective complex of S/Q/A-projective S-semimodules. 

(b) There exists a (not always additive) functor assigning to any left S-semicon- 
tramodule a surjective morphism onto it from a Q/A-projective S-semicontramod- 
ule with an S/ Q/A-injective kernel. Furthermore, there exists a functor assigning 
to any complex of left S-semicontramodules a surjective morphism onto it from a 
complex of Q/A-projective S-semicontramodules such that the kernel is a Q-contra- 
acyclic S/ Q/A-injective complex of S/ Q/A-injective S-semicontramodules. 

Proof. Part (a): modify the construction of the second assertion of Lemma 11.3.31 
replacing the injective morphism of C-comodules M — ► S(M) = C ®a 3VC with the 
injective morphism of C-comodules M — ► <J(M) constructed in Lemma [9.11 2(a). In 
other words, for any left S-semimodule JVC denote by 9C(JVC) the kernel of the mor- 
phism S Dq JVC — > JVC and by Q(JVC) the cokernel of the composition 3C(JVC) — > 
SD e M — > SDefl(M). The composition of maps SD e JVC — > SD e 0(M) — > Q(JVC) 
factorizes through the surjection S Dg JVC — > JVC, so there is a natural injective 
morphism of S-semimodules JVC — > Q(JVC). The cokernel of this morphism is 
isomorphic to S Dq (J(JVC)/JVC), which is an S/C/A-projective S-semimodule be- 
cause J(JVC)/JVC is an A-projective C-comodule. As in the proof of Lemma 11.3.31 
the S-semimodule morphism JVC — > Q(JVC) can be lifted to a C-comodule mor- 
phism M — > S D e #(JVC). Let 0(JVC) denote the inductive limit of the sequence 
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M — ► S D e 2(M) — ► Q(M) — ► S D e 3(Q(M)) — > 0(Q(M)) — > ■ ■ ■ ; it is the de- 
sired C/A-injective S-semimodule into which 3VC maps injectively with an S/Q/A-pio- 
jective cokernel. Indeed, <J(M) is C/A-injective by Sublemma 13 . 3 . 31 B and the cokernel 
of the morphism 3Vl — > <J(3VC) is S/C/A-projective by the next Sublemma. 

Sublemma. (a) Let = It*, — > U* — ► U* — > ■ ■ ■ be an inductive system of 
complexes of left S-semimodules such that the successive cokernels coker(lt*_ 1 — ► 
it.*) are S/Q/A-projective complexes of S/Q/A-projective S-semimodules. Then the 
inductive limit lirntl" is an S/Q/A-projective complex of S/Q/A-projective S-semi- 
modules. 

(b) Let = it", < — it" < — it* i — ' ' ' be a projective system of complexes 
of left S-semicontramodules such that the successive kernels ker(il* — > iX*_ x ) are 
S/Q/A-injective complexes of S/Q/A-injective S-semimodules. Then the projective 
limit limit* is an S/Q/A-injective complex of S/Q/A-injective S-semimodules. 

Proof. The forgetful functor S-simod — ► A-mod preserves inductive limits, since 
it preserves cokernels and infinite direct sums, so one has Hom§ (limit*, 3Vt*) = 
hmHoms(lt*, 3Vt*) for any complex of left S-semimodules M*. Analogously, the 
forgetful functor S-sicntr — > A-mod preserves projective limits, since it preserves 
kernels and infinite products, so one has Hom s (*p*, limit*) = limHom s (<£*, it*) for 
any complex of left S-semicontramodules ^3*. As the projective limits of sequences 
of surjective maps preserve exact triples and acyclic complexes, the assertions of 
Sublemma follow from Lemma 1. □ 

The first statement of Lemma 2(a) is proven. To prove the second one, con- 
sider the functor assigning to a complex of left S-semimodules M* the injective 
map from it into the complex + (3Vt*), which is constructed in terms of the functor 
M i — ► 0(3Vt) as in the proof of Theorem [23J By Sublemma, the cokernel of the mor- 
phism M* — ► £f + (3Vt*) is an S/C/A-projective complex of S/C/A-projective S-semi- 
modules, since a complex of S-semimodules induced from a complex of A-projective 
C-comodules belongs to this class. Set °g* = + (M*), 1 3' = a + (coker(M* -> °0*)), 
etc. The complexes *<J* are complexes of C/A-injective S-semimodules and the com- 
plexes coker(M* — > °3'), coker( i-1 0* — > are S/C/A-projective complexes of 
S/C/A-projective S-semimodules. The complexes *<J* for i > are also S/Q/A-pro- 
jective complexes of S/C/A-projective S-semimodules as extensions of complexes with 
these properties. Let DC* be the total complex of the bicomplex °0* — > 1 3' — > • • • , 
constructed by taking infinite direct sums along the diagonals. Then DC* is a com- 
plex of C/A-injective S-semimodules and the cokernel of the injective morphism 
M* — > DC* is a C-coacyclic (and even S-coacyclic) S/C/A-projective complex of 
S/C/A-projective S-semimodules. To check the latter properties, one can apply Sub- 
lemma to the canonical filtration of the complex °$*/JVt* — > 1 $* — ► 2 3' — ► ■ • • 



176 



The proof of Lemma 2(b) is completely analogous and based on the modification 
of the construction of the second assertion of Lemma 13.3.3( a) using the surjective 
morphism of C-contramodules #(^3) — > ^3 from Lemma 19.11 2(b) in place of the 
morphism <25(q3) = Hom A (C, <p) — ► <p. □ 

In the sequel we will denote by JVC i — > £J(7VC) the functor constructed in Lemma 2 
rather than its more simplistic version from Lemmas 11.3.31 and 13.3.31 

Lemma 3. (a) There exists a (not always additive) functor assigning to any left 
S-semimodule a surjective map onto it from an S/C/ A- projective S-semimodule with 
a Q/A-injective kernel. Furthermore, there exists a functor assigning to any complex 
of left S-semimodules a surjective map onto it from an S/C/ A- projective complex 
of S/G/A-projective S-semimodules such that the kernel is a C-coacyclic complex of 
Q/A-injective S-semimodules. 

(b) There exists a (not always additive) functor assigning to any left S-semicontra- 
module an injective map from it into an S/Q/A-injective S-semicontramodule with a 
Q/A-projective cokernel. Furthermore, there exists a functor assigning to any complex 
of left S-semicontramodules an injective map from it into an S/C/ A- injective complex 
of S/Q/A-injective S-semicontramodules such that the cokernel is a Q-contraacyclic 
complex of C/A-projective S-semicontramodules. 

Proof. Part (a): for any left S-semimodule £, consider the injective morphism 
£j — > from Lemma 2 and denote by 9C(£) its cokernel. The functor 

3VC i — > 3* (JVC) of Lemmas 11.3.21 and 13.3.21 assigns to a C/A-injective left S-semimodule 
JVC a surjective morphism onto it from the S-semimodule IP (JVC) induced from a copro- 
jective C-comodule IP(JVC) such that the kernel is a C/A-injective S-semimodule (see 
the proof of Lemma 1). Denote by IF(,C) the kernel of the composition IP(0(£)) — > 
— > 3C(£). The composition of maps — ► ?(#(£)) — > factor- 
izes through the injection £ — > 0(£), so there is a natural surjective morphism of 
S-semimodules — ► £• The S-semimodules IP(0(£)) and 3C(£) are S/C/A-pro- 
jective, hence the S-semimodule !?(£) is also S/C/A-projective. The kernel of the 
morphism 9 r (£^) — > £< is C/A-injective, since it is isomorphic to the kernel of the 
morphism IP(#(£)) — ► This proves the first statement of part (a). 

Now consider the functor assigning to any complex of left S-semimodules £" the 
surjective map onto it from the complex 3 r+ (XL*). The complex IF + (£*) is S/C/A-pro- 
jective as the kernel of a surjective morphism of S/C/A-projective complexes; it is also 
a complex of S/C/A-projective and A-projective S-semimodules. Set IFq = jF + (,C*), 
2F* = 9 r (ker(9 r * — > £*)), etc. The complexes ker(3 r g — > £"), ker(5F* — > are 
complexes of C/A-injective S-semimodules, hence the complexes IF* for i > are also 
complexes of C/A-injective S-semimodules as extensions of complexes of C/A-injective 
S-semimodules. For d large enough, the kernel Z>* of the morphism 9 r *_ 1 — > 3^_2 
will be a complex of A-projective S-semimodules, and consequently a complex of 
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C-coprojective S-semimodules. Let £* be the total complex of the bicomplex 

• • • ► S D e S n e Z' > S D e Z' > ► T d _ 2 > ■ ■ • > 3" , 

constructed by taking infinite direct sums along the diagonals. Then the complex 
£* is a complex of S/C/A-projective S-semimodules, and it is an S/C/A-projective 
complex since it is homotopy equivalent to a complex obtained from such complexes 
using the operations of cone and infinite direct sum. The kernel of the morphism 
£* — > L' is a complex of C/71-mjective S-semimodules, and it is C-coacyclic since 
it contains a C-contractible subcomplex of S-semimodules such that the quotient 
complex is the total complex of a finite exact complex of complexes of S-semimod- 
ules. Part (a) is proven; the proof of part (b) is completely analogous. □ 

Let us show that any S/C/A-projective left S-semimodule £ is A-projective. Con- 
sider the surjective morphism 3 r (£<) — > £< from Lemma 3. Since its kernel is 
C/A-injective, we have an extension of an S/C/A-projective left S-semimodule by 
a C/A-injective left S-semimodule, which is always trivial by Lemma 1. Therefore, 
£i is a direct summand of ^(X), while ^(X) is A-projective by the construction. 
Analogously, any S/C/A-injective left S-semicontramodule is A-injective. 

Let us show that any S/C/A-projective C/A-injective left S-semimodule M is a di- 
rect summand of the S-semimodule induced from the C-comodule coinduced from a 
projective A-module; in particular, a left S-semimodule is simultaneously S/C/A-pro- 
jective and C/A-injective if and only if it is semiprojective. Consider the exact triple 
OC — >■ SD e M — > M, where OC = ker(S DeM^ M). If an S-semimodule M is 
C/A-injective, then so is the S-semimodule SDeM, since C/A-injectivity is equivalent 
to C/A-coprojectivity; then the S-semimodule OC is C/A-injective as a C-comodule 
direct summand of S Dg 3VC. If the S-semimodule M is also S/C/A-projective, then 
our exact triple splits over S and M is a direct summand of the induced S-semi- 
module S Dq M. Since the C-comodule M is A-projective and C/A-injective, it is 
a direct summand of the C-comodule coinduced from a projective A-module. Anal- 
ogously, any S/C/A-injective C/A-projective left S-semicontramodule ^3 is a direct 
summand of the S-semicontramodule coinduced from the C-contramodule induced 
from an injective A-module; in particular, a left S-semicontramodule is simultane- 
ously S/C/A-injective and C/A-projective if and only if it is semiinjective. In other 
words, HVt is a direct summand of a direct sum of copies of the S-semimodule S and ^3 
is a direct summand of a product of copies of the S-semicontramodule Honn^S, A; v ). 

An S/C/A-projective complex of C-coprojective left S-semimodules M" is homo- 
topy equivalent to a complex obtained from complexes of S-semimodules induced from 
complexes of C-coprojective C-comodules using the operations of cone and infinite di- 
rect sum. In particular, the complex 3VC* it is a semiprojective. Indeed, the total com- 
plex of the bicomplex • • • — ► S De S De M — ► SDeM — ► M is contractible, being 
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a C-coacyclic S/C/v4-projective complex of C/A-injective left S-semimodules. Analo- 
gously, an S/C/A-injective complex of C-coinjective left S-semicontramodules ^3" is 
homotopy equivalent to a complex obtained from complexes of S-semicontramodules 
coinduced from complexes of C-coinjective C-contramodules using the operations of 
cone and infinite product. In particular, the complex ^3* is semiinjective. 

Finally we turn to the construction of functorial factorizations. As in the proof 
of Theorem 19.11 let us first decompose an arbitrary morphism of complexes of left 
S-semimodules XL* — > JVC* into a cofibration followed by a fibration. This can be 
done in either of two dual ways. Let us start with an injective morphism from 
the complex XL* into the complex + (XL*) constructed in Lemma 2. Let DC* be the 
cokernel of the morphism XL* — > M" © + (XL*) and let 3* (DC) — ► DC* be the 
surjective morphism onto the complex DC* from the complex 3 r+ (DC*) constructed in 
Lemma 3. Let XL* — > £* — > jF + (DC*) be the pull-back of the exact triple XL* — > 
M* © + (XL*) — > DC* with respect to the morphism 3^ (DC') — ► DC*. Then the 
morphism XL* — > JVt* is equal to the composition XL* — > £* — > JVt*. The cokernel 
^(DC*) of the morphism XL* — > £* is an S/C/A-projective complex of S/C/A-pro- 
jective S-semimodules. The kernel of the morphism £* — > M* is an extension of the 
complex + (XL*) and the kernel of the morphism ^(DC*) — > DC*, hence a complex of 
C/^-injective S-semimodules. Another way is to start with the surjective morphism 
^(M*) — ► M* and consider the kernel of the morphism XL* © 3^(DVC") — ► 3Vt*. 

Now let us construct a factorization of the morphism XL* — ► M* into a cofibration 
followed by a trivial fibration. Represent the kernel of the morphism £* — > M* 
as the quotient complex of an S/C/A-projective complex of S/C/A-projective left 
S-semimodules D 5 * by a C-coacyclic complex of C/A-injective S-semimodules. Then 
the complex D 5 * is also a complex of C/A-injective S-semimodules (so it is even a 
semiprojective complex of semiprojective S-semimodules). Let DC* be the cone of 
the morphism D 5 * — > £*. Then the morphism XL* — > M* factorizes through DC* 
in a natural way, the kernel of the morphism DC* — > M* is a C-coacyclic complex 
of C/A- injective S-semimodules, and the cokernel of the morphism XL* — > DC* is an 
S/C/A-projective complex of S/C/A-projective S-semimodules. 

It remains to construct a factorization of the morphism XL* — ► M* into a triv- 
ial cofibration followed by a fibration. Represent the cokernel of the morphism 
XL* — ► £* as a subcomplex of a complex of C/A-injective S-semimodules Q* such 
that the quotient complex is a C-coacyclic S/C/A-projective complex of S/C/^4-pro- 
jective S-semimodules. Then the complex Q* is also an S/C/A-projective complex of 
S/C/A-projective S-semimodules (hence a semiprojective complex of semiprojective 
S-semimodules). Let DC* be the cocone of the morphism £* — > Q*. Then the mor- 
phism XL* — ► 3Vt* factorizes through DC* in a natural way, the kernel of the morphism 
DC* — ► 3VC* is a complex of C/A-injective S-semimodules, and the cokernel of the 
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morphism £* — > OC' is a C-coacyclic S/C/A-projective complex of S/C/A-projective 
S-semimodules. 

Part (a) of Theorem is proven; the proof of part (b) is completely analogous. □ 

Remark 1. One can obtain descriptions of S/C/A-projective complexes of 
S/C/A-projective S-semimodules, C-coacyclic S/C/A-projective complexes of 
S/C/A-projective S-semimodules, etc., from the proof of the above Theorem. 
Namely, let M* be an S/C/A-projective complex of S/C/A-projective left S-semi- 
modules; decompose the morphism — ► JVl* into a cofibration — ► OC' followed by 
a trivial fibration OC' — > M* by the above construction (this can be also obtained 
directly from Lemma 3). Then the complex 3Vt* is a direct summand of OC' and 
therefore can be obtained from complexes of S-semimodules induced from complexes 
of ^-projective C-comodules using the operations of cone, infinitely iterated exten- 
sion in the sense of inductive limit, and kernel of surjective morphism. Let M* be 
a C-coacyclic S/C/A-projective complex of S/C/A-projective left S-semimodules; 
decompose the morphism — > 3Vt* into a trivial cofibration — > OC' followed 
by a fibration OC' — > 3Vt* by the above construction. Then the complex 3Vt* is 
a direct summand of OC' and therefore up to the homotopy equivalence can be 
obtained from the total complexes of exact triples of S/C/A-projective complexes 
of S/C/A-projective S-semimodules using the operations of cone and infinite direct 
sum. The analogous results hold for complexes of left S-semicontramodules. 

Let S and 7 be two semialgebras satisfying the above assumptions and S — ► 7 be 
a map of semialgebras compatible with a map of corings C — > T> and a /c-algebra map 
A — > B. Then the pair of adjoint functors M* i — > -yW and N* i — > eN' is a Quillen 
adjunction from the category of complexes of left S-semimodules to the category of 
complexes of left CT-semimo dules; the pair of adjoint functors £1' i — > e £i* and 
^3* i — > is a Quillen adjunction from the category of complexes of left T-semi- 
contramodules to the category of complexes of left S-semicontramodules. These 
results follow from Theorems 17.2.11 and 18.21 3(c). They also hold in the case of a left 
coprojective and right coflat Morita morphism (£, £ v ) from C to T> and a morphism 
S — > q7q of semialgebras over C. 

The pair of adjoint functors and \l/s applied to complexes term- wise is not a 
Quillen equivalence, and not even a Quillen adjunction, between the model category 
of complexes of left S-semicontramodules and the model category of complexes of left 
S-semimodules. Instead, this pair of adjoint functors between closed model categories 
has the following properties. 

The functor $§ maps trivial cofibrations of complexes of left S-semicontramodules 
to weak equivalences of complexes of left S-semimodules. The functor ^§ maps trivial 
fibrations of complexes of left S-semimodules to weak equivalences of complexes of left 
S-semicontramodules. For a cofibrant complex of left S-semicontramodules ^J* and 
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a fibrant complex of left S-semimodules M*, a morphism $§(^3*) — ► 3Vt* is a weak 
equivalence if and only if the corresponding morphism ^3* — > \l/g(!M*) is a weak 
equivalence. Furthermore, the functor $§ maps cofibrant complexes to fibrant ones, 
while the functor \l/g maps fibrant complexes to cofibrant ones. The restrictions of the 
functors an d are mutually inverse equivalences between the full subcategories 
formed by cofibrant complexes of left S-semicontramodules and fibrant complexes of 
right S-semimodules. These restrictions of functors also send weak equivalences to 
weak equivalences. 

Remark 2. One can connect the above model categories of complexes of left S-semi- 
modules and left S-semicontramodules by a chain of three Quillen adjunctions by 
considering other model category structures on these two categories. The above 
model category structures on the category of complexes of left S-semimodules can be 
called the semiprojective model structure, and the model category structure on the 
category of complexes of left S-semicontramodules can be called the semiinjective 
model structure. In addition to these, there is also the injective model structure on 
the category of complexes of left S-semimodules, and the projective model structure 
on the category of complexes of left S-semicontramodules. In these alternative model 
structures, weak equivalences are still morphisms with C-coacyclic or C-contraacyclic 
cones, respectively. A morphism of complexes of semimodules is a cofibration if and 
only if it is injective, and a morphism of complexes of semicontramodules is a fibration 
if and only if it is surjective. A morphism of complexes of semimodules is a fibration 
if and only if it is surjective and its kernel is an injective complex of injective semi- 
modules in the sense of Remark 16.51 and the proof of Lemma 1 above; a morphism 
of complexes of semicontramodules is a cofibration if and only if it is injective and 
its cokernel is an projective complex of projective semicontramodules. One checks 
that these a model category structures in the way analogous to (and much simpler 
than) the proof of Theorem above. The functors $§ an d are a Quillen equiva- 
lence between the injective and the projective model category structures; the identity 
functors are Quillen equivalences between the semiprojective and the injective model 
structures, and between the semiinjective and the projective model structures. 
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10. A Construction of Semialgebras 

10.1. Construction of comodules and contramodules. 

10.1.1. Let A and B be associative /c-algebras. 

For any projective finitely-generated left A-module U and any left A-module V 
there is a natural isomorphism Hoin^f/, A) ® A V ~ Rom A (U, V) given by the for- 
mula u* ® v i — > (u i— > (u,u*)v). In particular, for any A-5-bimodule C and 
any projective finitely-generated left 5-module D there are natural isomorphisms 
Hom A (C ® B D, A) ~ Hom B (A Hom A (C, A)) ~ Hom s (L>, 5) ® B Hom A (C, A). 

It follows that there is a tensor anti-equivalence between the tensor category of 
yl-A-bimodules that are projective and finitely-generated as left ^-modules and 
the tensor category of A-A-bimodules that are projective and finitely-generated 
as right A-modules, given by the mutually-inverse functors C i — ► B.om A (C, A) 
and K i — > Hom^o P (i^, A). Therefore, noncommutative ring structures on a right- 
projective and finitely A-A-bimodule K correspond bijectively to coring structures 
on the left-projective and finitely-generated A-A-bimodule Hom A o P (K, A). On the 
other hand, for any coring C over A there is a natural structure of a /c-algebra on 
Hom^C, A) together with a morphism of A;-algebras A — > Hom A (Q, A). 

Furthermore, let K be a A;-algebra endowed with a /c-algebra map A — > K such 
that K is a finitely-generated projective right A-module, and let C = Hom^o P (K, A) 
be the corresponding coring over A. Then the natural isomorphism iV ® A G = 
Hom^op (K, N) for a right A-module N provides a bijective correspondence between 
the structures of right ^-module and right C-comodule on N. Analogously, the natu- 
ral isomorphism Hohia(C, P) = K® A P for a left A-module P provides a bijective cor- 
respondence between the structures of left i^-module and left C-contramodule on P. 
In other words, there are isomorphisms of abelian categories comod-C ~ mod- A" and 
C-contra ~ A-mod. 

10.1.2. Here is a generalization of the situation we just described. Let C be a coring 
over a A;-algebra A and A be a /c-algebra endowed with a /c-algebra map A — > A. 
Suppose that we are given a pairing 0: C <S>a A — > A which is an A-A-bimodule 
map satisfying the following conditions of compatibility with the comultiplication 
in C and the multiplication in A and with the counit of C and the unit of A. First, 
the composition C ® A A ® A A — > £® A £® A K ® A K — > £® A K — > A of the 
map induced by the comultiplication in C, the map induced by the pairing 0, and the 
pairing itself should be equal to the composition C <S> A A (£) A A — ► C ® A A — > 
A of the map induced by the multiplication in A and the pairing 0. Second, the 
composition C = C <S>a A — > Q <g> A A — > A of the map coming from the unit 
of A with the pairing should be equal to the counit of C. Equivalently, the map 
A — ► Hom j 4(C, A) induced by should be a morphism of /c-algebras. 
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Then for any right C-comodule N the composition N(8u AT — ► N®aC®a A — > N 
of the map induced by the C-coaction in N and the map induced by the pairing 
defines a structure of right A-module on X. Analogously, for any left C-contramodule 
*}3 the composition A <S>a — ► Hom^C, ^P) — > of the map given by the formula 
k' ® p i — ► (c i — > <p(c, k')p) and the C-contraaction map defines a structure of left 
A-module on So the pairing induces faithful functors A^ : comod-C — > mod-A 
and A* : C-contra — > A'-mod. 

In particular, a pairing provides the coring C with a structure of left C-comodule 
endowed with a right action of the fc-algebra A by C-comodule endomorphisms. 
Moreover, the data of a right action of A by endomorphisms of the left C-comodule 
C agreeing with the right action of A in C is equivalent to the data of a pairing 0. 

10.1.3. When C is a projective left A-module, the functor A^ has a left adjoint 
functor T^: A-mod — > C-contra. This functor sends the induced left A-module 
A (gu V to the induced left C-contramodule Hohia(C, V) for any left A-module V; 
to compute P^(M) for an arbitrary left A-module M, one can respresent M as the 
cokernel of a morphism of A-modules induced from A-modules. Analogously, when 
C is a flat right A-module, the functor A^ has a right adjoint functor : mod-A — > 
comod-C. This functor sends the coinduced right A-module Hom^op ( A, U) to the 
coinduced right C-comodule U ®a C for any right A-module U; to compute T^N) for 
an arbitrary right A-module N, one can represent N as the kernel of a morphism of 
A-modules coinduced from A-modules. 

Without any conditions on the coring C, the composition of functors C-comod 
— > C-contra and A^: C-contra — > A-mod has a left adjoint functor A-mod — > 
C-comod mapping a left A-module M to the left C-comodule C <S> a M. Analogously, 
the composition of the functors <E>e°p : contra-C — > comod-C and A^ : comod-C — > 
mod-A has a right adjoint functor mod-A — > contra-C mapping a right A-module 
N to the right C-contramodule Hohik-°p(C, N). So one can compute the compositions 
of functors ^>qT^ and ^gopT^ in this way. 

10.1.4. It is easy to see that the functor A^ is fully faithful whenever for any right 
A-module N the map N <S>a C — > Hom J 4o P (A, N) given by the formula n ® c i — > 
(k' f— > n0(c, k')) is injective. In particular, when A is a semisimple ring, the functor 
A^ is fully faithful if the map C — > Hom^o P (A, A) induced by the pairing is 
injective, i. e., the pairing is nondegenerate in C. 

10.2. Construction of semialgebras. 

10.2.1. Assume that a coring C over a /c-algebra A is a flat left A-module. Let A be 
a fc-algebra endowed with a fc-algebra map A — > A and a pairing : C (B)a A — > A 
satisfying the conditions of ll0.1.2l and let A be a fc-algebra endowed with a A;-algebra 
map / : A — > R such that A is a flat left A-module. Then the tensor product Q®kR 
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is a coflat left C-comodule endowed with a right action of the fc-algebra K (and even 
of the fc-algebra R) by left C-comodule endomorphisms. 

Suppose that there exists a structure of right C-comodule on C ®k R inducing 
the existing structure of right .ff -module and such that the following three maps are 
right C-comodule morphisms: (i) the left C-coaction map Q®kR — ► 6<SU (C®k R), 
(ii) the semiunit map C = C (g># K — > C ®k R, and (iii) the semimultiplication 
map (C ®k R) (C ®k R) — C ®k R ®k R — ► C ®k R, where the isomorphism 
in (iii) is the inverse of the natural isomorphism of Proposition 11.2.3( a) and the 
map being composed is induced by the multiplication in R. Then the semiunit and 
semimultiplication maps (ii) and (iii) define a semialgebra structure on the C-C-bico- 
module S = C ®k R- 

Notice that the maps (i— iii) always preserve the right i^-module structures. If 
the functor is fully faithful, then a right C-comodule structure inducing a given 
right if-module structure on C ®k R is unique provided that it exists, and the maps 
(i-iii) preserve this structure automatically. If the functor is an equivalence of 
categories, then a unique right C-comodule structure with the desired properties exists 
on C ® K R- 

The associativity of semimultiplication in S follows from the associativity of mul- 
tiplication in R and the commutativity of diagrams of associativity isomorphisms of 
cotensor products. 

10.2.2. By Proposition ll.2.3T a). for any right C-comodule N there is a natural iso- 
morphism TsTDgS ~ J4(3k R, hence every right S-semimodule has a natural structure 
of right -R-module. So there is a faithful exact functor A^j: simod-S — > mod -R 
which agrees with the functor A^: comod-C — ► mod-K. Moreover, the category 
of right S-semimodules is isomorphic to the category of fc-modules N endowed with 
a right C-comodule and right -R-module structures satisfying the following compati- 
bility conditions: first, the induced right K- module structures should coincide, and 
second, the action map N ®k R — ► N should be a morphism of right C-comodules, 
where the right C-comodule structure on N ®k R is provided by the isomorphism 
IN" ® K R = Jsf □(= S. When the functor A^ is fully faithful, the category simod-S is 
simply described as the full subcategory of the category of right R- modules consist- 
ing of those modules whose right i^-module structure comes from a right C-comodule 
structure. 

Analogously, if C is a projective left A-module and R is a projective left i^-module, 
then S is a coprojective left C-comodule and by Proposition 13.2.31 2(a) for any left 
C-contramodule there is a natural isomorphism Cohonie(S, ^3) ~ Hohi^-R, *p), 
hence any left S-semicontramodule has a natural structure of left -R-module. So there 
is a faithful exact functor A 9 ^ : S-sicntr — > .R-mod which agrees with the functor 
A^: C-comod — > i^-mod. Moreover, the category of left S-semicontramodules is 
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isomorphic to the category of fc-modules *P endowed with a left C-contramodule and 
a left .R-module structures satisfying the following compatibility conditions: first, 
the induced left if-module structures should coincide, and second, the action map 
*P — ► Hom.x(R, ?p) should be a morphism of C-contramodules, where the left C-con- 
tramodule structure on Rom K (R, *p) is provided by the isomorphism Homx(-R, ^3) = 
Cohom e (S, $ p). 

10.2.3. When K is a projective finitely-generated right A-module and the pairing 
corresponds to an isomorphism C ~ Hom^op (if, A), the isomorphisms of categories 
A^ : comod-C ~ mod-if and A^ : C-contra ~ K-mod transform the functor of con- 
tratensor product over C into the functor of tensor product over K: N©e*P ~ N®x^P- 
Indeed, Hom^C,^) = K ®a P- When in addition R is a projective left if-module, 
the isomorphisms of categories A^j : simod-S ~ mod .R and A^ : S-sicntr ~ i? mod 
transform the functor of contratensor product over S into the functor of tensor prod- 
uct over R: N © s ^3 ~ N R Indeed, N D e S = N ® K R. 

10.2.4. The functor A^j has a right adjoint functor F^j: mod -R — ► simod-S, 
which agrees with the functor r^: mod-K — > comod-C. The functor F^j is con- 
structed as follows. Let A^ be a right .R-module; it has an induced right fT-module 
structure. Consider the composition A^F^N) D e S) = A^F^N) <g> K R — ► 
iV ®x R — > N of the isomorphism of Proposition 11.2.3( a). the map induced by 
the adjunction map A^F^N) — > N, and the right action map. By adjunction, this 
composition corresponds to a right C-comodule morphism F^N) DqS — > F^(N), 
which provides a right S-semimodule structure on F^(N). 

Analogously, if C is a projective left A-module and R is a projective left AT-module, 
then the functor A^ has a left adjoint functor F^": .R mod — > S-sicntr, which 
agrees with the functor F^: AT-mod — > C-contra. The functor F^^ is constructed 
as follows. Let P be a left -R-module; it has an induced left X-module struc- 
ture. Consider the composition P — > Hom^(i?, P) — > Hom^(i?, A^r^P)) = 
A^(Cohom e (S,r*(P))) of the action map, the map induced by the adjunction 
map P — > A^F^(P), and the isomorphism of Proposition 13.2.31 2(a). By adjunc- 
tion, this composition corresponds to a left C-contramodule morphism F^(P) — > 
Cohonie(S, F^(P)), which provides a left S-semicontramodule structure on F^(P). 

Notice that the semialgebra S has a structure of left S-semimodule endowed with 
a right action of the fc-algebra R by left S-semimodule endomorphisms. So when C 
is a flat right A-module and S turns out to be a coflat right C-comodule, there is a 
functor S-simod — > P mod mapping a left S-semimodule 3VC to the left .R-module 
Honig(S, M). This functor has a left adjoint functor mapping a left -R-module M to 
the left S-semimodule S <S>r M = Q ®k M . In the case when C is a projective left 
A-module and R is a projective left A'-module, the former functor is isomorphic to 
A^'f^g, and consequently the latter functor is isomorphic to ^gP 9 ^. Analogously, 
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when C is a projective right A-module and S turns out to be a coprojective right 
C-comodule, the functor tygopT^j maps a right .R-module N to the right S-semicon- 
tramodule Hohiro P (S, N) = HornR-o P (C, N). 

Let us point out that no explicit description of the category of left S-semimodules 
is in general available. We only described the categories of right S-semimodules and 
left S-semicontramodules, and constructed certain functors acting to and from the 
category of left S-semimodules. 

10.2.5. The following observations were inspired by [21 section 5]. 

Suppose that there is a commutative diagram of fc-algebra maps A — > K, K — ► 
R, A' — ► K', K' — ► Rf, A — ► A', K — > K', R — ► R' . Let C be a coring 
over A and C be a coring over A' endowed with a map of corings C — ► C compatible 
with the fc-algebra map A — ► A'. Assume that C is a flat left A-module, C is a 
flat left A'-module, R is a flat left i^-module, and R' is a flat left .ff'-module. Let 
: C ®a K — > A and : G' ®a' K' — > A' be two pairings satisfying the conditions 
of 110.1.21 and forming a commutative diagram with the maps C <S>a K — > G' <8U' K' 
and A — > A'. Furthermore, suppose that the natural map K ®a A 1 — > K' is an 
isomorphism. Assume that there is a structure of right C-comodule on C ®k R and a 
structure of right C'-comodule on G' <S>K' R' satisfying the conditions of 110.2. H so that 
G®kR is a semialgebra over C and Q'®k'R' is a semialgebra over C Then the natural 
map from the right C'-comodule C ®k R ®a A' to the right C'-comodule C <S>k' R' is 
a morphism of right if'-modules. If it is also a morphism of right C'-comodules, then 
the map C ®k R — ► C' ®k> R' is a map of semialgebras compatible with the map of 
corings C — ► C and the fc-algebra map A — ► A'. 

Suppose that there is a commutative diagram of fc-algebra maps A — > K, K — ► 
R, A — ► K', K' — > R', K — ► K', R — ► R' . Let C and C be two corings 
over A and C — ► C be a morphism of corings over A. Assume that C and C are 
flat left A-modules, R is a flat left f^-module, and R' is a flat left i^'-module. Let 
cf) : C ®a K — ► A and (p' : & <S> a K' — ► A be two pairings satisfying the conditions 
of ll0.1.2l and forming a commutative diagram with the maps C' ' ®aK — ► G®aK and 
& ®a K — > & ®a K' . Furthermore, suppose that the natural map K' ® K R — > R' 
is an isomorphism. Assume that there is a structure of right C-comodule on C ®k R 
and a structure of right C'-comodule on G' ®k' R' satisfying the conditions of 110.2.11 
so that C ®k R is a semialgebra over C and G' ®k* R' is a semialgebra over G' . In this 
case, if the right ^-module map G' ® K > R' = C ® K > K'® K R~ G' ® K R — > C ® K R is 
a morphism of right C-comodules, then it is a map of semialgebras compatible with 
the morphism G' — > C of corings over A. 

10.3. Entwining structures. An important particular case of the above construc- 
tion of semialgebras was considered in [T3]. Namely, it was noticed that there is a 
set of data from which one can construct both a coring and a semialgebra. 
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10.3.1. Let 6 be a coring over a /c-algebra A and A — > B be a morphism of 
A;-algebras. A right entwining structure for C and B over A is an A-A-bimodule 
map ip : C <8u -B — > 5 <S>a C satisfying the following equations: (i) the composition 
C <gu B ® A B — > B® A Q® A B — > B® A B® A Q — > B <g> A C of two maps induced by 
the map ip and the map induced by the multiplication in B is equal to the composition 
C ® A B ® A B — > G <S> A B — > B (E) A C of the map induced by the multiplication 
in B and the map ip; (ii) the map ip forms a commutative triangle with the maps 
C — ► C <S>a B and C — > B <S>a C coming from the unit of B; (iii) the composition 
Q <S>a B — > e<3 A G(3 A B — > e <S>a B ® a e — > B ® a B ® a e of the map induced 
by the comultiplication in C and two maps induced by the map ip is equal to the 
composition C ® A B — > B (3 A G — ► B (E) A C (£) A C of the map ifj and the map induced 
by the comultiplication in C; and (iv) the map tp forms a commutative triangle with 
the maps C ® A B — > B and B ® A C — > B coming from the counit of C. 

A left entwining structure for C and B over A is defined as an A-A-bimodule map 
■0# : B (E) A C — > C ®a B satisfying the opposite equations. Notice that whenever a 
map ip : C <S>a B — > B <S>a C is invertible the map ip is a right entwining structure if 
and only if the map = ip" 1 is a left entwining structure. 

10.3.2. A (right) entwined module over a right entwining structure ip: C <8u B — > 
B ® A C is a /c-module 74 endowed with a right C-comodule and a right 5-module 
structures such that the corresponding right A-module structures coincide and the 
following equation holds: the composition 74 (E) A B — ► 74 ® A C <S>a B — > 74 <S> A 
B <g) A C — > 74 ® a C of the map induced by the C-coaction in 74, the map induced by 
the map ip, and the map induced by the £>-action in 74 is equal to the composition 
74 ® A B — ► 74 — > 74 ® A C of the S-action map and the C-coaction map. 

A (left) entwined contramodule over a right entwining structure ip is a /c-module 
^3 endowed with a left C-contramodule and a left 5-module structures such that the 
corresponding left A-module structures coincide and the following equation holds: 
the composition Hom A (C,*P) — ► Hom A (C, Rom A (B, <p)) = B.om A (B ® A C, *p) — ► 
Hom j4 (e ® A B, <p) = Hom A ( J B,Hom j4 (e,<P)) — ► Hom A ( J B, < p) of the map induced 
by the 5-action in *}3, the map induced by the map ip, and the map induced by the 
C-contraaction in *}3 is equal to the composition Hom^(C, *P) — > *}3 — > Hom^(5, *}3) 
of the C-contraaction map and the 5-action map. 

(Left) entwined modules and (right) entwined contramodules over a left entwining 
structure are defined in the analogous way. 

10.3.3. Let ip: C <S>a B — > 5 ® A C be a right entwining structure. Define a coring 
D over as the left 5-module B ® A C endowed with the following right action of B, 
comultiplication, and counit. The right 5-action is the composition (B® A Q)® A B — > 
B <S> A B ® A C — ► B <S> A C of the map induced by the map ip and the multiplication in 
B. The comultiplication is the map B<8) A G — > B <g> A C <S> A C = (B ® A G) <S>b (B <3 a C) 
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induced by the comultiplication in C. The counit is the map B <g> a G — ► B ®a A = B 
coming from the counit of C. One has to use the equation (i) on the entwining map ip 
to check that the right action of B is associative, the equation (ii) to check that the 
right action of B agrees with the existing right action of A, and the equations (hi) 
and (iv) to check that the comultiplication and counit are right i?-module maps. 

Analogously, for a left entwining structure ip* : B ®a G — ► C ®a B one defines a 
coring = C ®a B over B. When = if) -1 are two inverse maps satysfying the 
entwining structure equations, the maps ip and themselves are mutually inverse 
isomorphisms 2)# ~ T) between the corresponding corings over B. 

10.3.4. Let ip: G <S>a B — ► B ®a C be a right entwining structure. Define a semi- 
algebra S over C as the left C-comodule C <S>a B endowed with the following right 
coaction of C, semimultiplication, and semiunit. The right C-coaction is the com- 
position C ® A B — ► C ® A C ®a B — ► (6 ® A B) ®> a G of the map induced by the 
comultiplication in C and the map induced by the map ijj. The semimultiplication is 
the map (C <® A B) Uq (G a B) = G® A B ® A B — > G® A B induced by the multi- 
plication in B. The semiunit is the map C = C ®a A — > G ®a B coming from the 
unit of B. The multiple cotensor products N Dq S Oe S De • • • de § and the multiple 
cohomomorphisms Cohome(SDe- • -DeS, ^3) are associative for any right C-comodule 
3\f and any left C-contramodule ^3 by Propositions 11.2.51 (e) and 13.2.51 (h) . 

Analogously, for a left entwining structure : B ®a G — > G ®a B one defines a 
semialgebra S* = B®aG over C. When = ip~ l are two inverse maps satysfying the 
entwining structure equations, the maps ip and themselves are mutually inverse 
isomorphisms S ~ S* between the corresponding semialgebras over C. 

10.3.5. An entwined module over a right entwining structure ip is the same that a 
right 2)-comodule and the same that a right S-semimodule; in other words, the cor- 
responding categories are isomorphic. Analogously, an entwined module over a left 
entwining structure is the same that a left D*-comodule and the same that a left 
S # -semimodule. Similar assertions apply to contramodules: an entwined contramod- 
ule over a right entwining structure ip is the same that a left D-contramodule and 
the same that a left S-semicontramodule; analogously for a left entwining structure. 

For any entwined module N over a right entwining structure ip there is a nat- 
ural injective morphism N — > N ®b T> ~ N ®a G from N into an entwined 
module which as a C-comodule is coinduced from an A-module. Analogously, for 
any left entwined contramodule ^3 over ip there is a natural surjective morphism 
Houu(C, ^3) ~ Hom^(I ) , ^3) — > ^3 onto ^3 from an entwined contramodule which as 
a C-contramodule is induced from an ^4-module. So we obtain, in the entwining struc- 
ture case, a functorial injection from an arbitrary S-semimodule into a C/A-injective 
S-semimodule and a functorial surjection onto an arbitrary S-semicontramodule from 
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a C/A-projective S-semicontramodule constructed in a way much simpler than that 
of Lemmas IDT31 and EH (cf . [HE]). 

When the ring A is semisimple, there is also a functorial surjection onto an arbitrary 
2)-comodule IN from a 5-projective D-comodule IN Dg S ~ IN" ®a i? and a functorial 
injection from an arbitrary D-contramodule *}3 into a 5-injective D-contramodule 
Cohonig(S, *}3) ~ Hom^(5,*p); these are much simpler constructions than those of 
Lemmas 11.1.31 and 13.1.31 

When B is a flat right ^-module, the construction of the semialgebra S = C ® a B 
corresponding to an entwining structure if) becomes a particular case of the construc- 
tion of the semialgebra S = C ®x R corresponding to a pairing (take K = A, 
R = B, and the only possible 0). 

10.3.6. When = are two inverse entwining structures, there is an explicit 
description of both the categories of left and right comodules over ~ T) and both 
the categories of left and right semimodules over S ~ S*. 

When ip is invertible, the multiple cotensor products IN \J e S D e • • • D e S D e M 
and the multiple cohomomorphisms Cohomg(S D e • • • D e S Dg M, ^3) are associa- 
tive for any right C-comodule 74, left C-comodule M, and left C-contramodule *}3 by 
Propositions I1.2.51T ) and l3.2.5lj ). so the functors of semitensor product and semiho- 
momorphism over S are everywhere defined. 

10.4. Semiproduct and semimorphisms. Let ip : C <S>a B — > B ®a C be a right 
entwining structure; suppose that ip is an invertible map. Let S = C <g) A B and 
D = B ®a C be the corresponding semialgebra over C and coring over B. 

One defines [43J the semiproduct 74 ®^ M of a right entwined module IN over ip 
and a left entwined module M over ip~ l as the image of the composition of maps 
IN" Dq M — > X ®a JVC — > IN" ® B M. Analogously, one defines the fc-module 
of semimorphisms Hom£(M, *}3) from a left entwined module M over t/j -1 to a 
left entwined contramodule ^3 over ip as the image of the composition of maps 
Horns (M, <P) — ► Honu(M, «P) — ► Cohom e (M, «p). 

There is a natural map of semialgebras S — > i? compatible with the map C — ► A 
of corings over A. Hence for any entwined modules IN over ip and M over tp^ 1 there 
is a natural injective map from the pair of morphisms IN \3q S Dg M =4 IN" Dg M to 
the pair of morphisms IN 0^ I? £§)^ M =4 IN Cg>^ M . Therefore, we have a natural 
surjective map IN ()§ M — ► IN £§) B M, which is an isomorphism if and only if the 
map IN 0s 3VC — > IN ®s M is injective. Analogously, for any entwined module M 
over and entwined contramodule ^3 over ip there is a natural surjective map 
from the pair of morphisms Houu(M, ^3) =4 Hom^S ®a M, ^3) to the pair of 
morphisms Cohomg(M, ^3) =4 Cohomg(S Dg M, ^3). So we get a natural injective 
map Homf (M,«]3) — > SemiHom s (M,<P), which is an isomorphism if and only if the 
map Hohib(M, ^3) — > SemiHom§(M, ^3) is surjective. 
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Consider the natural injective morphism of entwined modules N — > = 
N <8u G- Taking the semitensor product of this morphism with M over S, we obtain 
the map WOsM — > (N <S>a C) Os M ~ N ® B M that we are interested in. Hence 
the natural map N Os M — > X ®^ M is an isomorphism whenever the semitensor 
product with M maps A-split injections of right S-semimodules to injections or N 
has such property with respect to left S-semimodules. This includes the cases when 
3\f or M is an S-semimodule induced from a C-comodule. 

Analogously, consider the natural surjective morphism of entwined contramodules 
Hom A (C,<P) = Hom B (D,<P) — ► «p. The map Hom B (M, < p) — ► SemiHom s (M, «P) 
can be obtained by taking the semihomomorphisms over S from M to the morphism 
Hom^(C, ^3) — ► ^3 or by taking the semihomomorphisms over S from the morphism 
M — > C (g) A M to <p. Thus the natural map Hom£(M, «P) — ► SemiHom s (M, <£) is 
an isomorphism whenever the functor of semihomomorphisms from M maps A-split 
surjections of left S-semicontramodules to surjections or the functor of semihomo- 
morphisms into ^3 maps A-split injections of left S-semimodules to surjections. This 
includes the cases when M is an S-semimodule induced from a C-comodule or is 
an S-semicontramodule coinduced from a C-contramodule. 

In the same way one constructs a natural injective map N(g)£ M — > NDr> M and 
shows that it is an isomorphism whenever the cotensor product with N or M over 
D maps surjections of 2)-comodules to surjections, in particular, when one of the 
2)-comodules M or N is quasicoflat. Analogously, there is a natural surjective map 
Cohom£,(M, *P) — >■ Hom|(M, which is an isomorphism whenever the functor 
of cohomomorphisms from M over D maps injections of left D-contramodules to 
injections or the functor of cohomomorphisms into ^3 over T) maps surjections of left 
CD-comodules to injections, in particular, when M is a quasicoprojective D-comodule 
or *p is a quasicoinjective D-contramodule. 
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11. Relative Nonhomogeneous Koszul Duality 
11.1. Graded semialgebras. 

11.1.1. All the constructions of Sections 1-10 can be carried out with the category 
of fc-modules replaced by the category of graded fc-modules. 

So one would consider a graded fc-algebra A, a coring object C in the tensor category 
of graded A-A-bimodules, a ring object S in a tensor category of graded C-C-bico- 
modules, assume A to have a finite graded homological dimension, consider graded 
S-semimodules and graded S-semicontramodules. All of our definitions and results 
can be transfered to the graded situation without any difficulties. All the functors so 
obtained commute with the shift of grading in modules. 

Furthermore, there are two forgetful functors S and II from the category of graded 
A;-modules /c-mod gr to the category fc-mod, the functor E sending a graded /c-module 
to the infinite direct sum of its components and the functor IT sending it to their 
infinite product. For any graded semialgebra S over a graded coring C over a graded 
fc-algebra A, there are natural structures of a fc-algebra on 5L4, of a coring over Ev4 
on EC, and of a semialgebra over EC on ES. For any graded S-semimodule M there 
is a natural structure of a ES-semimodule on EM and for any graded S-semicontra- 
module there is a natural structure of a ES-semicontramodule on 11^3. 

The functors of semitensor product and semihomomorphism defined in the graded 
setting are related to their ungraded analogues by the formulas E([N"(>| r M) — ENOss 
EM and IT SemiHom| r (M, 5)J) ~ SemiHom ss (EM, ffip). The functors N i — > e N 
and M i — > 3OVC commute with the forgetful functors E and the functors £3 1 — > 
e £l and ^5 1 — > commute with the forgetful functors II. The corresponding 
derived functors SemiTor, SemiExt, etc., have the analogous properties. However, 
the functors Hom§, Horn 8 , CtrTor 8 , \I/g, and $§ and their derived functors have no 
properties of compatibility with the functors of forgetting the grading. Thus one has 
to be aware of the distinction between Hom§ and Hom| r , $g and $| r , etc. 

11.1.2. Assume that A is a nonnegatively graded fc-algebra, C is a nonnegatively 
graded coring over A, and S is a nonnegatively graded semialgebra over C. Let 
S-simod T and simod^-S denote the categories of nonnegatively graded S-semimodules, 
and S-contra^ denote the category of nonpositively graded S-semicontramodules. 

All the constructions of Sections 1-4 in their graded versions preserve the categories 
of comodules and semimodules graded by nonnegative integers and the categories of 
contramodules and semicontramodules graded by nonpositive integers. All the def- 
initions and results of these sections can be transfered to the described situation of 
bounded grading and no problems occur. In particular, one can apply Lemma 12.71 to 
define the functors SemiTor and SemiExt in the bounded grading case. Moreover, 
the functors so obtained agree with the functors SemiTor 8 and SemiExt| r defined 
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in terms of complexes with unbounded grading. This is so because the construc- 
tions of resolutions agree. For the same reasons, in the assumptions of 16. 31 the func- 
tors D si (S-simod T ) — * D si (S-simod gr ) and D si (S-sicntr i ) — ► D si (S-sicntr gr ) are fully 
faithful, and the functor CtrTor defined by applying Lemma 16.51 2 in the bounded 
grading case agrees with the functor CtrTorg r . But the functors \l/| r and $| r do not 
preserve the bounded grading. 

11.2. Differential semialgebras. 

11.2.1. Let B be a graded fc-algebra endowed with an odd derivation ds of degree 1 
and D be a graded coring over B. A homogeneous map dqj: T> — > T) of degree 1 is 
called a coderivation of D with respect to ds if the biaction map B ®fc D ®kB — ► D 
and the comultiplication map D — > 2)®bD are morphisms in the category of graded 
fc-modules endowed with endomorphisms of degree 1, where the endomorphisms of 
the tensor products are defined by the usual super-Leibniz rule d(xy) = d(x)y + 
(—ly x 'xd(y) (the degree of a homogeneous element x being denoted by \x\). In this 
case, it follows that the counit map D — > B satisfies the same condition. In the 
particular case when B is concentrated in the degree and ds = 0, the condition on 
the biaction map simply means that d?) is a i?-i?-bimodule morphism. 

Now assume that B is a DG-algebra over k, i. e., d 2 B = 0. A DG-coring over B is a 
graded coring D over the graded ring B endowed with a coderivation d-r> '■ 2) — > T) 
with respect to ds such that d\ = 0. 

Let D be a DG-coring over a DG-algebra B. Then the cohomology H(Ti) is 
endowed with a natural structure of a graded coring over the graded algebra H(B) 
provided that the natural maps H(T>) <® H {b) H(T>) — ► H(T>® B D) and H(T>) ® H (B) 
H(T>) ®h(b) H(D) — > H(T> ® B T> ® B D) are isomorphisms. A map of DG-corings 
C — > T> compatible with a morphism of DG-algebras A — > B induces a map of 
graded corings H(G) — > H(T>) compatible with the morphism of graded algebras 
H(A) — > H(B) whenever both DG-corings C and T> satisfy the above two conditions. 
Here a map C — > D from a DG-coring C over a DG-algebra A to a DG-coring T> 
over a DG-algebra B is called compatible with a morphism of DG-algebras A — > B 
over k if the map of graded corings C — > D is compatible with the morphism of 
graded algebras A — > B and the map C — > D is a morphism of complexes. 

11.2.2. Coderivations of a graded coring T> of degree —1 with respect to coderiva- 
tions of a graded k- algebra B of degree —1 are defined in the same way as above. 

Now let A be an ungraded fc-algebra. A quasi- differential coring D~ over A is 
a graded coring over A endowed with a coderivation d of degree 1 (with respect to 
the zero derivation of the fc-algebra A, which is considered as a graded /c-algebra 
concentrated in degree 0) such that d 2 = and the cohomology of d vanish. If D~ 
is a quasi-differential coring over a fc-algebra A, then the cokernel D~/ im<9 of the 
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derivation d has a natural structure of graded coring over A. A quasi- differential 
structure on a graded coring D is the data of a quasi-differential coring D~ together 
with an isomorphism of graded corings D~/ im<9 ~ D. We will denote the grading 
of a quasi-differential coring D~ by lower indices, even though the differential raises 
the degree. This terminology and notation is explained by the following construction 

(cf.EEOD. 

We will use Sweedler's notation [15] p i — > ® P(2) for the comultiplication map 
of a coring D over A; here p G D and pm (g) P(2) G I) ®a 25- A CDG-coring T> over 
a /c-algebra A is a graded coring over A endowed with a coderivation d of degree —1 
(with respect to the zero derivation of A) and an A-A-bimodule map h: T> 2 — > A 
satisfying the equations d 2 (p) = h{p^x))p{2) ~P(i)h(j>(2)) and h(d(p)) = for all pel), 
where the map h is considered to be extended by zero to the components Dj with 
% 7^ 2. Given a CDG-coring D over a fc-algebra A and a CDG-coring £ over a fc-algebra 
B, a morphism of CDG-corings D — > £ compatible with a morphism of /c-algebras 
A — > I? is a pair (g,a), where g: D — ► £ is a map of graded corings compatible 
with a morphism of fc-algebras A — > B and a: T>i — ► B is an A-A-bimodule map 
satisfying the equations d(g(p)) = g(d(p)) + a(p (1) )g(p {2) ) + (-l)\ p \g(p {1) )a{p(2)) and 
h{g{q)) = h(q) + a(d(q)) + a(gm)a(g( 2 )) hold for all p G D and q 6 D 2 (where the 
map a is extended by zero to the components Dj with i ^ 1). 

Composition of morphisms of CDG-corings is defined by the rule (g',a')(g",a") = 
(g'g", a'g" + a"); identity morphisms are the morphisms (id, 0). So the category of 
CDG-corings is defined. Notice that two CDG-corings of the form (D, d', h') and 
(2), d", h") over a fc-algebra A with rf"(p) = d'(p) + a(pm)p(2) + ( — l)' p 'p(i) a (P(2)) and 
h"(q) = h'(q) + a(d'(q)) + a(qm)a(q^ 2 )), where a: X>i — ► A is an A-A-bimodule 
map, are always naturally isomorphic to each other, the isomorphism being given by 
(id, a): (T>,d',h') — ► (T),d",h"). 

The category of DG-corings (over ungraded fc-algebras considered as DG-algebras 
concentrated in degree zero) has DG-corings T> over /c-algebras A as objects and 
maps of DG-corings D — > £ compatible with morphisms of fc-algebras A — > B 
as morphisms. The category of quasi-differential corings can be defined as the full 
subcategory of the category of DG-corings whose objects are the DG-corings with 
acyclic differentials. One can also consider the category of DG-corings (over ungraded 
A;-algebras) with coderivations of degree —1. There is an obvious faithful, but not fully 
faithful functor from the latter category to the category of CDG-corings, assigning 
the CDG-coring (D, d, h) with h = to a DG-coring (D, d) and the morphism of 
CDG-corings (g,0) to a map of DG-corings g: D — > £ compatible with a morphism 
of k- algebras A — ► B. 

There is a natural fully faithful functor from the category of CDG-corings to the 
category of quasi-differential corings, whose image consists of the quasi-differential 
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corings D~ over A for which the counit map T)q — > A can be presented as the com- 
position of the coderivation component do '■ Dq — > T>i and some A-A-bimodule 
map 5: T>^ — > A. In other words, a quasi-differential coring comes from a 
CDG-coring if and only if the counit map D^/cLiD^ — > A can be extended to an 
A-A-bimodule map — > A, where the A-A-bimodule Dq /d-i'DZi is embedded 
into the A-A-bimodule by the map 8q. In particular, the categories of quasi- 
differential corings and CDG-corings over a field A = k (quasi- differential coalgebras 
and CD G- coalgebras over k) are naturally equivalent. 

Let us first construct the inverse functor. Given a quasi-differential coring d) 
and a map 5: — > A as above, set D = D~/ im<9 and define d and h by the 
formulas d(p) = 5(P(i))P~(2) + (-l) |p| p7i)<KP(2)) and h(q) = 5(q {1) )5(q {2 )) for j)GD~ 
and g e DJT, where the map S is extended by zero to the components D~ with i ^ 1 
and f eD denotes the image of an element r e D~. To a map of quasi-differential 
corings g: D~ — > £~ endowed with maps 5-r>: T>^ — > A and £j" — > B with the 
above property, compatible with a morphism of /c-algebras /: A — > B, one assigns 
the morphism of CDG-corings (~g, 5^g — f5-r>), where ~g: D — > £ denotes the induced 
morphism on the cokernels of the coderivations d. 

Conversely, to a CDG-coring (D, d, h) over a /c-algebra A one assigns the quasi- 
differential coring (D~, d) over A whose graded components are the A-A-bimodules 
2)~ = Dj © the coderivation <9 is given by the formula <9(rp + dq) = dp, 

and the comultiplication is given by the formula rp + dq i — > r P(i) ® r P(2) + 
(-l)lf(i)lrd(p ( i)) ®^ (2 ) + ( r l) |p ( 2 ) | /i(p(i))9p (2) _«)9p ( 3) + dq {1) ®Tq {2) + (-l) 1 ^ 1 ^) © 
dq(2) + (— l)' <?(1) '(9(i(g(i)) © <9g(2), where rp + dq = (p,q) is a formal notation for an 
element of 0j(2); © £>i-i)- To a morphism of CDG-corings (g,a): D — > £, the 
morphism of quasi-differential corings 0j(2)j © I>i-i) — >■ 0j(£j © £«-i) given by 
the formula + <9g i — > T~g(p) + a(p^)dg(p^)) + ^fi^*?) is assigned. For a quasi- 
differential coring (D~,<9) over a A;-algebra A endowed with a map <5: — >■ A 
with the above property and the corresponding CDG-coring (T>,d,h), the natural 
morphism of quasi-differential corings D~ — >■ 0j(2)j © Dj-i) over A is given by the 
formula p i — ► rp + 5(p(i))<9p(2) for p G D~. This morphism is an isomorphism, since 
the induced morphism of the cokernels of the coderivations d is an isomorphism. 

11.2.3. Let B be a graded A;-algebra endowed with a derivation ds of degree 1 
and D be a graded coring over _B endowed with a coderivation <9d with respect 
to d B . Let CT be a graded semialgebra over 2). A homogeneous map d<j\ 7 — > 
7 of degree 1 is called a semiderivation of 7 with respect to d^ and ds if the 
biaction map B © fc 7 ©^ B — ► 7, the bicoaction map 7 — > D © B 7 ©# 25, and 
the semimultiplication map T □<£> CT — ► T are morphisms in the category of graded 
A;- modules endowed with endomorphisms of degree 1. In this case, it follows that the 
semiunit map 2) — > 7 satisfies the same condition. In the particular case when B 
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and D are concentrated in degree and ds = = d-r>, the conditions on the biaction 
and bicoaction map simply mean that d<y is a D-D-bicomodule morphism. 

Let B be a DG-algebra over k and D be a DG-coring over _B. A DG-semialgebra 
over 2) is a graded semialgebra over the graded coring 2) endowed with a semideriva- 
tion dy with respect to dx> and d B such that = 0. 

Let 7 be a DG-semialgebra over a DG-coring D. Then the cohomology H{7) is 
endowed with a natural structure of graded semialgebra over the graded coring H(D) 
provided that (i) the natural maps from the tensor products of cohomology to the 
cohomology of the tensor products are isomorphisms for the tensor products 2)®bD, 
D^bV^bV, V® b 7, 7® b D, D ®b D ®b 7, 7 ® B D ® B V, V® B 7® B D, 
7 ® B 7, T>® B 7® B 7, T <g) B T<g) B D, 7® b ^®b7, D® b 7®b'^®b7, 
7®b 2) ®b 7 ® B T>, 7® B 7® B 7, 7 (g) B D ® B 7 (g) B 7, 7 (g) B 7 (g) B T> (g) B 7, 
(ii) the multiple cotensor products H(7) □h(d) • • • ^h(D) H(7) are associative, where 
the graded i?(D)-iJ(D)-bicomodule structure on H(7) is well-defined in view of (i); 
and (iii) the natural maps H(7n v 7) — ► H{7) U Hm H(7), H(T> ® B 7n v 7) — »■ 
H(D)® H{B) H(7)n Hm H(7), H(7nv7® B D) H{7)U Hm H{7)® H{B) H{V), 
and H(7 \3d7 C\?> 7) — > H{7) U Hm H(7) U Hm H(7), which are well-defined in 
view of (i) and (ii), are isomorphisms. 

A map of DG-semialgebras S — > 7 compatible with a map of DG-corings C — > D 
and a morphism of DG-algebras A — > B induces a map of graded semialgebras 
H{§>) — > H{7) compatible with the map of graded corings H{Q) — > H(T>) and the 
morphism of graded A;-algebras H(A) — > H(B) whenever both DG-semialgebras S 
and 7 satisfy the above three conditions. Here a map S — ► 7 from a DG-semialgebra 
S over a DG-coring C to a DG-semialgebra 7 over a DG-coring D is called compatible 
with a map of DG-corings C — > D and a morphism of DG-algebras A — > B if the 
map of graded semialgebras S — ► 7 is compatible with the map of graded corings 
C — > T> and the morphism of graded A;-algebras A — > B, and the maps S — > 7 
and C — > D are morphisms of complexes. 

11.3. One-sided SemiTor. Let S be a semialgebra over a coring C over a 
/c-algebra A. We will consider two situations separately. 

11.3.1. Assume that C is a flat right A-module and S is a coflat right C-comodule. 

Consider the functor of semitensor product over S on the Carthesian product of the 
homotopy category of complexes of C-coflat right S-semimodules and the homotopy 
category of complexes of left S-semimodules. The semiderived category of C-coflat 
right S-semimodules is defined as the quotient category of the homotopy category of 
C-coflat right S-semimodules by the thick subcategory of complexes of right S-semi- 
modules that as complexes of C-comodules are coacyclic with respect to the exact 
category of coflat right C-comodules. A complex of left S-semimodules M* is called 
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semiflat relative to C if the complex N'Os^VT is acyclic for any C-contractible complex 
of C-coflat right S-semimodules N* (cf. 12.8ft . 

The left derived functor SemiTor 8 on the Carthesian product of the semiderived 
category of C-coflat right S-semimodules and the semiderived category of left S-semi- 
modules is defined by restricting the functor of semitensor product to the Carthesian 
product of the homotopy category of C-coflat right S-semimodules and the homo- 
topy category of complexes of left S-semimodules semiflat relative to C, or to the 
Carthesian product of the homotopy category of semiflat complexes of right S-semi- 
modules and the homotopy category of left S-semimodules. This definition of a 
derived functor is a particular case of both Lemmas 12.71 and 16.51 2. If 3\T is a com- 
plex of C-coflat right S-semimodules and JVC* is a complex of left S-semimodules, 
then the total complex of the bar bicomplex ■ ■ ■ — ► INT* Dq S Dq S Dq — ► 
N* Dq S Dq M" — > JV* Dq M*, constructed by taking infinite direct sums along the 
diagonals, represents the object SemiTor s (3VC*, N") in D(fc-mod). When the semi- 
unit map C — ► S is injective and its cokernel is a flat right A-module (and hence a 
coflat right C-comodule by Lemma [1.2.2p . one can also use the reduced bar bicomplex 

> N" Dq S/C Dq S/C Dq M' ► N* Dq S/C Dq M' ► UNT" Dq M\ 

In the case when S is a graded semialgebra one analogously defines the derived 
functor SemiTorg,. acting from the Carthesian product of the semiderived category 
of C-coflat graded right S-semimodules and the semiderived category of graded left 
S-semimodules to the derived category of graded fc-modules. 

11.3.2. Assume that C is a flat right A-module, S is a flat right A-module and a 
C/yl-coflat left C-comodule, and the ring A has a finite weak homo logical dimension. 

Consider the functor of semitensor product over S on the Carthesian product of 
the homotopy category of complexes of A-flat right S-semimodules and the homotopy 
category of complexes of C/A-coflat left S-semimodules. The semiderived category 
of A-flat right S-semimodules (C/A-coflat left S-semimodules) is defined as the quo- 
tient category of the homotopy category of A-flat right S-semimodules (C/A-coflat 
left S-semimodules) by the thick subcategory of complexes of S-semimodules that 
as complexes of C-comodules are coacyclic with respect to the exact category of 
A-flat right C-comodules (C/A-coflat left C-comodules). A complex of C/A-coflat 
left S-semimodules is called semiflat relative to A if the complex of fc-modules 
3\T Os is acyclic for any complex of right S-semimodules JVT that as a complex 
of right C-comodules is coacyclic with respect to the exact category of A-flat right 
C-comodules. A complex of A-flat right S-semimodules N* is called S/C/ A- semiflat 
if the complex of /c-modules 3V* Os is acyclic for any C-contractible complex of 
C/A-coflat left S-semimodules M' fcf.l2~B. 

The left derived functor SemiTor 8 on the Carthesian product of the semiderived 
category of A-flat right S-semimodules and the semiderived category of C/A-coflat 
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left S-semimodules is defined by restricting the functor of semitensor product to the 
Carthesian product of the homotopy category of A-flat right S-semimodules and the 
homotopy category of complexes of C/A-coflat left S-semimodules semiflat relative 
to A, or to the Carthesian product of the homotopy category of S/C/A-semiflat com- 
plexes of A-flat right S-semimodules and the homotopy category of C/A-coflat left 
S-semimodules. This definition of a derived functor is a particular case of both Lem- 
mas 12.71 and !6. 51 2. If 3VT is a complex of A-flat right S-semimodules and 3VT is a com- 
plex of C/04-coflat left S-semimodules, then the total complex of the bar bicomplex 
► N* D e S D e S D e M* — > N* D e S D e M* — ► N* D e M*, constructed by tak- 
ing infinite direct sums along the diagonals, represents the object Semi Tor s (M*, N*) 
in D(/c-mod). When the semiunit map C — > S is injective and its cokernel is a 
flat right A-module (the cokernel is a C/A-coflat left C-comodule by Lemma [1.2.21) . 
one can also use the reduced bar bicomplex • • • — > N* \J G §/Gn G §/C\J e M" — > 

N*n e s/en e M* — ^•□ e M > . 

In the case when S is a graded semialgebra one analogously defines the derived 
functor SemiTorg r acting from the Carthesian product of the semiderived category of 
A-flat graded right S-semimodules and the semiderived category of C/A-coflat graded 
left S-semimodules to the derived category of graded fc-modules. 

11.4. Koszul semialgebras and corings. 

11.4.1. Let S be a semialgebra over a coring C over a fc-algebra A. Suppose that S is 
endowed with an augmentation, i. e., a morphism S — > C of semialgebras over C; let 
S + be the kernel of this map. We will denote by Bar*(S, C) the reduced bar complex 
• • • — > S + Dq S + Dc S + — > S + Dq S + — > S + — > C. It can be also defined as the 
coring ©^L S^ en over the /c-algebra A (the "cotensor coring" of the C-C-bicomod- 
ule S) endowed with the unique grading such that the component S + is situated in 
degree —1 and the unique coderivation (with respect to the zero derivation of A) of 
degree 1 whose component mapping S + DeS + to S + is equal to the semimultiplication 
map S + DeS + — ► S + . So Bar*(S, C) is a DG-coring over the fc-algebra A considered 
ClS db DG-algebra concentrated in degree 0. 

Now let S be a graded semialgebra over a coring C over a fc-algebra A, where A and 
C are considered as a graded k- algebra and a graded coring concentrated in degree 0; 
assume additionally that S is concentrated in nonnegative degrees, C is the component 
of degree in S, and the augmentation map S — > G is simply the projection of S to 
its component of degree 0. In this case there is a graded version Bar* r (S, C) of the 
above bar complex, which is a bigraded object with the grading denoted by upper 
indices coming from the cotensor powers of S + and the grading denoted by lower 
indices coming from the grading of S + itself. Notice that the component Bar^(S, C) 
can be only nonzero when ^ — % ^ n. 
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Let 6 and D be corings over a /c-algebra A. Suppose that we are given two maps 
C — ► D and D — > C that are morphisms of corings over A such that the composition 
C — > D — > C is the identity; let T> + be the cokernel of the map C — > D. Assume 
that the multiple cotensor products D\J e - ■ - Cl e T>, where D is endowed with a C-C-bi- 
comodule structure via the morphism T> — > C, are associative. We will denote 
by Cob*(D,e) the reduced cobar complex C — ► D + — ► D + D e D + — ► D + D e 
D + Dq D + — > ■ ■ ■ It can be also defined as the semialgebra ©^L 2)+ en over the 
coring C (the "cotensor semialgebra" of the C-C-bicomodule T>) endowed with the 
unique grading such that the component D + is situated in degree 1 and the unique 
semiderivation (with respect to oIq = and oIa = 0) of degree 1 whose component 
mapping D + to D + Dg 2)+ is equal to the comultiplication map D + — > T> + De T> + . 
So Cob*(D, C) is a DG-semialgebra over the coring C over the /c-algebra A, where A 
and C are considered as a DG-algebra and a DG-coring concentrated in degree 0. 

Now let D be a graded coring over a /c-algebra A considered as a graded /c-algebra 
concentrated in degree and C be a coring over A; assume additionally that 2) is 
concentrated in nonnegative degrees, C is the component of degree in D, and the 
maps C — > T> and D — > C are simply the embedding of and the projection to the 
component of degree 0. In this case there is a graded version Cob* r (2), C) of the above 
cobar complex, which is a bigraded object with the grading denoted by upper indices 
coming from the cotensor powers of D + and the grading denoted by lower indices 
coming from the grading of D + itself. Notice that the component Cob^(2), C) can be 
only nonzero when ^ % ^ n. 

11.4.2. Let C be a coring over a /c-algebra A. Assume that C is a flat right A-module. 

A graded semialgebra S over C is called right coflat Koszul if (i) S is nonnega- 
tively graded and the semiunit ho mo morphism is an isomorphism C ~ So] (h) the 
components are flat right A-modules; (iii) the cohomology if^Bar* r (S, C) are only 
nonzero on the diagonal —% = n; and (iv) whenever the component Bar* (S, C) is 
a complex of A-flat right C-comodules, so the diagonal cohomology H~ n Bar* r (S, C) 
can be endowed with a right C-comodule structure as the kernel of a morphism in 
the category of right C-comodules, it is a coflat right C-comodule. 

When the ring A has a finite weak homological dimension, there is an analogous 
definition of a right flat and left relatively coflat Koszul semialgebra S over C. One 
imposes the same conditions (i— iii) and replaces (iv) with the condition (iv') the 
diagonal cohomology H~ n Bar* r (S, C) is a C/A-coflat left C-comodule for all n. 

A graded coring D over the /c-algebra A endowed with a morphism T) — > C of 
corings over A is called a right coflat Koszul coring over C if (i) T> is nonnegatively 
graded and the morphism T> — > C vanishes on the components of positive degree 
in D and induces an isomorphism T> ~ C; (ii) whenever a component T> n is a flat 
right A-module, it is a coflat right C-comodule; (iii) whenever all the multiple cotensor 
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products entering into the construction of the component Cob* (2), C) are associative, 
so this component is well-defined, the co homology H l Cob* (D, G) is only nonzero on 
the diagonal % = n; and (iv) in the assumptions of (iii), the diagonal cohomology 
H n Cob;(£>, 6) is a flat right A-module. 

When the ring A has a finite weak homological dimension, there is an analogous 
definition of a right flat and left relatively coflat Koszul coring D over C. One im- 
poses the same conditions (i-ii), (iv), and replaces (iii) with the condition (iii') the 
component T> n is a C/A-coflat left C-comodule for all n. 

11.4.3. The objects of the category of right coflat Koszul semialgebras are right 
coflat Koszul semialgebras S over corings C over fc-algebras A such that C is a flat 
right v4-module. Morphisms are maps of graded semialgebras S — > S' compatible 
with maps of corings C — ► C and morphisms of fc-algebras A — > A'. Imposing the 
additional assumption that A has a finite weak homological dimension, one analo- 
gously defines the category of right flat and left relatively coflat Koszul semialgebras. 

The objects of the category of right coflat Koszul corings are right coflat Koszul 
corings D over corings C over k- algebras A such that C is a flat right A-module. 
Morphisms are maps of graded corings T> — > T>' compatible with morphisms of 
fc-algebras A — > A'. Imposing the additional assumption that A has a finite weak 
homological dimension, one analogously defines the category of right flat and left 
relatively Koszul corings. 

Theorem. The category of right coflat Koszul semialgebras is equivalent to the cat- 
egory of right coflat Koszul corings. Analogously, the category of right flat and left 
relatively coflat Koszul semialgebras is equivalent to the category of right flat and left 
relatively coflat Koszul corings. In both cases, the mutually inverse equivalences are 
provided by the functor assigning to a Koszul semialgebra S the coring of cohomology 
of the graded DG-coring Bar* r (S, C) and the functor assigning to a Koszul coring T> 
the semialgebra of cohomology of the graded DG- semialgebra Cob* r (2), C). 

Proof. The assertions of Theorem follow from Propositions 1 and 2 below. To check 
the conditions of 111.21 needed for the coring of cohomology and the semialgebra of 
cohomology to be defined, use Lemma 11.2.21 and Proposition 11.2.51 □ 

Let C be a coring over a fc-algebra A. 

Proposition 1. (a) Assume that G is a flat right A-module. Then a graded semi- 
algebra § over G is right coflat Koszul if and only if (i) S is nonnegatively graded 
and the semiunit map is an isomorphism G ~ S ; (ii) for any n ^ 1 the natural 
map from the quotient k-module of the cotensor power S^ en by the sum of the ker- 
nels of its maps to cotensor products S^^ 1 De §2 De §i en_l_1 J i — 1, . . . ,n — 1 to 
the component S n is an isomorphism; (iii) the lattice of submodules of the k-module 
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S i en generated by these n — 1 kernels is distributive; (iv) all the quotient modules 
of embedded submodules belonging to the mentioned lattice are flat right A-modules 
in their natural right A-module structures; and (v) all the quotient modules of em- 
bedded submodules belonging to this lattice are coflat right Q-comodules in their right 
Q-comodule structures that are well-defined in view of (iv). 

(b) Assume that Q is a flat right A-module and A has a finite weak homological 
dimension. Then a graded semialgebra S over Q is right flat and left relatively coflat 
Koszul if and only if it satisfies the conditions (i-iv) of (a) and the condition (v' ) all 
the quotient modules of embedded submodules belonging to the lattice under consider- 
ation are Q/A-coflat left Q-comodules in their natural left Q-comodule structures. 

Proposition 2. (a) Assume that Q is a flat right A-module. Then a graded coring D 
endowed with a morphism T) — > Q of corings over A is a right coflat Koszul coring 
over C if and only if (i) T> is nonpositively graded and the morphism T) — > Q vanishes 
on the components of positive degrees in T> and induces an isomorphism T>q ~ C; 
(ii) for any n ^ 1 the natural map from the component T) n to the intersection of 
images of the maps from cotens or products D^ iel ~ 1 \DQ'D20e'D^ len ~ l ~ 1 , i = 1, . . . ,n— 1 
to the cotensor power D l e " is an isomorphism; (Hi) the lattice of submodules of the 
k-module D^ 71 generated by these n — 1 images is distributive; (iv) all the quotient 
modules of the embedded submodules belonging to the mentioned lattice are flat right 
A-modules in their natural right A-module structures; and (v) all the quotient modules 
of embedded submodules belonging to this lattice are coflat right Q-comodules in their 
right Q-comodule structures that are well-defined in view of (iv). 

(b) Assume that Q is a flat right A-module and A has a finite weak homological 
dimension. Then a graded coring T> endowed with a morphism T> — > Q of corings 
over A is a right flat and left relatively coflat Koszul coring over Q if and only if it 
satisfies the conditions (i-iv) of (a) and the condition (v 1 ) all the quotient modules of 
embedded submodules belonging to the lattice under consideration are Q/A-coflat left 
Q-comodules in their natural left Q-comodule structures. 

Proof of Propositions 1 and 2. Both Propositions follow by induction in the inter- 
nal degree n from Lemma 11.2.21 Proposition ll.2.5[ and the next Lemma 1 (parts 
(a)^=^(c), (a)<^=^>(c*)), and the final assertion) and Lemma 2. □ 

Lemma 1. Let W be a k-module and X 1; . . . , X n _i C W be a collection of submodules 
such that any proper subset X\, . . . ,Xk, ■ ■ ■ , X n -\ generates a distributive lattice of 
submodules in W . Then the following conditions are equivalent: 

(a) the collection of submodules Xi, . . . , X n _i generates a distributive lattice of 
submodules in W ; 
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(b) the following complex of k-modules K.(W; X\, . . . , X n _i) is exact 

o — ► Xi n • • • n x„_! — > x 2 n • • • n x n -i — > x 3 n • • • n x„_i/Xi — ► 

s=i+l 

X„_i/(Xi + ■ • • + x n _ 3 ) — w/(*i + • ■ ■ +X n _ 2 ) — > W/{X 1 + • ■ ■ + X n _ 1 ) — > 0, 

where we denote Y/Z = Y/Y D Z ; 

(c) £/ie following complex of k-modules B.(W; X\, . . . , X n _i) 

^ — t WW — • • • — ©^...^ W /TT S Z\ x t3 — 

► WTE.*.— >o 

is exact everywhere except for the leftmost term; 
(c*) the following complex of k-modules B'(W; Xi, . . . , X n -i) 

o ^ a aw • ■ ■ - e (i< _^ _ re - • ■ ■ - e, * - w 

is exact everywhere except for the rightmost term. 
Besides, the complex in (c) is always exact at its two rightmost nontrivial terms, and 
the complex in (c*) is always exact at its two leftmost nontrivial terms. 

Proof. See the proof of [101 Proposition 7.2 of Chapter 1]. □ 

Assume that the coring C is a flat right A-module. 

Lemma 2. Let W be a k-module and X%, . . . , X n _i C W be a collection of submodules 
generating a distributive lattice of submodules in W. 

(a) Suppose that W is a right A-module and X s are its A-submodules. Then all 
the subquotient modules in the lattice of submodules generated by X s are flat right 
A-modules if and only if for any 1 ^ t\ < ■ ■ ■ < £ m _i ^ n — 1 the quotient module 
W I (X tl + • • • + X tm _A is a flat right A-module. 

(b) Suppose that W is a left Q-comodule and X s are its Q-subcomodules. Then all 
the subquotient modules in the lattice of submodules generated by X s are Qj A- coflat 
left Q-comodules if and only if for any 1 ^ t% < • • • < t m -i ^ n — 1 the submodule 
X tl fl • • • n X tm _ 1 is a Q/A-coflat left Q-comodule. 

(c) Suppose that W is a right Q-comodule and X s are its Q-subcomodules such that 
all the subquotient modules in the lattice of submodules generated by X s are flat right 
A-modules. Then all these subquotient modules are coflat right Q-comodules if and 
only if for any 1 ^ t\ < ■ ■ ■ < £ m -i ^ n — 1 the submodule X tl fl ■ ■ ■ fl X tm _ 1 is a 
coflat right Q-comodule. 
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Proof. Part (a): proceed by induction in n. Since the lattice is distributive, any 
subquotient module can be presented as an iterated extenion of subquotient modules 
of the form f]j Gj Xj/ f]j eJ Xj fl J2ifjXi, where J C {1, ... ,n — 1}. Whenever the 
inclusion J C {1, . . . , n — 1} is proper, this subquotient module can be presented 
as an element of a smaller lattice generated by the submodules Xj/Xj fl Yli&jXi in 
the quotient module W/Y^i&jXi. It follows from the induction hypothesis that all 
the submodules belonging to this smaller lattice are flat right A-modules. It remains 
to show that the submodule X\ H • • • H X n _i is a flat right A-module. But the 
latter submodule is the only nonzero cohomology module at the leftmost term of the 
complex of flat right A-modules B,(W; Xi, . . . , X n _{) from Lemma 1(c). The proofs 
of parts (b) and (c) are completely analogous, except for the use of Lemma \1 .2.21 □ 

A right coflat (right flat and left relatively coflat) Koszul semialgebra and a right 
coflat (right flat and left relatively coflat) Koszul coring corresponding to each other 
under the equivalence of categories from the above Theorem are called quadratic dual 
to each other. 

11.4.4. Let S be a right coflat (right flat and left relatively coflat) Koszul semialgebra 
over a coring C and T> be the right coflat (right flat and left relatively coflat) Koszul 
coring over C quadratic dual to S. Then on the cotensor products S Dq D and DDqS 
there are structures of graded complexes whose differentials are the compositions 
§iD e T>j — > SiD e T>i DeDy-i ^ SjDeSi □e^-i — > Sj+i Defi-i of the maps induced 
by the comultiplication in T> and the maps induced by the semimultiplication in 
S (and analogously for T> DqS). These complexes are called the Koszul complexes 
of the semialgebra S and the coring T). All the grading components of the Koszul 
complexes with respect to the grading i+j, except the component of degree i+j = 0, 
are acyclic. This follows from Lemma [11.4.31 1 ((a)<^=^(b)). 

11.5. Central element theorem. Let C be a coring over a fc-algebra A. Assume 
that C is a flat right A-module. 

A right coflat increasing filtration F on a semialgebra S~ over a coring C is a fam- 
ily of C-C-bicomodules -F n S~ endowed with injective morphisms of C-C-bicomodules 
_F n _iS~ — > F n S~ and an isomorphism of C-C-bicomodules limF^S" ~ S~ such that 
(i) FjS~ = for i < 0, F S~ = C, and the map F S~ — > S~ is the semiunit 
map; (ii) the compositions FjS~ De FjS~ — > S De S — > S of the maps induced by 
the injections F n S~ — > S and the semimultiplication map factorize through F i+ jS~; 
(iii) the successive quotients F n S~ / F„_ 1 S~ are flat right A-modules; and (iv) the fil- 
tration components F n S~ are coflat right C-comodules (then the successive quotients 
are also coflat right C-comodules). Assuming that A has a finite weak homologi- 
cal dimension, one analogously defines right flat and left relatively coflat increasing 
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filtrations by replacing the condition (iv) with the condition (iv') the filtration com- 
ponents F n S~ are C/A-coflat left C-comodules (then the successive quotients are also 
C/A-coflat left C-comodules). 

Theorem. Let S~ be a semialgebra over a coring C endowed with a right coflat (right 
flat and left relatively coflat) increasing filtration F. Then the graded semialgebra 
7 = Q) n F n S~ over the coring C is right coflat (right flat and left relatively coflat) 
Koszul if and only if the graded semialgebra S = @ n F„S~ / F„_iS~ overthe coring C 
is right coflat (right flat and left relatively coflat) Koszul. 

Proof. Consider the reduced bar resolution • ■ ■ — ► T+DeCT+DeCT — > 7 + H\e7 — ► 7 
of the right CT-semimodule C and denote by X* its semitensor product ■ ■ • — > 7 + De 
T+DeS — > 7 + \3qS — > S with the left T-semimodule S. Denote by y* the two-term 
complex of graded right S-semimodules 7i — > S © Si, where 7\ is endowed with a 
right S-semimodule structure via the augmentation of S and S © Si is the quotient 
semimodule S/ ® n>2 S n ; the components of the differential in this complex are the 
zero map 7% — > So and the projection 7\ — > Si. There is a natural morphism 
of complexes of graded right S-semimodules X* — > whose components are the 
projections 7 + De S — > 7\ Dg So — 7\ and S — > So © Si. 

All the three complexes and ker(X* — > y*) are complexes of C-coflat 

right S-semimodules (A-flat right S-semimodules). Let us show that the complex 
ker(X* — > y*) is is coacyclic with respect to the exact category of coflat graded right 
C-comodules (A-flat right C-comodules). Indeed, denote by 2s* the kernel of the map 
from the reduced bar resolution of the right T-semimodule C (written down above) 
to C itself. The complex of graded T-semimodules %' has a natural endomorphism 
z of internal degree 1 and cohomological degree induced by the endomorphism of 
the reduced bar resolution acting by the identity on the cotensor factors 7 + and 
by the natural injections 7 n -i — > 7 n on the cotensor factors 7. Since Z>' is a con- 
tractible complex of coflat graded right C-comodules (A-flat right C-comodules), the 
endomorphism z is injective, and its cokernel is a complex of coflat right C-comodules 
(v4-flat right C-comodules), this cokernel is coacyclic with respect to the exact cate- 
gory of coflat graded right C-comodules (A-flat right C-comodules). Now the kernel 
ker(X* — > y*) is isomorphic as a complex of right C-comodules to the kernel of a sur- 
jective morphism from coker(z) to the contractible two-term complex of coflat right 
C-comodules (A-flat right C-comodules) 7\ — > 7\. 

Since the semitensor product X* 0§C is isomorphic to Bar* r (CT, C), it represents the 
object SemiTorg r (C, C) in the derived category of graded fc-modules (see 111.31) . On the 
other hand, since X* is a bounded from above complex whose terms considered as one- 
term complexes are semiflat complexes of graded right S-semimodules (S/C/A-semi- 
flat complexes of graded right S-semimodules), X* is a semiflat complex of graded 
right S-semimodules (S/C/A-semiflat complex of graded right S-semimodules). The 
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cone of the morphism X* — ► y* is coacyclic with respect to the exact category of 
coflat graded right C-comodules (A-fiat graded right C-comodules), so the semitensor 
product X* Os C represents also the object SemiTor^(y*, C) in the derived category 
of graded /c-modules. 

In the semiderived category of graded C-cofiat (A-flat) right S-semimodules there 
is a distinguished triangle C(— 1)[1] — > — > C — ► C(— 1)[2] (where the number 
in round brackets denotes the shift of internal grading M(l) n = M„ +1 ). It follows 
from the induced long exact sequence of cohomology of the objects SemiTorg r (— , C) 
by induction in the internal degree that Bar* r (S, C) has nonzero cohomology on the 
diagonal —i = n only if and only if Bar* r (CT, C) has nonzero cohomology on the di- 
agonal —i = n only. Assume that this is so; then there are short exact sequences 
— ► iC\ +1 Bar' r (S,e) — ► ^ n Bar' r (T,e) — ► #- n Bar^(S, C) — ► 0. Further- 
more, the diagonal cohomology H~ n Bar* r (CT, C) and H~ n Bar* r (S, C) are flat right 
A-modules by Lemma Hi. 4. 31 2(a). and so are endowed with C-C-bicomodule struc- 
tures. The maps H ~ n Bar* r (7, C) — > H~ n Bar* r (S, C) in the short exact sequences 
above are induced by the morphism of semialgebras 7 — > S, hence they are mor- 
phisms of C-C-bicomodules. 

Let us describe the compositions H~ n Bar* r (T, C) — > H~ n Bar* r (S, C) — > 
H~+± l Bar* r (CT, C), which will be denoted by d n . Let t: C — > 7\ be the natural 
injection. Consider the endomorphism d% of internal degree 1 and cohomological 
degree —1 of the complex of graded right S-semimodules X" that is defined by the 
following formulas: the component S maps to 7 + Dq § by t □ id, the component 
7 + Dg S maps to 7 + Dq 7 + DqS by t □ id did — id Ot □ id, etc. Consider also the 
endomorphism dy of internal degree 1 and cohomological degree —1 of the complex 
of graded right S-semimodules y mapping So © Si to 7\ by the composition of the 
projection So © Si — > C and the embedding t. Then the endomorphisms d% and <9y 
form a commutative diagram with the morphism X* — > y*. 

Since the endomorphism dy represents in the semiderived category of C-coflat 
(A-flat) graded S-semimodules the composition of morphisms y* — >■ C — >■ 
y*(l)[— 1] from the distinguished triangle above, the desired maps d n are induced 
by the endomorphism c^ar of the bar complex Bar* r (T, C) = X* Os C that is induced 
by the endomorphism dx of the complex X* . The endomorphism c^Bar maps the com- 
ponent C to 7 + by t, the component 7 + to 7 + Oq 7 + by t Dq id — id D^t, etc. Since 
c?Bar is an endomorphism of complexes of C-C-bicomodules, d n are also endomor- 
phisms of C-C-bicomodules. Hence the maps H'^ 1 Bar* r (S, C) — > H~ n Bar* r (T, C) 
in the short exact sequences above are morphisms of C-C-bicomodules. Now it fol- 
lows easily by induction using Lemma [1.2.21 that all H~ n Bar* r (T, C) are coflat right 
C-comodules (C/A-coflat left C-comodules) if and only if all H~ n Bar* r (S, C) are coflat 
right C-comodules (C/A-coflat left C-comodules). □ 
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A semialgebra S~ over a coring C endowed with a right coflat (right flat and 
left relatively coflat) increasing filtration F is called a right coflat {right flat and 
left relatively coflat) nonhomogeneous Koszul semialgebra over 6 if the equivalent 
conditions of Theorem are satisfied for it, i. e., the graded semialgebras @ n F n S~ 
and @ n F n 8~/F n _i§~ are right coflat (right flat and left relatively coflat) Koszul 
semialgebras over C. 

11.6. Poincare— Birkhoff— Witt theorem. Let C be a coring over a fc-algebra A; 
assume that C is a flat right A-module. A quasi-differential coring D~ over A con- 
centrated in the nonnegative degrees and endowed with an isomorphism C ~ T>q is 
called right coflat {right flat and left relatively coflat) Koszul over C if the graded 
coring D~/ im<9 is right coflat (right flat and left relatively coflat) Koszul over Q. 

Lemma. Let 7 be a right coflat (right flat and left relatively coflat) Koszul semi- 
algebra over C and £ be the quadratic dual right coflat (right flat and left relatively 
coflat) Koszul coring over Q. Then a G-Q-bicomodule morphism C — > 7\ ~ £i can 
be extended to a graded 7 -7 ' -bisemimodule morphism 7 — ► 7 of degree 1 (i. e., rep- 
resents a "central element" of 7) if and only if it can be extended to a coderivation 
£ — ► £ of degree 1 of the coring £ (with respect to the zero coderivation of A). Both 
the 7 -7 -bisemimodule morphism and the coderivation of £ with the given component 
C — > 7 1 ~ £i are unique if they exist; the coderivation always has a zero square. 

Proof. Both conditions hold if and only if the difference of the two maps 7\ ~ C Dg 
Ti — > 7i U e Ti and 7 X ~ 7 X D e G — ► 7 X D e 7 X induced by our map C -> 7 X 
factorizes through the injection £2 — > £1 De £1 - Ti De Ti. □ 

The objects of the category of right coflat nonhomogeneous Koszul semialgebras 
are right coflat nonhomogeneous Koszul semialgebras (S~,F) over corings C over 
/c-algebras A such that C is a flat right A-module. Morphisms are maps of semi- 
algebras S~ — >■ S~' compatible with maps of corings C — > C and morphisms of 
/c-algebras A — ► A' which map the filtration components F n S~ into the filtration 
components FlJtT' . Imposing the additional assumption that A has a finite weak 
homological dimension, one analogously defines the category of right flat and left 
relatively coflat nonhomogeneous Koszul semialgebras. 

The objects of the category of right coflat Koszul quasi-differential corings are 
right coflat Koszul quasi-differential corings D~ over corings C over /c-algebras A 
such that C is a flat right A-module. Morphisms are maps of graded corings D~ — > 
D~' compatible with morphisms of /c-algebras A — > A' and making a commutative 
diagram with the coderivations d and d'. Imposing the additional assumption that A 
has finite weak homological dimension, one analogously defines the category of right 
flat and left relatively coflat Koszul quasi-differential corings. 
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Theorem. The category of right coflat (right flat and left relatively coflat) nonho- 
mogeneous Koszul semialgebras is equivalent to the category of right coflat (right 
flat and left relatively coflat) Koszul quasi- differential corings. If a filtered semialge- 
bra S~ over a coring C and a quasi- differential coring D~ correspond to each other 
under this duality, then the graded semialgebra 7 = ® n F n S~ and the graded cor- 
ing D~ are quadratic dual right coflat (right flat and left relatively coflat) Koszul 
semialgebra and coring over C; the graded semialgebra S = @ n F n S~/F n _i§~ and 
the graded coring T> = T>~ / im<9 are quadratic dual right coflat (right flat and left 
relatively coflat) Koszul semialgebra and coring over C; the related isomorphisms 
Fi§~ ~ T>i and Fi§>~ / FqST ~ T>i /OqDq are compatible with each other; and the 
injection F S~ — > Fi§~ corresponds to the coderivation component do : Dq — > T>^ 
under the isomorphisms F S~ ~ C ~ T>q and Fi§~ ~ Dj\ 

Proof. It follows from Lemma that the category of right coflat (right flat and left 
relatively coflat) Koszul semialgebras 7 endowed with a T-T-bisemimodule morphism 
7 — > 7 of degree 1 is equivalent to the category of right coflat (right flat and left 
relatively coflat) Koszul corings £ endowed with a coderivation of degree 1. It remains 
to prove that semialgebras 7 with maps 7 — > 7 of degree 1 coming from right 
coflat (right flat and left relatively coflat) nonhomogeneous Koszul semialgebras S~ 
correspond under this equivalence to right coflat (right flat and left relatively coflat) 
Koszul quasi-differential corings D~ = £ and vice versa. Besides, we will have to 
show that whenever for a quasi-differential coring D~ the graded coring D~ / imd is 
a right coflat (left relatively coflat) Koszul coring over a coring C, the graded coring 
D~ is also a right coflat (left flat and right relatively coflat) Koszul coring over C. 

According to the proof of Theorem 111.51 f° r an Y right coflat (right flat and left 
relatively coflat) nonhomogeneous Koszul semialgebra S~ there is a right coflat (right 
flat and left relatively coflat) Koszul quasi-differential coring D~. Indeed, set D~ = 
0„if~ n Bar* r (T, C), where 7 = (& n F n S~; then the endomorphism d of the C-C-bi- 
comodule D~ induced by the endomorphism 5e ar of the reduced bar construction 
Bar* r (T, C) is a coderivation of degree 1 (with respect to the zero coderivation of A) 
and its restriction to T)q coincides with the injection ~ To — > 7\ ~ T)^. It also 
follows from this proof that the right coflat (right flat and left relatively coflat) Koszul 
semialgebra S = F n S~ / F n _i§~ is quadratic dual to the coring D = T>~/imd, 
which is therefore right coflat (right flat and left relatively coflat) Koszul over C. 

Let us now construct the nonhomogeneous Koszul semialgebra corresponding to 
a right coflat (right coflat and left relatively coflat) Koszul quasi-differential coring 
D~ over a coring C. Set T> = T>~/imd. Consider the bigraded coring % over 
the /c-algebra A (which is considered as a bigraded fc-algebra concentrated in the 
bidegree (0,0)) with the components % p ' q = T)~_ p for p ^ 0, q ^ and % p ' q = 
otherwise. The coring % considered as a graded coring in the total grading p + q has a 
coderivation d% (with respect to the zero coderivation of A) mapping the component 
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X p,q to X p,q+1 by dq- p ; one has d^- = 0. There is a morphism of bigraded corings 
X — > D inducing an isomorphism of the corings of cohomology, where the coring D 
is placed in the bigrading T> p, ° = X>_ p and endowed with the zero differential. 

Denote by X + the cokernel of the injection C ~ X°>° — ► X. Let % = 0^ o X+ er 
be the "cotensor semialgebra" of the bigraded C-C-bicomodule X + . By the definition, 
IR is a trigraded semialgebra over the coring C (which is considered as a trigraded 
coring concentrated in the tridegree (0,0,0)) with the gradings p and q inherited 
from the bigrading of X + and the additional grading r by the number of cotensor 
factors. We will consider !R as a graded semialgebra in the total grading p + q + r. 
The semialgebra 01 is endowed with three semiderivations (with respect to the zero 
derivation of the coring C) of total degree 1, which we will now introduce. 

Let d$i be the only semiderivation of Ji which preserves X + C 01 (embedded as 
the part of degree r = 1) and whose restriction to X + is equal to — d%- Let be 
the only semiderivation of 01 which maps X + to X + D e X + by the composition of the 
comultiplication map X + — > X + Dq X + and the sign automorphism of X + Dq X + 
acting; on the component X p ' q D e X p ' q as (-l) p +q . Finally, let be the only 
semiderivation of 01 whose restriction to X + is the identity map of the component 
DC -1 ' -1 — C to the semiunit component 01 = C and zero on all the remaining 
components of X + . All the three differentials are constructed so that they satisfy the 
super-Leibniz rule in the parity p + q + r. The semiderivations (9gj, dn, and 5oi have 
tridegrees (0, 1, 0), (0, 0, 1), and (1, 1, —1), respectively, in the trigrading (p, q, r). All 
the three semiderivations have zero squares, and they pairwise anti-commute. 

There is a right coflat (right flat and left relatively coflat) increasing filtration F on 
the graded semialgebra % whose component F n 0l is the direct sum of all trigrading 
components % p ' q ' r with — p ^ n. This filtration is compatible with the differentials 
dw., dyi, and 5^; the semialgebra @ n F n Jl/ F n ^iJl with the differential induced by 
doi+dyi+Sji is naturally isomorphic to the semialgebra 01 with the differential dji+dji. 

Consider the following sign- modified version of cobar construction 'Cob(D, C). De- 
fine 'Cob(D, C) as the "tensor semialgebra" @ r D + er of the C-C-bicomodule T> + and 
endow it with the grading p coming from the grading T> p = 2)_ p of D + and the 
grading r by the number of cotensor factors. We will consider 'Cob(D, C) as a graded 
semialgebra over C in the total grading p + r. Let d' Coh be the only coderivation of 
'Cob(D, C) which maps T> + C 'Cob(D, C) to T) + D e T> + by the composition of the 
comultiplication map D + — >■ T) + Oe'D + and the sign automorphism of 2) + De2)+ act- 
ing on the component T> p C\eD p as (— l) p . Then one has c?Q ob = 0. Notice that the 
differential d' Coh satisfies the super-Leibniz rule in the parity p + r, while the differen- 
tial dcob of the cobar construction Cob*(D, C) satisfies the super-Leibniz rule in the 

parity r. The automorphism of @ r D+ eT acting on the component D Pl Dq • • ■ Hq T> Pr 
by minus one to the power YZ=iPs(Ps + l)/2 + Y^i< s <t< r Ps(Pt + 1) transforms d Co b 
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to d' Cob , so the semialgebras of cohomology of the DG-semialgebras 'Cob(D, C) and 
Cob* r (D, C) are naturally isomorphic in the Koszul case. 

Consider the morphism of DG-semialgebras (31, <9uj + dji) — > ('Cob(D,C), d' Coh ) 
induced by the morphism of corings % — > T). This morphism of DG-semialgebras 
induces an isomorphism of the semialgebras of cohomology. Indeed, the components 
of fixed grading p of the DG-semialgebra (31, doi + dot) are the total components of 
finite bicomplexes whose components of fixed grading r are multiple cotensor products 
of components of fixed grading p of the DG-coring %, and the natural maps from 
these multiple cotensor products to the corresponding multiple cotensor products 
of components of the coring T) are quasi- isomorphisms. Hence Hq^ +(1 (Jl) ~ S 
and Hi +d (31) = for % ^ 0, where S denotes the right coflat (right flat and left 
relatively coflat) Koszul semialgebra quadratic dual to D. Analogously, the morphism 
of DG-semialgebras (31, dji + dji) — > ('Cob(!D,C), d' Coh ) induces quasi-isomorphisms 
of the tensor and cotensor products related to these DG-semialgebras that were listed 
in (i) and (iii) of lll.2.31 

The associated graded quotient complexes to the tensor and cotensor product of 
the DG-semialgebra (31, dy. + dot + Sji) listed in (i) and (iii) of 111.2.31 with respect to 
the nitrations induced by the filtration F are naturally isomorphic to the correspond- 
ing tensor and cotensor products of the DG-semialgebra (31, dji+dji). Therefore, the 
associated graded modules of the cohomology of these tensor and cotensor products 
of the DG-semialgebra (31, dot + dw, + 5ji) are isomorphic to the cohomology of the 
corresponding tensor and cotensor products of the DG-semialgebra (31, dji + dji). In 
particular, set §T = Hq^ +(1 +s (01); then ST is endowed with an increasing filtra- 
tion F such that n F n S~/F n _ 1 S~ ~ S, while Hi x+dx+Sx (0l) = for i ^ 0. Since S 
is a coflat right C-comodule (a flat right A-module and a C/A-coflat left C-comodule), 
the associated graded quotient modules to the tensor and cotensor products under 
consideration of the cohomology module S~ are isomorphic to the corresponding ten- 
sor and cotensor products of S. Thus S~ is a semialgebra over C and F is its right 
coflat (right flat and left relatively coflat) increasing filtration. 

Since the semialgebra S is right coflat (right flat and left relatively coflat) Koszul, 
so is the semialgebra 7 = (& n F n S~. Let D~' be the right coflat (right flat 
and left relatively coflat) coring quadratic dual to 7; then D~' is endowed with 
a coderivation d', making it a right coflat (right flat and left relatively coflat) 
Koszul quasi-differential coring, as we have already proven. Moreover, the coker- 
nel D' of the coderivation & is quadratic dual to S, hence there is a natural iso- 
morphism of graded corings D ~ D'. Furthermore, the embedding of the compo- 
nent T>i = 3l_i.o,i — ► 31 induces an isomorphism T>^ ~ F\§T . The composi- 
tion T>2 — ► Oq T>i ~ Fi§~ □(= i 7 iS~ — > F 2 S~ of the comultiplication and 
semimultiplication maps vanishes, so there is a natural morphism of graded cor- 
ings D~ — > D~'. Since the embedding F S~ — > i^S" corresponds to the map 
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<9 : £>o — ► under the isomorphisms F S~ ~ 6 ~ T>% and F X S~ ~ the 
morphism D~ — > D~ forms a commutative diagram with the differentials 9 in D~ 
and 9' in D~ . The induced morphism D~/ im<9 — > D~ / im<9' coincides with the 
natural isomorphism D — > D' on the components of degree 1, and consequently on 
the other components as well. Hence the morphism of corings D~ — ► D~' is also 
an isomorphism. Thus the coring D~ is right coflat (right flat and left relatively 
coflat) Koszul over C, and the semialgebra 7 quadratic dual to it together with its 
T-T-bicomodule endomorphism of degree 1 comes from the right coflat (right flat 
and left relatively coflat) nonhomogeneous Koszul semialgebra §T . □ 

A right coflat (right flat and left relatively coflat) nonhomogeneous Koszul semial- 
gebra and a right coflat (right flat and left relatively coflat) Koszul quasi-differential 
coring corresponding to each other under the equivalence of categories from the above 
Theorem are called nonhomogeneous quadratic dual to each other. 

All the definitions and results of I11.4H11.T>1 have their obvious analogues for the 
coflatness conditions replaced with coprojectivity ones. So, when C is a projective 
left A-module one can speak of left coprojective Koszul semialgebras and corings. 
When C is a flat right A-module and A has a finite left homological dimension, one 
can define right flat and left relatively projective Koszul semialgebras and corings. 
When C is a projective left A-module and A has a finite left homological dimension, 
one can consider left projective and right relatively coflat Koszul semialgebras and 
corings. Of course, when C is a flat left A-module, one can define left coflat Koszul 
semialgebras and corings, etc. 

Remark. All the results of lll.4Hll.6l have their analogues for semimodules and semi- 
contramodules over semialgebras, comodules and contramodules over corings. In par- 
ticular, for any right coflat Koszul semialgebra S and the right coflat Koszul coring 
D quadratic dual to S there is a natural equivalence between the categories of Koszul 
left S-semimodules and Koszul left D-comodules given by the functors of cohomology 
of the reduced bar and cobar constructions with coefficients in the semimodules and 
comodules. No (co)flatness conditions need to be imposed on the semimodules and 
comodules in this setting. For any left coprojective Koszul semialgebra S and the 
left coprojective Koszul coring D quadratic dual to S there is an equivalence between 
the categories of Koszul left S-semicontramodules and Koszul left D-contramodules 
(which are nonpositively graded). For any right flat and left relatively coflat Koszul 
semialgebra S and the right flat and left relatively coflat Koszul coring D quadratic 
dual to S there is an equivalence between the categories of A-flat Koszul right S-semi- 
modules and A-flat Koszul right D-comodules, etc. Furthermore, for a right coflat 
nonhomogeneous Koszul semialgebra §T and a left semimodule 3Vt~ over §T endowed 
with an increasing filtration F compatible with the filtration of S~, the semimodule 
n i^M"" is Koszul over the semialgebra ® n F n §T if and only if the semimodule 
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n F n M~/F n _iM~ is Koszul over the semialgebra ® n F n S~/F n _i§~. A filtered 
semimodule M~ satisfying these conditions can be called a nonhomogeneous Koszul 
semimodule over S~. The Koszul 2)-comodule quadratic dual to the second of these 
graded semimodules is naturally isomorphic to the Koszul D~-comodule quadratic 
dual to the first semimodule with the induced D-comodule structure. A Koszul 
quasi-differential left D~-comodule is a graded left D~-comodule that is Koszul as 
a 2)-comodule; then it is also Koszul as a D~-comodule. There is a natural equiv- 
alence between the categories of nonhomogeneous Koszul left semimodules over S~ 
and Koszul quasi-differential comodules over D~. When S~ is a left coprojective non- 
homogeneous Koszul semialgebra, there is an analogous equivalence of categories of 
nonhomogeneous Koszul left semicontramodules over S~ and Koszul quasi-differential 
contramodules over D~ (where nonhomogeneous Koszul semicontramodules are semi- 
contramodules endowed with complete decreasing nitrations) . 

11.7. Quasi-differential comodules and contramodules. 

11.7.1. Let (D~,<9) be a quasi-differential coring over a fc-algebra A; set D = 
D~/ im<9. Assume that D is a flat graded right A-module. 

A quasi- differential left comodule over D~ is just a graded left 2)~-comodule 
(without any differential). The DG-category of quasi-differential left 2)~-comodules 
DG(X>~-qcmd) is defined as follows. The objects of DG(2)~-qcrud) are quasi- 
differential left D~-comodules. Let us construct the complex of morphisms in the 
category DG(2)~-qcmd) between quasi-differential left D~-comodules XL and M, de- 
noted by Hom^>(XL, JVC) . The component Hom£,(XL, M) of this complex is the k- module 
of all homogeneous maps XL — > M of degree — n supercommuting with the coaction of 
T> in XL and M. This means that an element / G Hom^/C, M) should satisfy the equa- 
tion /(x)(_i) <8)/(x)(o) = (— l) n ' X(_1) 'x(7i) <8> /(x( )) in Sweedler's notation [15], where 
z i — > ®-2(o) denotes the left coaction maps, p is the image of an element p G D~ 
in D, and \p\ is the degree of a homogeneous element p. To define the differential d(f) 
of an element /, consider the supercommutator of the coaction maps XL — > D~ 
and M — > D~ M with /, that is the map 5 f : XL — >2)~DdM given by the for- 
mula x .— > /(x) ( _ 1) □ /(x) (0) - (-l) n K-i)lx ( _ 1} □ /(x (0) ). For any / G Hom^(£, M), 
the map 5j factorizes through the injection M ~ D \Jx> M — > D~ 0<r> M induced by 
the homogeneous morphism d: T) — > D~ of degree 1 given by d(p) = d(p), hence 
the desired map d(f) : XL — > M of degree —n — 1. 

Since the map 5f and the morphism d supercommute with the left coactions 
of CD, so does the map d(f). Let us check that d 2 (f) = 0, in other words, 
that d(f) supercommutes with the left coactions of D~ in XL and M. Con- 
sider the two homogeneous maps XL — > D~ \3<d M given by the formulas x i — ► 
(d/)(x) ( _i) □ (d/)(x)( ) and x i — ► (-l^+^K-ulx^!) □ (c//)(x (0) ); we have to check 
that these two maps coincide. Consider the image of the former map under the 
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map Hom" +1 (X, D~ D v M) — ► Hom" +1 (X, D~ D v D~ Dj, M) given by the formula 
g i — ► {x I— > (— l)^ n+1 ^ :E (- 1 )'9(rE(_i)) □g r (x(o))) and the image of the second map under 
the map Hom" +1 (X, D~ Dj, M) — ► Hom" +1 (X, D~ D~ Dd M) given by the 
formula 5-1 — ► (x i-> (-l) |p(ie)l| ff(x)i □ 9(g-(x) 2 (_i)) □ ff(x) 2 ( )), where y = y x Uy 2 
is a notation for an element y G D~ M. The sum of these two elements of 
Hom^ +1 (£, D~ D 2 r D 2 M) is equal to the image of the element 5/ under the map 
Hom™ +1 (£, D~ Dd M) — ► Hom" +1 (X, £>~ Dd T>~ □© M) induced by the comulti- 
plication map D~ — > D~ Dd D~. There is a commutative square formed by the 
diagonal embedding D~ — > X>~ © D~, the morphism D~ © D~ — ► D~ D~ 
given by the formula (x, y) 1 — > <9(x(i)) □ X( 2 ) + (— l)'^ (1) 'y(i) □ <9(y( 2 )), the morphism 
9: D~ — > D~, and the comultiplication morphism D~ — > D~ □dD~. Considering 
the filtrations originating from the two-term filtration C D~, one can check 

that this square is Carthesian. It remains Carthesian after applying the functors 
— Dd M and Hom^fX, — ), so we are done. 

Let M be a quasi-differential left 2)~-comodule and q: M — ► M be an element 
of Hom^(M, M) satisfying the Maurer-Cartan equation d(q) + q 2 = 0. The quasi- 
differential left 2)~-comodule structure on M twisted with q is constructed as follows. 
First of all, the structure of a graded X>-comodule on M does not change under 
twisting. Next, the twisted coaction map M — ► D-d M is the sum of the original 
coaction map and the composition M — ► M — > D~ D5M — > T)~ D^M of the map 
q: M — >■ M, the coaction map M — ► D~DbM, and the map D~DdM — ► D^DdM 
induced by the morphism d: D~ — > D~. Denote the quasi-differential 2)~-comodule 
we have constructed by M(q). For any quasi-differential left 2)~-comodule £ the 
differential in the complex Hom^>(X, M(g)) differs from the differential in the complex 
Hom^,(X, M) according to the formula d q (f) = d(f) + q o f. 

Since infinite direct sums and shifts of objects clearly exist in the DG-category 
DG(X>~-qcmd), it follows from the above construction, in particular, that cones exist 
in it. Therefore, the homotopy category Hot(X>~-qcmd), whose objects are the ob- 
jects of DG(D~-qcmd) and morphisms are the zero cohomology of the complexes of 
morphisms in DG(2)~-qcmd), is naturally triangulated. Furthermore, for any com- 
plex of quasi-differential left D~-comodules one can define the total graded quasi- 
differential left 2)~-comodule such that the corresponding graded left D-comodule 
will coincide with the infinite direct sum of the shifts of the terms of the com- 
plex considered as graded left 2)-comodules. In particular, one can speak about 
the total quasi-differential left 2)~-comodules of exact triples of quasi-differential left 
2)~-comodules, which allows us to define the coderived category of quasi-differential 
left D~-comodules D co (!D~-qcmd) as the quotient category of the homotopy category 
Hot(2)~-qcmd) by its minimal triangulated subcategory containing such objects as- 
sociated to exact triples and closed under infinite direct sums. 
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11.7.2. Let d) be a quasi-differential coring over A; assume that D = D~/ im<9 
is a flat graded left A-module. 

A quasi- differential right comodule over D~ is just a graded right 2)~-comodule. 
Let us define the DG-category of quasi-differential right comodules DG(qcmd-ID~) 
over D~. The objects of DG(qcmd-ID~) are quasi-differential right 2)~-comodules. 
The complex of morhisms Hom^(3?, 3\f) in the category DG(qcmd-ID~) between 
quasi-differential right D~-comodules 3? and IN is constructed as follows. The com- 
ponent Hom^(ft, IN") of this complex is the /c-module of all homogeneous maps 
3i — > IN of degree — n commuting with the D-comodule structures (without any 
signs). To define the differential of an element / G Hom^X, N), consider the map 
5j : 3? — >■ given by the formula x i — >■ f(x)m) ^f( x )(i) ~ f( x (o)) dm, where 

z i — > -2(o) <8> -2(1) denotes the right coaction maps. The map 5/ factorizes through the 
injection IN — >■ IN* D~ given by the formula y i — >■ (— l)' a(0) 'y(o) □ <9(y(i)), hence 
the desired map d(f) : 3i — > N. 

Let K be a quasi-differential right ID~-comodule and g G Hom^N, K) be an 
element satisfying the equation d(q) + q 2 = 0. To define quasi-differential right 
ID~-comodule structure on INT twisted with q, set the new coaction map N — ► 
N Dd D~i to be the sum of the original coaction map and the composition IN — >■ 
N — >■ D~ Dd N of the map g : IN" — > IN" and the map IN" — > IN" Dd D~ given by the 
formula y i — >■ (— l)'^ )'^) D d(ym). Denote the quasi-differential ID~-comodule so 
constructed by INf(g); for any quasi-differential right D~-comodule the differential in 
the complex Hom^CR, differs from the differential in the complex Hom^CR, N) 

by the rule d q (f) = d(f) + qof. 

The definitions of the homotopy category of quasi-differential right ID~-comodules 
Hot(qcmd-2) r ") and the coderived category of quasi-differential right ID^-comodules 
D co (qcmd-ID~) are the same as in the left quasi-differential comodule case. 

11.7.3. Let (D~, &) be a quasi-differential coring over A; assume that D = D~/ im<9 
is a projective graded left A-module. 

A quasi- differential left contramodule over CD~ is just a graded left 2)~-contra- 
module. Let us define the DG-category of quasi-differential left 2)~-contramodules 
DG(X>~-qcntr). The objects of DG(X>~-qcntr) are quasi-differential left 2)~-contra- 
modules. The complex of morphisms Hom Xl '*(*p, 0) in the category DG(2)~-qcntr) 
between quasi-differential left D~-contramodules and is constructed as follows. 
The component Hom x '' n (*P, 0) of this complex is the /c-module of all homogeneous 
maps ^3" — > of degree — n supercommuting with the ID-contramodule structures. 
This means that an element / G Hom :r, ' ra (*P, 0) should satisfy the equation 7r«p(/ o 
x) = (— l) mn f (n?p(x)) for any x G Honu(!D m , <J3"), where n<p denotes the contraaction 
map. To define the differential of an element / G Hom I) ' n (^p, 0), consider the map 
5 f : CohomD(ID~, ^) — > given by the formula x i — > n v {f ox)- (-l) mn f{7T V (x)) 
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for x G Houu(2)m, ^3), where x denotes the class of x in Cohomx>(!D~, *}3). The 
map 5f factorizes through the surjection Cohomi)(D~, ^3) — > Cohonixi(2), ^3) — ^3 
induced by the morphism 9: D — > D~, hence the desired map : ^3 — > 0. 

Let ^3 be a quasi-differential left D~-contramodule and q G Horn 35 ' 1 (^3, ^3) be 
an element satisfying the equation c?(g) + q 2 = 0. To define the quasi-differential 
left 2)~-contramodule structure on *}3 twisted with q, set the new contraaction map 
Cohomi)(D~, ^3) — > ^3 to be the sum of the original contraaction map and the 
composition of the map Cohomxi(2)~, ^3) — > ^3 induced by d: T> — ► D~ and the 
map g: ^3 — > ^3. Denote the quasi-differential left D~-contramodule so constructed 
by ^3(<z); for any quasi-differential left D~-contramodule Q the differential in the 
complex Hom :D ' , (n, differs from the differential in the complex Horn 25 '* (£2, ^3) 

by the rule d q (f) = d(f ) + qof. 

The definitions of the homotopy category of quasi-differential left 2)~-contramod- 
ules Hot(D~-qcntr) and the contraderived category of quasi-differential left D~-con- 
tramodules D ctr (D~-qcntr) are completely analogous to the corresponding definitions 
in the comodule case; the only difference is that one considers infinite products instead 
of infinite direct sums. 

Remark. One can define the DG-categories of CDG-comodules and CDG-contra- 
modules over a CDG-coring (see 111.2.21 and 10.4.41) and identify them with the 
DG-categories of quasi-differential comodules and contramodules in the case when 
a quasi-differential coring corresponds to a CDG-coring. More generally, let d) 
be a quasi-differential coring over a fc-algebra A such that the components D, of 
the coring T> = T>~/imd are projective left A-modules. Then there is a natural 
structure of quasi-differential /c-algebra on the graded A-A-bimodule with the com- 
ponents i? n ~ = Hohia(D^, A). Let (R, d, h) be a CDG-algebra over k corresponding 
to In this situation the DG-category of quasi-differential right D~-comodules 
is isomorphic to a full subcategory of the DG-category of right CDG-modules over 
(R,d,h), and there is a forgetful functor from the DG-category of quasi-differential 
left D~-contramodules to the DG-category of left CDG-modules over (R, d, h). 

11.8. Koszul duality. Let C be a coring over a /c-algebra A. 

Theorem, (a) Assume that C is a flat right A-module. Let S~ be a right coflat non- 
homogeneous Koszul semialgebra over the coring Q and be the right coflat Koszul 
quasi- differential coring over C nonhomogeneous quadratic dual to S~. Then the 
semiderived category of left S~ -semimodules is naturally equivalent to the coderived 
category of quasi- differential left 2)~- comodules. 
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(b) Assume that G is a flat left A-module. Let S~ be a left coflat nonhomoge- 
neous Koszul semialgebra over the coring G and D~ be the left coflat Koszul quasi- 
differential coring over G nonhomogeneous quadratic dual to S~. Then the semide- 
rived category of right S~ -semimodules is naturally equivalent to the coderived cate- 
gory of quasi- differential right D^-comodules. 

(c) Assume that G is a projective left A-module. Let S~ be a left coprojective 
nonhomogeneous Koszul semialgebra over the coring G and D~ be the left coprojective 
Koszul quasi- differential coring over G nonhomogeneous quadratic dual to S~. Then 
the semiderived category of left S~ -semicontramodules is naturally equivalent to the 
contraderived category of quasi- differential left D~ -contramodules . 

Proof. Part (a): let us construct a pair of adjoint functors between the DG-cate- 
gory of complexes of left S~-semimodules and the DG-category of quasi-differential 
left 2)~-comodules. The functor S assigns to a left S-semimodule HVC the graded 
left D-comodule DDgM endowed with the following left D~-comodule structure. 
Consider the map D~ D e M — >■ D~ D e M equal to the sum of the identity map and 
(-1)" times the composition £>~ D e M — ► D e D e M — ► D~_! Dg M — ► 
D~De3Vt of the map induced by the comultiplication morphism D~ — > 'D'^_ 1 DqD'^ , 
the map induced by the semiaction morphism Fi§~ D e M — > M, and the map 
induced by the morphism d n -± : D^-i — > D~. This map factorizes through the 
surjection D~D e M — > D„DeM, since its composition with the map D~_ 1 DeM — > 
D~ Dq DVt induced by the morphism d n -\ vanishes. So we obtain a natural map 
D n D e M — ► D~ U e M. Now the compositions D i+j D e M — ► T)~ +j D e M — ► 
D t ~ U e D~ DgM — ► T>r U e Dj U e M of the maps D i+j D e M — ► T)~ +j D e M we have 
constructed with the maps induced by the comultiplication maps — > X>~n e 2)^ 
and the maps induced by the natural surjections T)J — ► T)j define the desired graded 
2)~-comodule structure on T> Dq 3Vt. To a complex of left S~-semimodules 3Vt* the 
functor S assigns the total quasi-differential D~-comodule of the complex of quasi- 
differential 2)~-comodules D \J e M*. 

The functor T assigns to a quasi-differential left 2)~-comodule £ the complex of 
left S~-semimodules Y*(X) = S~ Dg £ with the terms Y*(X) = S~ Dg and the 
differential defined as the composition S~ Dg £ — > S~ Dg 2)^ Dg £ — > S~ Dg £ of 
the map induced by the coaction morphism L — > Dg £ and the map induced by 
the semimultiplication morphism S~ □gF 1 S~ — > S~. The functor S is right adjoint 
to the functor T, since both complexes Hom^(£, S(M*)) and Hom§~ (Y*(X), M*) 
are naturally isomorphic to the total complex of the bicomplex Homg(Xi, iM/ 7 ), one 
of whose differentials is induced by the differential in DVt* and the other one assigns 
to a C-comodule morphism / : £; — > M J the composition — > T>± Dg £j — >■ 
D e M J ~ i<\S~ Dg M J — > M J of the coaction map, the map induced by the 
morphism /, and the semiaction map. 
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Let us show that the functors S and T induce mutually inverse equivalences 
between the semiderived category D sl (S~-simod) and the coderived category 
D co (!D~-qcmd). Firstly, the functor S sends C-coacyclic complexes of S-semimod- 
ules to coacyclic quasi-differential D~-comodules. Indeed, for any complex of left 
S-semimodules M* the quasi-differential 2)~-comodule S(M*) = T> D e M* has an 
increasing filtration by quasi-differential 2)~-subcomodules defined by the formula 
F n (T> DeM') = ©j <n 2)j OqJvV. The associated graded quotient quasi-differential 
comodule to this filtration is described as follows. There is a functor from the 
DG-category of complexes of C-comodules to the DG-category of quasi-differential 
2)~-comodules assigning to a complex of C-comodules the total quasi-differential 
2)~-comodule of the complex of quasi-differential 2)~-comodules whose terms are the 
terms of the original complex of C-comodules endowed with the graded D~-comodule 
structure via the embedding C ~ 2)q — > D~. (This functor can be also described 
in terms of the quasi-differential subcoring in D~ whose components are T>q and 
OqCDq ) C D^.) Clearly, this functor sends coacyclic complexes of C-comodules to 
coacyclic quasi-differential D~-comodules. Now the quasi-differential D~-comodules 
F„S(M*)/F„_ 1 S(M*) are isomorphic to the images of the C-comodules D n D e M* 
under this functor, and are, therefore, coacyclic whenever M* is C-coacyclic. 

Secondly, the functor T sends coacyclic quasi-differential 2)~-comodules to com- 
plexes of S~-semimodules that are coacyclic not only over C, but even over S~. 

Thirdly, let us check that for any complex of left S-semimodules 3Vt* the cone of the 
natural morphism of complexes of S-semimodules T , S(M*) — > M* is coacyclic as a 
complex of left C-comodules. The complex of C-comodules T # S(M # ) = §^C\q'DC\q'JvI' 
has an increasing filtration given by the formula -F n T*S(3Vl*) = ^2 i+ j <n ^i^^e^j^e 
M* cS~ Del) □eiM*. The cone of the morphism T*S(M*) — > M* has an induced 
filtration F whose components are the cones of the morphisms -F n Y*H(3Vt*) — > 
M*. The quotient complex cone(F„T , S(M') -> M*)/ cone(F n _iT*S(M*) -»• M*) 
is isomorphic to the cone of the identity endomorphism of M* for n = and to the 
cotensor product of a positive-degree component of the Koszul complex S Dq T> and 
the complex M* for n > (where, as always, S = @ n F n S~/F n _xS~). Thus in both 
cases the quotient complex is coacyclic. 

Fourthly, it remains to check that for any quasi-differential left X>~-comodule £ 
the cone of the natural morphism of quasi-differential 2)~-comodules £ — ► ST*(£) 
is coacyclic. First let us show that it suffices to consider the case when £ is a 
graded C-comodule endowed with a graded D~-comodule structure via the embed- 
ding of corings Dq — > D~. To this end, consider the increasing filtration of £ by 
quasi-differential D~-subcomodules G n (JZ>) = 1 (® i<n HqCj), where vj_, \ L — >■ 
D~ Dq L denotes the coaction map. The quotient quasi-differential comodules 
G r n (£)/G n _i(£) are are graded 2)~-comodules originating from graded C-comodules; 
the filtration G induces a filtration on the cone of the morphism L — > ST*(£) 
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whose components are the cones of the morphisms G n (L>) — > ST* ((?„(£)); and the 
associated quotient quasi-differential comodules of the latter filtration are the cones 
of the morphisms G n (£)/G n _i(£) — ► ET'(G n (£)/G n _i(£)). 

Now assume that £ is a graded C-comodule with the induced graded 2)~-comodule 
structure, or even a complex of C-comodules with the induced quasi-differential 
D~-comodule structure. In this case, the quasi-differential D~-comodule ST*(£) = 
D Dq S~ Dq L has an increasing filtration by quasi-differential subcomodules given 
by the formula F n ET'(L) = J2 i+j<n 25 j n e De £ C 2) D e S~ D e £■ The cone of 
the morphism £ — > ST*(£) has the induced filtration F whose components are the 
cones of the morphisms £ — > F„ST*(X). The associated quotient comodules of the 
latter filtration are coacyclic quasi-differential D~-comodules. Indeed, the compo- 
nent Fq cone(X — > ST*(£)) is isomorphic to the cone of the identity endomorphism 
of C>, while the quotient quasi-differential comodules with n > are isomorphic to 
cotensor products of positive-degree components of the Koszul complex T> Dq S and 
the C-comodule £, endowed with the quasi-differential D~-co module structures orig- 
inating from their structures of complexes of C-comodules. Thus all these quotient 
quasi-differential comodules are coacyclic. 

Part (b): we will only construct a pair of adjoint functors between the DG-category 
of complexes of right S~-semimodules and the DG-category of quasi-differential right 
D~-comodules; the rest of the proof is identical to that of part (a). The functor S 
assigns to a right S-semimodule Nthe graded right D-comodule 'ND^'D endowed with 
a right D~-comodule structure in terms of the following maps 'NDeT> n — >■ ~N\D e D~. 
Consider the map Nde D n — >■ NDe 2) n equal to the difference of the identity map 
and the composition Nn e D~ — ► Nn e D~n e D^_i — ► ND e £>~_i — > ND e T>~ of the 
map induced by the comultiplication morphism, the map induced by the semiaction 
morphism, and the map induced by the morphism d n -\. This difference factorizes 
through the surjection ]NfD e D~ — > 3V De D„, hence the desired map. The functor 
T assigns to a quasi-differential right D~-comodule 3? the complex of right S~-semi- 
modules T*(JV) = "Ji De S~ with the terms T l (3?) = DeS~ and the differentials 
d % defines as (—1)* times the composition Oe S~ — > ft-i-i f ~i S~ — ► 
DeS~ of the map induced by the coaction morphism and the map induced by 
the semimultiplication morphism. 

Part (c): let us construct a pair of adjoint functors between the DG-cate- 
gory of complexes of left S~-semicontramodules and the DG-category of quasi- 
differential left D~-contramodules. The functor S assigns to a left S-semicontra- 
module ^3 the graded left D-contramodule Cohom e (D, $p) endowed with a left 
D~-contramodule structure in terms of the following maps Cohome(D~, — >■ 
Cohome(I>„, $P). Consider the map Cohome(D~, ^J) — > Cohome(2)^, $P) equal 
to the difference of the identity map and the composition Cohome(D~, ^3) — >■ 
Cohom e (D~_ 1 ,?P) — ► Cohom e (!D~_ 1 ,Cohome(Dr,?P)) — ► Cohom e (2)~, «p) of 
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the map induced by the morphism <9 n _i, the map induced by the semicontraac- 
tion morphism ^3 — > Cohome(i r iS~, SJJ), and the map induced by the comul- 
tiplication morphism D~ — > D± Dg This difference factorizes through 

the injection Cohom e (I> n , — > Cohom e ('D~, ^J), hence the desired map. The 
functor T right adjoint to 5 assigns to a quasi-differential left 2)~-contramodule 
the complex of left S~-semicontramodules Y*(0) = Cohom e (S~,0) with the 
terms Y*(0) = Cohonie(S~, 0-i) and the differential defined as the composition 
Cohonie(S~, 12) — > Cohome(-FiS~ De S~, 0) — > Cohome(S~, Q) of the map in- 
duced by the semimultiplication morphism Fi§T DeS~ — > S~ and the map induced 
by the contraaction morphism Cohonie(D^,0) — > 0. 

The rest of the proof is analogous to that of part (a), with the exception of 
the argument related to the filtration G (the first step of the fourth part of the 
proof). The problem here is that the decreasing filtration G of a graded D~-con- 
tramodule whose components are the images G n of the contraaction maps 
Cohome(I ) '"/ ® i ^ n r D'i, 0) — ► is not in general separated, i. e., the intersec- 
tion of G n may be nonzero (see Appendix |A|) . What one should do is replace an 
arbitrary quasi-differential left 2)~-contramodule with the total quasi-differential 
contramodule 9^ of its bar resolution • • • — > Cohome(D~ Oq D~ Dq D~, 0) — > 
Cohome(D~ Dg D~, 0) — > Cohome(D'", 0). Since the cone of the natural mor- 
phism of quasi-differential 2)~-contramodules d\ — > is contraacyclic, one can 
consider the quasi-differential D~-contramodule d\ instead of 0. 

In addition to the filtration G introduced above, consider also the decreasing 
filtration 'G of a graded D~-contramodule whose components are the images 
'G n of the contraaction maps Cohome(2)/ ©j^Di, Q) — > It is clear that 
y{ ~ lim y\/'G ni >R. Next one can either show that 'G is a filtration by graded D~-sub- 
contramodules and use the filtration 'G of or show that the filtrations G and 'G are 
commensurable, 'G n 9\ C G n ^\ C 'G™ -1 ^, and use the filtration G of 1R. (The quotient 
quasi-differential 2)~-contramodules G n d\/G n+l ^i originate from graded C-contra- 
modules, while the quotient quasi-differential 2)~-contramodules 'G n ^R/'G n+1 ^R orig- 
inate from complexes of C-contramodules, which is also sufficient.) Both assertions 
for an arbitrary graded 2)~-contramodule follow from the fact that the composition 
D~ — > T>^ Hq D~_ 1 — > T>i Dq of the comultiplication map and the map in- 
duced by the natural surjection X ) .^l 1 — ► Dj-i is injective and its cokernel, being 
isomorphic to the cokernel of the comultiplication map Dj — ► T>i Dq Di-i, is a co- 
projective left C-comodule. To check the latter, consider the composition of the map 
2)~ — > D~ Oq Dj-i in question with the map di-\. 

Alternatively, one can replace an arbitrary quasi-differential D~-contramodule 
with the cone of the morphism ker(Cohome(2)~, 0) — > 0) — > Cohome(!D~, 0) and 
use the appropriate generalization of Lemma IA.21 3. □ 



217 



Remark. Notice that no homological dimension condition on the /c-algebra A is 
assumed in the above Theorem. In particular, when C = A, so S~ is just a fil- 
tered /c-algebra, Theorem provides a description of certain semiderived categories of 
S~-modules relative to F S~ = A. A description of the conventional derived cat- 
egory can also be obtained. Namely, in the assumptions of part (a) of Theorem 
the conventional derived category of left S~-semimodules is equivalent to the quo- 
tient category of the coderived category of quasi-differential left D~-comodules by its 
minimal triangulated subcategory containing all the quasi-differential D~-comodules 
originating from acyclic complexes of left C-comodules and closed under infinite direct 
sums. This is so because for any acyclic complex of S~-semimodules M* the quasi- 
differential 2)~-comodules F n S([M # )/-F n _ 1 S(lM*) originate from acyclic complexes of 
C-comodules, and conversely, for any quasi-differential D~-comodule £ originating 
from an acyclic complex of C-comodules the complex of S~-semimodules T*(£) is 
acyclic. The analogous result holds for right S~-semimodules in the assumptions of 
part (b); and in the assumptions of part (c) the conventional derived category of left 
S~-semicontramodules is equivalent to the quotient category of the contraderived 
category of quasi-differential left D~-contramodules by its minimal triangulated sub- 
category containing all the quasi-differential contramodules originating from acyclic 
complexes of left C-contramodules and closed under infinite products. 

11.9. SemiTor and Cotor, SemiExt and Coext. 

11.9.1. Let (X>~,(9) be a quasi-differential coring over a A;-algebra A; assume that 
D = T)~/ im<9 is a flat left and right A-module. 

Let N be a quasi-differential right D~-comodule and M be a quasi-differential left 
D~-comodule. Assume that one of the graded A- modules N and M is flat. Then on 
the cotensor product N Dx> M of the graded comodules N and M over the graded 
coring D there is a natural differential with zero square, which is defined as follows. 

Consider the map 5 : N Dd M — > N Du D~ Dj, M given by the formula x □ 
y i — > —X(o) □ £(i) □ y + x □ V(-i) □ 2/(o)- This map factorizes through the injection 
WDbM — ► KDdD-DdM given by the formula xDy i — ► (-l)\ x ^x (0) nd(x (1) )ay = 
(— l)l x l:rn<9(?/(_i))n?/(o), hence the desired map d: NDbM — > ND^M. Let us check 
that d 2 = 0, that is the image of d is contained in N Dd~ M. Set d(x □ y) — x' □ y'. 
Consider the two elements x' □ y'f_u □ y't \ and xLs □ x',^ □ y of the cotensor product 
NDdD^DdM; we have to check that these two elements coincide. Consider the image 
of the former element under the map K D v T>~ D v M — > N Dd D~ Dd D~ M 
given by the formula u □ b □ v i — >■ (— l)' u (°>'-U(o) □ d(u(i)) □ b □ v and the image 
of the latter element under the map N Du D~ Dd M — >■ N Dd D~ Dd D~ Dd M 
given by the formula uUbd v i — >■ (— l)' u ' + ' 6 '-u □ 6 □ 9(t>(_i)) □ i>(o). The sum of 
these two elements of N Dd D~ D~ M is equal to the image of the element 
5(x □ y) under the map N Dx> D~ M — > N D~ D~ M induced by the 
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comultiplication map D~ — ► D~ Dd D~. It remains to notice that the Carthesian 
square formed by the maps D~ — ► D~©D~, D~©D~ — > D~DdD~, 2)~ — ► T>~, 
and D~ — > D~ D~ constructed in 111.7.11 remains Carthesian after taking the 
cotensor product with N and M. We will denote the complex we have constructed 
by N M; its terms are X M = (X □© M)_ n . 

Now assume that the ring A has a finite weak homological dimension. In order 
to define the double-sided derived functor of the functor D^, we will show that the 
coderived category of quasi-differential D~-comodules is equivalent to the quotient 
category of the homotopy category of D-coflat quasi-differential D~-comodules by its 
intersection with the thick subcategory of coacyclic quasi-differential D~-comodules. 

The argument is analogous to that of either Theorem 12.51 or Theorem 12.61 First 
let us construct for any quasi-differential left D~-comodule % a morphism into it 
from an A-flat quasi-differential left D~-comodule Li(X) with a coacyclic cone. 
Use the graded version of Lemma 11.1.31 to obrain a finite resolution — > Z — > 
JV-i(X) — ► ■ • • — ► lPo(3C) — > X of a graded D~-comodule % consisting of 
A-flat graded D~-comodules. The total quasi-differential D~-comodule of the com- 
plex of quasi-differential D~-comodules Z — ► CPrf_i (3C) — ► •■■ — ► TopC) is an 
A-flat quasi-differential D~-comodule whose morphism into % has a coacyclic cone. 
Indeed, the total quasi-differential D~-comodule of any acyclic complex of quasi- 
differential D~-comodules bounded from below is coacyclic, since it has an increas- 
ing filtration by quasi-differential D~-subcomodules such that the associated quotient 
D~-comodules are isomorphic to cones of identity endomorphisms of certain quasi- 
differential D~-comodules. 

Now let us construct for any A-flat quasi-differential left D~-comodule L a mor- 
phism from it into a D-coflat quasi-differential left D~-comodule M.2(£>) with a coa- 
cyclic cone. Consider the cobar construction D~ <8u L — > D~ ®a D~ ®a £ — ► • • • 
Notice that D~ is a coflat graded left D-comodule, since there is an exact triple of left 
D-comodules D(-l) — > D~ — > D (where D(-l)j = D;_ x ). Hence the total quasi- 
differential D~-comodule of this cobar complex of quasi-differential D~-comodules is 
a D-coflat quasi-differential D~-comodule such that the map into it from the quasi- 
differential D~-comodule £ has a coacyclic cone. 

It is easy to see that the cotensor product of a quasi-differential right D~-comodule 
and a quasi-differential left D~-comodule is an acyclic complex whenever one of 
the two quasi-differential D~-comodules is coacyclic and the other one is D-coflat. 
The derived functor Cotor q on the Carthesian product of coderived categories of 
right and left quasi-differential D~-comodules is defined by restricting the func- 
tor dj, to the Carthesian product of the homotopy category of quasi-differential 
right D~-comodules and the homotopy category of D-coflat quasi-differential left 
D~-comodules or to the Carthesian product of the homotopy category of D-coflat 
quasi-differential right D~-comodules and the homotopy category of quasi-differential 
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left I>~-comodules, and composing it with the localization functor Hot(/c-mod) — > 
D(ife-mod). 

11.9.2. Let (D~,<9) be a quasi-differential coring over a /c-algebra A; assume that 
D = D~/ im<9 is a projective left and a flat right A-module. 

Let M be a quasi-differential left £>~-comodule and *}3 be a quasi-differential left 
£>~-contramodule. Assume that either the graded A-module M is projective, or the 
graded A-module *}3 is injective. Then on the graded /c-module of cohomomorphisms 
Cohom£)(M, ^3) from the graded comodule M to the graded contramodule over 
the graded coring D there is a natural differential with zero square, which is defined 
as follows. Consider the map 5: Cohom^M, Cohom^D^, 9?)) — Cohom I) (I)~ Dj, 
M, ^3) — ► Cohoni£>(M, *}3) defined by the formula / i — > o f — f o i> M (where 
7Trp and ujyi denote the contraaction and coaction morphisms). This map factorizes 
through the surjection CohomD(D~ M, *}3) — ► Cohom^M, ^3) induced by the 
morphism d: D — > CD~, hence the map d: Cohoni£>(M, ^3) — > Cohoni£,(M, ^3). 
We will denote the complex we have constructed by Cohom^,(M, ^3); its terms are 
Cohom^ ) (M, < p) = Cohom^M, 

Assume that the ring A has a finite left homological dimension. Then the coderived 
category of quasi-differential left D~-comodules is equivalent to the quotient category 
of the homotopy category of D-coprojective quasi-differential left D~-comodules by its 
intersection with the thick subcategory of coacyclic quasi-differential X>~-comodules. 
Analogously, the contraderived category of quasi-differential left D~-contramodules is 
equivalent to the quotient category of the homotopy category of 2)-coinjective quasi- 
differential left D~-contramodules by its intersection with the thick subcategory of 
contraacyclic quasi-differential X>~-contramodules. The double-sided derived functor 
Coext!^ on the Carthesian product of the coderived category of quasi-differential 
left D~-comodules and the contraderived category of quasi-differential left D~-con- 
tramodules is defined by restricting the functor Cohom^, to the Carthesian product of 
the homotopy category of 2)-coprojective quasi-differential left 2)~-comodules and the 
homotopy category of quasi-differential left 2)~-contramodules or to the Carthesian 
product of the homotopy category of quasi-differential left D~-comodules and the 
homotopy category of 2)-coinjective quasi-differential left D~-contramodules, and 
composing in with the localization functor Hot(A;-mod) — > D(/c-mod). 

11.9.3. Let C be a coring over a A;-algebra A. Assume that C is a flat left and right 
A-module and A has a finite weak homological dimension. Let S~ be a left and right 
coflat nonhomogeneous Koszul semialgebra over C, and D~ be the left and right coflat 
Koszul quasi-differential coring nonhomogeneous quadratic dual to S~. 
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Corollary, (a) The equivalences of categories D sl (simod-S~) ~ D co (qcmd-D~) and 
D sl (S~-simod) ~ D co (D~-qcmd) transform the derived functor SemiTor 8 into the 
derived functor Cotorj^ . 

(b) Assume additionally that C is a projective left A-module, A has a finite left 
homological dimension, and S~ is a left coprojective nohnomogeneous Koszul semi- 
algebra. Then the equivalences of categories D sl (S~-simod) ~ D co (!D~-qcmd) and 
D sl (S~-sicntr) ~ D ctr (2)~-qcntr) transform the derived functor SemiExt§~ into the 
derived functor Coext ^ . 

Proof. Part (a): for any complex of right S~-semimodules 3\T and any quasi- 
differential left 2)~-comodule L there is a natural isomorphism of complexes of 
A;-modules S(N*) L ~ N* 0s~ T*(£). Indeed, both complexes are isomor- 
phic to the total complex of the bicomplex ?sP Dq &j, one of whose differentials 
is induced by the differential in 3V* and the other is equal to the composition 
]\Pn e £j — > N l n e D^n e £j_i — > ]STn e £ J _i of the map induced by the D~-coaction 
in & and the map induced by the S~-semiaction in N\ Now let "N* be a semiflat com- 
plex of C-coflat right S~-semimodules and M* be a complex of left S~-semimodules. 
Then there is an isomorphism S(N*) S(M*) ~ 3\T 0s~ T*S(M*) and a quasi- 
isomorphism (>§~ T*S(3Vt*) — ► TsT 0§~ M*. Analogously, for a complex of right 
S~-semimodules N* and a semiflat complex of C-coflat left S~-semimodules 3Vt* there 
is an isomorphism S(7sT) S(M') ~ Y*H(]\r) 0s~ M* and a quasi-isomorphism 
T'HpST) (>s~ — ► N* 0s~ 3VC*. It is easy to check that the square diagram formed 
by these maps is commutative. The proof of part (b) is completely analogous. □ 

Question. Can one construct a comodule-contramodule correspondence (equivalence 
between the coderived and contraderived categories) for quasi-differential comodules 
and contramodules? Also, is there a natural closed model category structure on the 
category of quasi-differential comodules (contramodules)? 
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Appendix A. Contramodules over Coalgebras over Fields 



Let C be a coassociative coalgebra with counit over a field k. It is well-known [IS] 
that C is the union of its finite-dimensional subcoalgebras and any C-comodule is 
a union of finite-dimensional comodules over finite-dimensional subcoalgebras of C. 
The dual assertion for C-contramodules is not true: for the most common of nonsemi- 
simple infinite-dimensional coalgebras C there exist C-contramodules such that 
the intersection of the images of Home(C/U, ^3) in *}3 over all finite-dimensional 
subcoalgebras U C C is nonzero. A weaker statement holds, however: if the map 
Hom e (C/U, $P) — > ^3 is surjective for any finite-dimensional subcoalgebra It of C, 
then *}3 = 0. Besides, even though adic nitrations of contramodules are not in general 
separated, they are always complete. Using the related techniques we show that any 
contraflat C-contramodule is projective, generalizing the well-known result that any 
flat module over a finite-dimensional algebra is projective [5]. 

A.l. Counterexamples. 

A. 1.1. Let C be the coalgebra for which the dual algebra C* is isomorphic to the 
algebra of formal power series fc[[x]]. Then a C-contramodule can be equivalently 
defined as a fc-vector space endowed with the following operation of summation of 
sequences of vectors with formal coefficients x n : for any elements Po, Pi, ■ ■ ■ in ^P, 
an element of ^3 denoted by Y^Lo xU Pn is defined. This operation should satisfy the 
following equations: Y17=o xn ( a Pn + bq n ) = a X^=o x?1 P™ + bJ27=o xn Qn for a, b e k, 
Pn, q n G V (linearity); Y^ =0 x n p n = p when p l = p 2 = ■ ■ ■ = (counity); and 
E^o^EJlo^Pij) = J2n=o a {Y.i +j =nVij) for any Pij 6 i,j = 0, 1, . . . (con- 
traassociativity). Here the interior summation sign in the right hand side denotes 
the conventional finite sum of elements of a vector space, while the three other sum- 
mation signs refer to the contramodule infinite summation operation. 

The following examples of C-contramodules are revealing. Let <E denote the free 
C-contramodule generated by the sequence of symbols eo, ei, . . . ; its elements can 
be represented as formal sums Ei^o a i{ x ) e ii where a,i(x) are formal power series in x 
such that the sequence of their orders of zero ord x cii(x) at x = tends to infinity 
as i increases. Let £ denote the free C-contramodule generated by the sequence of 
symbols fx, f 2 , ■ ■ ■ ; then C-contramodule homomorphisms from $ to € correspond 
bijectively to sequences of elements of (£ that are images of the elements /j. We are 
interested in the map g: $ — > (E sending fa to x*ej — eo; in other words, an element 
Ei^i bi(x)fi of ^ is mapped to the element Y^Li x% bi{x)ei — (Ei^i bi(x))eo- It is clear 
from this formula that the element eo G £ does not belong to the image of g. Let ^3 
denote the cokernel of the morphism g and pi denote the images of the elements e^ 
in Then one has po = x n p n in *}3; in other words, the element po belongs to 
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the image of Home(C/U, ^3) under the contraaction map Homg(C, ^3) — ► ^3 for any 
finite-dimensional subcoalgebra It = (k[[x]]/x n )* of 6. 

Now let (£' be the free C-contramodule generated by the symbols ei, e 2 , . . . , ^3' 
denote the cokernel of the map g' : $ — > (£' sending to Xjej, and denote the im- 
ages of e- in ^3'. Then the result of the contramodule infinite summation Y^=i xn Pn 
is nonzero in *}3', even though every element x n p' n is equal to zero. Therefore, the 
contramodule summation operation cannot be understood as any kind of limit of finite 
partial sums. Actually, the C-contramodule *}3' is just the direct sum of the contra- 
modules /c[[x]]/a; n /c[[a;]] over n — 1, 2, . . . in the category of C-contramodules. Notice 
that the element Y^=i xn Pn a l so belongs to the image of Hom e (C/lX, ^3') in *}3' for 
any finite-dimensional subcoalgebra U C C. 

Remark. In the above notation, a C-contramodule structure on a A;-vector space ^3 
is uniquely determined by the underlying structure of a module over the algebra of 
polynomials k[x]; the natural functor C-contra — > k[x]-mod is fully faithful. Indeed, 
for any p , pi, . . . in *}3 the sequence q m = Y^Lo x1l Pm+n £ ^3, m = 0, 1, . . . is the 
unique solution of the system of equations q m = p m + xq m+ i. The image of this 
functor is a full abelian subcategory closed under kernels, cokernels, extensions, and 
infinite products; it consists of all k[x] -modules P such that Ext\^(k[x, x -1 ], P) = 
for % — 0, 1. It follows that if 2) is a coalgebra for which the dual algebra T>* is 
isomorphic to a quotient algebra of the algebra of formal power series k[[xi, . . . , x m }} 
in a finite number of (commuting) variables by a closed ideal, then the natural functor 
2)-contra — >■ k[xi, . . . , x m ]-mod is fully faithful. 

A. 1.2. Now let us give an example of finite-dimensional (namely, two-dimensional) 
contramodule ^3 over a coalgebra C such that the intersection of the images of 
Hom e (C/lX, ^3) in *}3 is nonzero. Notice that for any coalgebra C there are natural left 
C*-module structures on any left C-comodule and any left C-contramodule; that is 
there are natural faithful functors C-comod — >■ C*-mod and C-contra — > C*-mod 
(where C* is considered as an abstract algebra without any topology). The functor 
C-comod — >■ C*-mod is fully faithful, while the functor C-contra — > C*-mod is fully 
faithful on finite-dimensional contramodules. 

Let V be a vector space and C be the coalgebra such that the dual algebra C* has the 
form ki 2 ©22^*^1 © ki\, where i\ and i 2 are idempotent elements with i±i 2 = i 2 i\ = 
and i\ +i 2 = 1. Then left C*-modules are essentially pairs of k- vector spaces M 1 , M 2 
endowed with a map V*®kM\ — > M 2 , left C-comodules are pairs of vector spaces Mi, 
M 2 endowed with a map Mi — ► 1 / ©a : M 2 , and left C-contramodules are pairs of vector 
spaces ^3i, Vp 2 endowed with a map Houn^l 7 , *Pi) — > *p 2 - In particular, the functor 
C-contra — > C*-mod is not surjective on morphisms of infinite-dimensional objects, 
while the functor C-comod — ► C*-mod is not surjective on the isomorphism classes 
of finite-dimensional objects. (Neither is in general the functor C-contra — ► C*-mod, 
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as one can see in the example of an analogous coalgebra with three idempotent linear 
functions instead of two and three vector spaces instead of one; when k is a finite 
field and C is the countable direct sum of copies of the coalgebra k, there even exists 
a one-dimensional C*-module which comes from no C-comodule or C-contramodule.) 

Let be the C-contramodule with <J3i = k = *)3 2 corresponding to a linear function 
V* — ► k coming from no element of V . Then the intersection of the images of 
Home(C/U, ^P) in *P over all finite-dimensional subcoalgebras IX C C is equal to 

More generally, for any coalgebra 6 any finite-dimensional left C-comodule M has 
a natural left C-contramodule structure given by the composition Hom fc (C, M) ~ 
C* <g> fc M — >■ C* ® k C <S>k M — ► M of the map induced by the C-coaction in M and 
the map induced by the pairing C*®fcC — > k. The category of finite-dimensional left 
C-comodules is isomorphic to a full subcategory of the category of finite-dimensional 
left C-contramodules; a finite-dimensional C-contramodule comes from a C-comodule 
if and only if it comes from a contramodule over a finite-dimensional subcoalgebra 
of C. We will see below that every irreducible C-contramodule is a finite-dimensional 
contramodule over a finite-dimensional subcoalgebra of C; it follows that the above 
functor provides a bijective correspondence between irreducible left C-comodules and 
irreducible left C-contramodules. 

Compairing the cobar complex for comodules with the bar complex for contramod- 
ules, one discovers that for any finite-dimensional left C-comodules L and M there 
is a natural isomorphism Ext e ' l (,C, M) ~ Extg(X, M)**. In other words, the Ext 
spaces between finite-dimensional C-comodules in the category of arbitrary C-contra- 
modules are the completions of the Ext spaces in the category of finite-dimensional 
C-comodules with respect to the profinite-dimensional topology. 

A. 2. Nakayama's Lemma. A coalgebra is called cosimple if it has no nontrivial 
proper subcoalgebras. A coalgebra C is called cosemisimple if it is a union of finite- 
dimensional coalgebras dual to semisimple /c-algebras, or equivalently, if abelian the 
category of (left or right) C-comodules is semisimple. Any cosemisimple coalgebra 
can be decomposed into an (infinite) direct sum of cosimple coalgebras in a unique 
way. For any coalgebra C, let C ss denote its maximal cosemisimple subcoalgebra; it 
contains all other cosemisimple subcoalgebras of C. 

Lemma 1. Let C be a coalgebra over a field k and ^ be a nonzero left ^-contra- 
module. Then the image of the space Homfc(C/C ss , *}3) under the contraaction map 
Hom fc (C,*P) — > *P is not equal to *}3. 

Proof. Notice that the coalgebra without counit T> = C/C ss is conilpotent, that is any 
element of D is annihilated by the iterated comultiplication map D — > T>® n with a 
large enough n. We will show that for any contramodule ^3 over a conilpotent coal- 
gebra 2) surjectivity of the map HoHi£.(D,*p) — > *}3 implies vanishing of ^3. Indeed, 
assume that the contraaction map of a D-contramodule ^3 is surjective. Let p 
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be an element of *}3; it is equal to 7r«p(/i) for a certain map f\ : T> — > *J3. Since the 
map 7Tq3 is surjective, the map f\ can be lifted to a certain map D — > Honn„.(!L>, *J3), 
which supplies a map fi'- D ®fc — ► ^P- So one constructs a sequence of maps 
/j: D®* — > <J3 such that = ^^(/j), where 7r<p ; i signifies the application of 7r<p at 
the first tensor factor of D® 1 . Set ^ = Hv,2..i(fi) — fi° Hv,2..i, where Hd^.a denotes 
the tensor product of the identity map T> — > T> with the iterated comultiplication 
map T) — > Then gi is a map D <g) D — > *}3 defined for each % ^ 2. We 

have 71-^1(5^) = //D,i..i-i(/i-i) and = fJ>T>,i..i(fi)- Notice that by conilpotency 

of the coalgebra T> the series J2^ 2 9i converges in the sense of point- wise limit of 
functions D ® k D — > <}3, and even of functions T) — > Hom fc (I>, ^3). (As always, 
we presume the identification Hornet/ 0^ V, W) = B.om k (V, Hornet/, W)) when we 
consider left contramodules.) Therefore, tt<p,i (ES2 = E^2^i>,i..i-i(/i-i) an d 

a*k(E~2^0 = E~ 2 A*i>,i..i(/<)> hence ^,1(1^2 -^(E l = 2 ^) = A- B y the 

contraassociativity equation, it follows that p = ir<p(fi) = 0. □ 

Lemma 2. Let coalgebra G fre £/ie c^reci sum of a family of coalgebras G a . Then 
any left contramodule over G is the product of a uniquely defined family of left 
contramodules over G a . 

Proof. Uniqueness and functoriality is clear, since the component *J3 a can be recovered 
as the image of the projector corresponding to the linear function on C that is equal 
to the counit on G a and vanishes on for all / a. Existence is obvious for 
a free C-contramodule. Now suppose that a C-contramodule is the product of 
Cc-contramodules Q ; let us show that any subcontramodule 91 C H is the product 
of its images %K a under the projections £3 — ► £} Q . Let family of elements 

of 9L Consider the linear map /: C — > d\ whose restriction to G a is equal to the 
composition G a — > k — > of the counit of G a and the map sending 1 e k to r a . 
Set r = 7t<h(/). Then the image of the element r under the projection D\ — ► is 
equal to the image of r a under this projection. Thus %\ is identified with the product 
of %K a . It remains to notice that any C-contramodule is isomorphic to the quotient 
contramodule of a free contramodule by one of its subcontramodules. □ 

Corollary. For any coalgebra G and any nonzero contramodule *}3 over G there exists 
a finite- dimensional (and even cosimple) subcoalgebra IX C C such that the image of 
Hom fc (C/1I, ^3) under the contraaction map Hom fc (C,^P) — > is not equal to ty. 

Proof. By Lemma 1, the image of the map Hom fc (C/C ss , ^3) — > *}3 is not equal to ty. 
Denote this image by H; it is a subcontramodule of ^3 and the quotient contramodule 
*}3/0 is a contramodule over C ss . By Lemma 2, there exists a cosimple subcoalgebra 
G a of C ss such that ^3/H has a nonzero quotient which is a contramodule over G a . □ 

Lemma 3. Let Co C Ci C C2 C • • • C C be a coalgebra with an increasing sequence of 
subcoalgebras. For a G- contramodule ^3, denote by G l ty the image of the contraaction 
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map Homfc(C/Cj, ty) — ► ty. Then for any Q- contramodule the natural map *}3 — ► 
lim . *P/G"^3 is surjective. 

Proof. The assertion is obvious for a free C-contramodule. Represent an arbitrary 
C-contramodule ^3 as the quotient contramodule Q./R of a free C-contramodule 0. 
Since the maps G*0 — > G l ?$ are surjective, there are short exact sequences — > 
&/M n G"0 — ► Q./G i Q — ► ty/Gty — > 0. Passing to the projective limits, we see 
that the map lim. 0/(7*0 — > lim.^3/G l ^3 is surjective. □ 

When C = {J { Cj, it follows, in particular, that & ~ lim . &/G l & for any C-contra- 
module 8. which is a subcontramodule of a projective C-contramodule. 

A. 3. Contrafiat contramodules. 

Lemma. Let C be a coalgebra over a field k. Then a left C- contramodule is contrafiat 
if and only if it is projective. 

Proof. For any C-contramodule and any subcoalgebra V C C denote by v = 
coker(Home(C/V, 0) — > 0) ~ Cohome(V,0) the maximal quotient contramodule 
of that is a contramodule over V. The key step is to construct for any C ss -contra- 
module 91 a projective C-contramodule such that ess ~ 91. By Lemma [A. 21 2. 9t is 
a product of contramodules over cosimple components Q a of C ss . Any contramodule 
over C a is, in turn, a direct sum of copies of the unique irreducible C a -contramodule. 
Hence it suffices to consider the case of an irreducible Cc-contramodule 9t. Let e a be 
an idempotent element of the algebra C* such that is isomorphic to C* e a . Consider 
the idempotent linear function e ss on C ss equal to e a on G a and zero on Cg for all 
(3 7^ a. It is well-known that for any surjective map of rings A — ► B whose kernel is 
a nil ideal in A any idempotent element of B can be lifted to an idempotent element 
of A. Using this fact for finite-dimensional algebras and Zorn's Lemma, one can 
show that any idempotent linear function on C ss can be extended to an idempotent 
linear function on C. Let e be an idempotent linear function on C extending e ss ; 
set = C*e. Then one has ess ~ ( ess C*)e ~ C ss *e ss ~ 91 as desired. Now let ^3 
be a contrafiat left C-contramodule. Consider a projective left C-contramodule 
such that ess ~ ess *}3. Since is projective, the map — > ess ^3 can be lifted to 
a C-contramodule morphism /: — > *}3. Since ess (coker/) = coker( ess /) = 0, it 
follows from Lemma [A. 21 1 that the morphism / is surjective; it remains to show that 
/ is injective. For any right comodule N over a subcoalgebra IX C C there is a natural 
isomorphism 3\f 0g *p ~ INT 0u u ^3, hence the IX-contramodule u ^3 is contrafiat. Now 
let U be a finite-dimensional subcoalgebra; then u *}3 is a flat left lX*-module. Denote 
by K the kernel of the map u f : u — > u ^3. For any right lX*-module we have 
a short exact sequence — > N ® u * K — > N ® u * u — > N ® u * u< p — > 0. Since 
for any cosimple subcoalgebra 1L a C U the map IX* ®u* U f = Ua f is an isomorphism, 
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we can conclude that the module U* <S>n* K — a K is zero. It follows that K = 
and the map u / is an isomorphism. Finally, let ^ be the kernel of the map H — > ^3. 
Since u f is an isomorphism, the subcontramodule & C is contained in the image 
of Hom^C/ll, 0) in for any finite-dimensional subcoalgebra U C 6. But the 
intersection of such images is zero, because the £3 is a projective C-contramodule. □ 

Remark. Much more generally, one can define left contramodules over an arbitrary 
complete and separated topological ring R where open right ideals form a base of 
neighborhoods of zero (cf. [6]). Namely, for any set X let R[X] denote the set of all 
formal linear combinations of elements of X with coefficients coverging to zero in R, 
i. e., the set of all formal sums Yl x <=x T ^ x i with r x e R such that for any neighborhood 
of zero U C R one has r x e U for all but a finite number of elements x G X. Then 
for any set X there is a natural map of "opening the parentheses" _R[.R[X]] — > R{X] 
assigning a formal linear combination to a formal linear combination of formal linear 
combinations; it is well-defined in view of our condition on R. There is also a map 
X — > R{X] defined in terms of the unit element of R; taken together, these two 
natural maps make the functor X i — > R{X] a monad on the category of sets. Left 
contramodules over R are, by the definition, modules over this monad. One can see 
that the category of left .R-contramodules is abelian and there is a forgetful functor 
from it to the category of -R-modules; this functor is exact and preserves infinite prod- 
ucts. For example, when R = Z; is the topological ring of Z-adic integers, the category 
of -R-contramodules is isomorphic to the category of weakly Z-complete abelian groups 
in the sense of Jannsen (28], i. e., abelian groups P such that Ext^(Z[/ _1 ], P) = 
for i — 0, 1. When R is a topological algebra over a field, the above definition of an 
.R-contramodule is equivalent to the definition given in ID.5.21 Now if T is a topo- 
logical ring without unit satisfying the above condition, and T is pronilpotent, that 
is for any neiborhood of zero U C T there exists n such that T n C U, then any left 
T-contramodule P such that the contraaction map T[P] — > P is surjective vanishes. 
Besides, any left contramodule over the topological product R of a family of rings 
(with units) R a satisfying the above condition is naturally the product of a family of 
left _R Q -contramodules. Finally, let R be a topological ring satisfying the above con- 
dition and endowed with a decreasing filtration _Rd G l R^> G 2 -R D ■ ■ ■ by closed left 
ideals such that any neighborhood of zero in R contains G l R for large i. For any left 
-R-contramodule P, denote by G l P the image of the contraaction map G l R[P] — > P; 
then the natural map P — > hm. P/G l P is surjective. The proofs of these assertions 
are analogous to those of Lemmas IA.2l l- [Al2l 3. When open two-sided ideals form 
a base of neighborhoods of zero in R and the discrete quotient rings of R are right 
Artinian, a left -R-contramodule P is projective if and only if for any open two-sided 
ideal J C R the cokernel of the contraaction map J[P] — > P is a projective left 
.R/J-module. The proof of this result is analogous to that of Lemma [A. 31 It follows 
that the class of projective left .R-contramodules is closed under infinite products 
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under these assumptions. For a profinite ring R (defined equivalently as a projective 
limit of finite rings endowed with the topology of projective limit or as a profinite 
abelian group endowed with a continuous associative multiplication with unit) one 
can even obtain the comodule-contramodule correspondence. Namely, the coderived 
category of discrete left .R-modules is equivalent to the contraderived category of 
left .R-contramodules; this equivalence is constructed in the way analogous to 10.2.61 
with the role of a coalgebra C played by the discrete _R--R-bimodule of continuous 
abelian group homomorphisms R — > Q/Z. More generally, let R be a topological 
ring where open two-sided ideals form a base of neighborhods of zero and the discrete 
quotient rings are right Artinian. A pseudo-compact right -R-module is a topolog- 
ical right -R-module whose open submodules form a base of neighborhoods of zero 
and discrete quotient modules have finite length. The category of pseudo-compact 
right .R-modules is an abelian category with exact functors of infinite products and 
enough projectives; the projective pseudo-compact right -R-modules are the direct 
summands of infinite products of copies of the pseudo-compact right -R-module .R. 
There is a natural anti-equivalence between the contraderived categories of pseudo- 
compact right -R-modules and left .R-contramodules provided by the derived functors 
of pseudo-compact module and contramodule homomorphisms into R. 
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Appendix B. Comparison with Arkhipov's Ext°° /2+ * 

AND SEVOSTYANOV'S Tor^^* 

Semi-infinite cohomology of associative algebras was introduced by S. Arkhipov [U 
12]; later A. Sevostyanov studied it in [13]. The constructions of derived functors 
SemiTor and SemiExt in this book are based on three key ideas which were not known 
in the '90s: namely, (i) the notion of a semialgebra and the functors of semitensor 
product and semihomomorphisms; (ii) the constructions of adjusted objects from 
Lemmas 11.3.31 and 13.3.31 and (iii) the definitions of semiderived categories. We have 
discussed already Sevostyanov's substitute for (i) in 110.41 and mentioned Arkhipov's 
substitute for (ii) in ll0.3.5l Here we consider Arkhipov's substitute for (i) and suggest 
an Arkhipov and Sevostyanov-style substitute for (iii). Combining these together, 
we obtain comparison results relating out SemiExt to Arkhipov's Ext°°^ 2+ * and our 
SemiTor to Sevostyanov's Tor 00/2+*. 

Throughout this appendix we will freely use the notation and remarks of 111.11 

B.l. Algebras R and R*. 

B.l.l. Let R be a graded associative algebra over a field k endowed with a pair of 
subalgebras K and B C R. Assume that all the components Ki are finite dimensional, 
Ki = for i large negative, and = for % large positive. Set Cj = K*_ i and 
G = 0jC«; this is the coalgebra graded dual to the algebra K. The coalgebra 
structure on C exists due to the conditions imposed on the grading of K. There is a 
natural pairing <f>: C <S>k K — ► k satisfying the conditions of 110.1.21 

Notice that a structure of graded (left or right) C-comodule on a graded fc-vector 
space M with Mi = for i ^> is the same that a structure of graded (left or right) 
.fT-module on M. Analogously, a structure of graded (left or right) C-contramodule 
on a graded fc-vector space P with Pj = for z <§C is the same that a structure of 
graded (left or right) .fT-module on P. Indeed, one has Hom| r (C, P) ~ K <S)k P- 

Furthermore, assume that the multiplication map K®kB — > R is an isomorphism 
of graded vector spaces. The algebra R is uniquely determined by the algebras K 
and B and the "permutation" map B ®kK — > K ®k B obtained by restricting the 
multiplication map R®k R — ► R — K ®fc B to the subspace B ®^ K C R ®k R- 
Transfering the tensor factors K to the other sides of this arrow, one obtains a map 
6 ® fe B — ► Homf (K, B) given by the formula c <g> b 1 — ► (k' i-> ((f) <g> id B )(c <g> bk')), 
where the graded Horn space in the right hand side is defined, as always, as direct sum 
of the spaces of homogeneous maps of various degrees. By the conditions imposed on 
the gradings of K and B, we have B ®fc C ~ Honr| r (i^, B), so we get a homogeneous 
map ip: C ®k B — ► B ®^ C. One can check that the map if) is a right entwining 
structure for the graded coalgebra C and the graded algebra B over k. 
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Conversely, if the map ip corresponding to a "permutation" map B® k K — ► K®^B 
satisfies the entwining structure equations, then the latter map can be extended to 
an associative algebra structure on R = K ® k B with subalgebras K and B C R. 
However, not every homogeneous map Q® k B — > B® k Q comes from a homogeneous 
map B ® k K — ► K ® k B. 

In the described situation the constructions of 110.21 and 110.31 produce the same 
graded semialgebra C ®k R = §> — Q ®k B . The pairing 0: C ® k K — > k is non- 
degenerate in C, so the functor is fully faithful and in order to show that the 
construction of 110. 21 works one only has to check that there exists a right C-comodule 
structure on C ®k R inducing the given right .fT-module structure. This is so because 
§i = for « > according to the conditions imposed on the gradings of K and B. 

B.1.2. Now suppose that we are given two graded algebras R and R& with the same 
two graded subalgebras K, B C R and K, B C RF such that the multiplication 
maps K ® k B — > R and B® k K — > R# are isomorphisms of vector spaces. Assume 
that dinifc Ki < oo for alH, Ki = for i <C 0, and Bi = for i ^> 0. Furthermore, 
assume that the right entwining structure ip: C ® k B — > B ®& C coming from the 
"permutation" map in R and the left entwining structure : B ® k G — > Q ® k B 
coming from the "permutation" map in R* are inverse to each other. 

Then there are isomorphisms of graded semialgebras S = C ®k R — C ®fc B ~ 
B (8)fc G ~ i?* ®k C = S*, which allow one to describe left and right S-semimodules 
and S-semicontramodules in terms of left and right .R-modules and i?*-modules. In 
particular, S has a natural structure of graded i?*-i?-bimodule. 

By the graded version of the result of 110.2.2] a structure of graded right S-semi- 
module on a graded fc-vector space iV with iVj = for i ^> is the same that a 
structure of graded right i?-module on N. A structure of graded left S-semimodule 
on a graded /c-vector space M with Mi = for i ^> is the same that a structure of 
graded left i?*-module on M. A structure of graded left S-semicontramodule on a 
graded fc-vector space P with Pj = for i -C is the same that a structure of graded 
left -R-module on P. In other words, there are isomorphisms of the corresponding 
categories of graded modules and homogeneous morphisms between them. 

Besides, for any graded right -R-module iV with iVj = for i > and any graded left 
-R-module P with = for % there is a natural isomorphism iV®| r P ~ N ®rP. 
Indeed, one has iV ' Of P ' ~ iV ' ® K P and (N Df S) ©| r P ~ N ® K R ® K P. 

B.1.3. A graded i^-module M with Mj = for % ^> is injective as a graded 
C-comodule if and only if it is injective as a graded i^-module and if and only if it 
is injective in the category of graded -fT-modules with the same restriction on the 
grading. Analogously, a graded if-module P with p = for % is projective as a 
graded C-contramodule if and only if it is projective as a graded i^-module and if and 
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only if it is projective in the category of graded i^-modules with the same restriction 
on the grading. 

By the graded version of Proposition 16.21 1(a). for any graded right P-module N 
with Ni = for i ^> and any f^-injective graded left P#-module M with M, = 
for i 3> there are natural isomorphisms 

N Of M ~ N ®f r *f (M) ~ N ®f r Homg # (S, M). 

Analogously, for any .fT-injective graded right P-module iV with Ni = for i > and 
any graded left P#-module M with Mi = for % ^> there is a natural isomorphism 

N Of" M ~ M ®p p Hom| r op (S, AT) 

The contratensor products in the right hand sides of these formulas cannot be in 
general replaced by the tensor product over R and P#, as the graded S-semicontra- 
module \l/| r (M) does not have zero components in large negative degrees. In this 
situation the contratensor product is a certain quotient space of the tensor product. 

By the graded version of Proposition 16.21 3(a). for any PMnjective graded left 
P#-module M with Mi = for i ^> and any graded left P-module P with Pj = 
for iCfl there are natural isomorphisms 

SemiHom| r (M, P) ~ Horn* (tff(M), P) ~ HomJ.(Hom^ # (S, M), P). 

Here the homomorphisms of graded S-semicontramodules again cannot be replaced 
by homomorphisms of graded left P-modules. The former homomorphism spaces are 
certain subspaces of the latter ones. 

By the graded version of Proposition 16.21 2(a). for any graded left P*-module M 
with Mj = for i ^> and any PJ-projective graded left P-module P with Pj = for 
j < there are natural isomorphisms 

SemiHom| r (M, P) ~ Homf (M, $| r (P)) ~ Hom^ # (M, S ®g P). 

Here the homomorphisms of graded left S-semimodules can be replaced by the ho- 
momorphisms of graded left P*-modules, since the functor is fully faithful, and 
consequently so is the functor A^j. 

All of these formulas except the last one have ungraded versions: 

N Os M ~ N ©s Hom R # (S, M), N <)§ M ~ M ® s °p Hom^op (S, N), 

SemiHom s (M, P) ~ Hom s (Hom i?# (S, M), P) 

under the appropriate iT-injectivity conditions. 

B.2. Finite-dimensional case. When the subalgebra K C R is finite-dimensional, 
the algebra P* can be constructed without any reference to the grading or the com- 
plementary subalgebra B. 
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B.2.1. Let K be a finite-dimensional fc-algebra and C = K* be the coalgebra dual to 
K. Then the categories of left C-comodules and left C-contramodules are isomorphic 
to the category of left i^-modules and the category of right C-comodules is isomorphic 
to the category of right i^-modules. 

The adjoint functors $e and \l/e can be therefore considered as adjoint endofunctors 
on the category of left .fT-modules defined by the formulas P i — > C ®x P and M i — > 
K Dg M ~ Hom^(C, M). The restrictions of these functors define an equivalence 
between the categories of projective and injective left i^-modules. 

By Proposition ll.2.3l (a-b). the mutually inverse equivalences P i — > C ®k P and 
M i — > KOqM between the category of i^-i^-bicomodules that are projective as left 
.fT-modules and the category of -fT-ii'-bicomodules that are injective as left i^-modules 
transforms the functor of tensor product over K in the former category into the 
functor of cotensor product over C in the latter one. In other words, these two tensor 
categories are equivalent, and therefore there is a correspondence between ring objects 
in the former and the latter tensor category 

B.2.2. Let K be a finite-dimensional fc-algebra and K — > R be a morphism of 
fc-algebras. By the above argument, if R is a projective left i^-module, then the tensor 
product S = C ®k R has a natural structure of semialgebra over C. Furthermore, 
if S is an injective right .fT-module, then the cotensor product -R* = S Dq K has a 
natural structure of fc-algebra endowed with a /c-algebra morphism K — > Ftft. In 
this case the semialgebra S can be also obtained as the tensor product R # ®k C- 

By the result of 110.2.2] a structure of right S-semimodule on a k- vector space iV 
is the same that a structure of right i?-module on N. A structure of left S-semi- 
module on a fc-vector space M is the same that a structure of left i?*-module on 
M. A structure of left S-semicontramodule on a fc-vector space P is the same that 
a structure of left -R-module on P. In other words, the corresponding categories are 
isomorphic. Besides, for any right -R-module iV and any left -R-module P there is a 
natural isomorphism N @§ P ~ N <S>r P (see 110.23]) . 

Remark. The case of a Frobenius algebra K is of special interest. In this case the 
fc-algebra -R* is isomorphic to the fc-algebra .R, but the fc-algebra morphisms K — > R 
and K — ► RF differ by the Frobenius automorphism of K. 

B.2.3. By Proposition 16.21 1(a). for any right i?-module N and any i^-injective left 
i?-module M there are natural isomorphisms 

N 0s M ~ ©s *«(M) ~ N ® R Hom i?# (S, M). 

Analogously, for any i^-injective right -R-module N and any left _R*-module M there 
is a natural isomorphism 

N 0s M ~ Hom/jop (S, N) ® R # M. 
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By Proposition [6T2J 3 (a), for any i^-injective left i?*-module M and any left i?-module 
P there are natural isomorphisms 

SemiHom s (M, P) ~ Hom s (^ s (M), P) ~ Hom^Hom^ (S, M), P). 

By Proposition 16.21 2(a). for any left i?#-module M and any i^-projective left 
.R-module P there are natural isomorphisms 

SemiHom s (M, P) ~ Hom s (M, $s(P)) ~ Hom H# (M, S ® K P). 

All of these formulas have obvious graded versions. 

B.3. Semijective complexes. Let S be a graded semialgebra over a graded coalge- 
bra C over a field k. Suppose that Sj = = Cj for i > and Co = k. Assume also that 
S is an injective left and right graded C-comodule. Let C-comod^ and comod^-C de- 
note the categories of C-comodules graded by nonpositive integers, C-contra T denote 
the category of left C-comodules graded by nonnegative integers, S-simod^, simod^-S, 
and S-sicntr^ denote the categories of graded S-semimodules and S-semicontramod- 
ules with analogously bounded grading. 

Any acyclic complex over C-comod^ is coacyclic with respect to C-comod^. Analo- 
gously, any acyclic complex over C-contra^ is contraacyclic with respect to C-contra^. 
Indeed, let %' be an acyclic complex of nonpositively graded C-comodules. As be- 
fore, we denote by upper indices the homological grading and by lower indices the 
internal grading. Introduce an increasing filtration on %' by the complexes of graded 
subcomodules F n %^ = © i> _ n %{ ■ Then the acyclic complexes of trivial C-comodules 
F n %' / F n _i%' are clearly coacyclic. 

So we have D s '(S-simod^) = D(S-simod^) and D sl (S-sicntr T ) = D(S-sicntr^). 

A complex M* over C-comod^ is called injective if the complex of homogeneous 
homomorphisms into M* from any acyclic complex over C-comod^ is acyclic. In 
this case the complex of homogeneous homomorphisms into M* from any acyclic 
complex over C-comod gr is also acyclic. Analogously, a complex over C-contra^ 
is called projective if the complex of homogeneous homomorphisms from into any 
acyclic complex over C-contra^ is acyclic. In this case the complex of homogeneous 
homomorphisms from into any acyclic complex over C-contra gr is also acyclic. 

By Lemma [5.4[ any complex of injective objects in C-comod^ is injective and any 
complex of projective objects in C-contra^ is projective. 

A complex M* over S-simod^ is called quite S/G-projective if the complex of ho- 
mogeneous homomorphisms from 3VC* into any C-contractible complex over S-simod^ 
is acyclic. Equivalently, M* should belong to the minimal triangulated subcate- 
gory of Hot(S-simod^) containing the complexes of graded semimodules induced from 
complexes over C-comod^ and closed under infinite direct sums. Indeed, any quite 
S/C-projective complex of graded S-semimodules is homotopy equivalent to the total 
complex of its bar resolution. 
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Analogously, a complex ^J* over S-sicntr is called quite S/Q-injective if the com- 
plex of homogeneous homomorphisms into ^J* from any C-contractible complex over 
S-sicntr^ is acyclic. Equivalently, ^J* should belong to the minimal triangulated sub- 
category of Hot(S-sicntr^) containing the complexes of graded semicontramodules 
coinduced from complexes over C-contra^ and closed under infinite products. 

A complex 3VT over S-simod^ is called semijective if it is C-injective and quite 
S/C-projective. Analogously, a complex ^3* over S-sicntr^ is called semijective if it 
is C-projective and quite S/C-injective. Clearly, any acyclic semijective complex of 
semimodules or semicontramodules is contractible. 

By the graded version of Remark 16.41 any semiprojective complex of nonpositively 
graded C-injective S-semimodules is semijective and any semiinjective complex of 
nonnegatively graded C-projective S-semicontramodules is semijective. Hence the 
homotopy category of semijective complexes over S-simod^ or S-sicntr^ is equiva- 
lent to the derived category D(S-simod^) or D(S-sicntr^), any semijective complex is 
semiprojective or semiinjective, and one can use semijective complexes to compute 
the derived functors SemiTor s and SemiExtg. 

B.4. Explicit resolutions. Let us return to the situation of IB. 1.21 but make the 
stronger assumptions that dim^ Ki < oo for all i, K \ = for i < 0, Kq = k, and 
Bi = for i > 0. Set C; = K*_ { and S = C ® K R ~ R* ® K C = S # . 

B.4.1. For any complex of nonnegatively graded left -R-modules P* denote by L^P*) 
the total complex of the reduced relative bar complex 

■ ■ • ► R ® B R/B ® B R/B ® B P' ► R ® B R/B ® B P % ► R ® B P\ 

It does not matter whether to construct this total complex by taking infinite direct 
sums or infinite products in the category of graded P-modules, as the two total 
complexes coincide. The complex L 2 (P*) is a complex of i^-projective nonnegatively 
graded left -R-modules quasi-isomorphic to the complex PV 

For any complex of nonpositively graded left P*-modules M* denote by L 3 (M*) 
the total complex of the reduced relative bar complex 

■•• ► R*® K R* /K® k R* /K® k M* ► R*® K R*/K® K M' > R*® K M\ 

constructed by taking infinite direct sums along the diagonals. The complex L 3 (M*) 
is a quite S/C-projective complex of nonpositively graded left S-semimodules quasi- 
isomorphic to the complex M*. 

BvOland IB. 1.31 the complex Homf # (L 3 (M'), S <g>| r JL 2 (P')) represents the ob- 
ject SemiExt| r (M # , P') in D(fc-vect gr ). We have reproduced Arkhipov's explicit com- 
plex [IJ[2] computing Ext^ /2+ *(M', P'). 
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B.4.2. For any complex of nonpositively graded left i?#-modules M* denote by 
M,2(M') the total complex of the reduced relative cobar complex 

Roid.%(R*,M') ► Rom%(R*/B ® B R, AT) 

► Rom%(R*/B® B R#/B® B R, M') > ■■■ 

It does not matter whether to construct this total complex by taking infinite direct 
sums or infinite products in the category of graded _R*-modules, as the two total 
complexes coincide. The complex M.2(M 9 ) is a complex of i^-injective nonpositively 
graded left i?*-modules quasi-isomorphic to the complex M*. 

For any complex of i^-injective nonpositively graded left i?*-modules M* the com- 
plex L 3 (M*) defined in IB.4.11 is a semiprojective complex of C-injective left S-semi- 
modules, since it is isomorphic to the total complex of the reduced bar complex 

• • • — ► s n e s/e o e s/e n e at — ► s n e s/e n e at — ► s o e at 

and the left C-comodule S/C is injective in our assumptions. 

Let N' be a complex of nonpositively graded right -R-modules and Af* be a com- 
plex of nonpositively graded left -R*-modules. By llU.4[ the complex N* ®^L 3 R 2 (M*) 
represents the object SemiTor^iV*, Af*) in D(fc-vect gr ). We have reproduced 
Sevostyanov's explicit complex [13] computing Tor^, / 2 +*(N m , M'). 

B.5. Explicit resolutions for a finite-dimensional subalgebra. Let us consider 
the situation of an associative algebra R endowed with a pair of subalgebras K and 
B C R such that the multiplication map K ®k B — ► R is an isomorphism of vector 
spaces and K is a finite-dimensional algebra. Let C = K* be the coalgebra dual 
to K. Then the construction of IB. 1. 1MB. 1.21 is applicable, e. g., with R endowed by 
the trivial grading, and whenever the entwining map ip: B®^Q — ► Q®^B turns out 
to be invertible, this construction produces an algebra R& with subalgebras K and B 
and isomorphisms of semialgebras S = 6 ®k R — C®fc-B — -B®feC — -R* ®k 6 = S # . 

B.5.1. For any complex of right -R-modules N* denote by R2(-^V*) the total complex 
of the reduced relative cobar complex 

Hom B cp(fi,F) > Rom B o P (R ® B R/B, N*) 

> Hom B o P ( J R B R/B ® B R/B, N*) > 

constructed by taking infinite direct sums along the diagonals. The complex R2(^*) 
is a complex of -fT-injective right -R-modules and the cone of the morphism N* — ► 
^2 is fT-coacyclic (and even .R-coacyclic). For any complex of left i?*-modules 
Af* the complex M.2(M') is constructed in the analogous way. 
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For any complex of left P-modules P* denote by L2(P*) the total complex of the 
reduced relative bar complex 

• • • ► R ® B R/B ® B R/B ® B P' ► R® B R/B ® B P' > R® B P', 

constructed by taking infinite products along the diagonals. The complex L^P*) is a 
complex of .ff -projective left P-modules and the cone of the morphism L,2(P*) — ► P* 
is if-contraacyclic (and even P-contraacyclic) . 

For any complex of right P-modules N* denote by L 3 (iV*) the total complex of the 
reduced relative bar complex 

■ ■ • ► N* ® K R/K ® K R/K ® K R ► N' ® K R/K ® K R ► N' ® K R, 

constructed by taking infinite direct sums along the diagonals. The complex L 3 (iV*) is 
a quite S/C-projective complex of right S-semimodules and the cone of the morphism 
h^N*) — > N* is C-contractible. Whenever N' is a complex of C-injective right 
S-semimodules, L 3 (iV) is a semiprojective complex of C-injective right S-semimod- 
ules, as it was explained in IB. 4. 21 For a complex of left P*-modules M* the complex 
L 3 (M*) is constructed in the analogous way. 

For any complex of left P-modules P* denote by R 3 (P') the total complex of the 
reduced relative cobar complex 

Hom K (P,P # ) ► Rom K (R/K ® K R, P') 

> Rom K (R/K ® K R/K ® K P, AT) ► 

constructed by taking infinite products along the diagonals. The complex R 3 (P*) 
is a quite S/C-injective complex of left S-semicontramodules and the cone of the 
morphism P* — > R 3 (P*) is C-contractible. Whenever P* is a complex of C-pro- 
jective left S-semicontramodules, R 3 (P*) is a semiinjective complex of C-projective 
right S-semimodules, since it is isomorphic to the total complex of the reduced cobar 
complex 

Cohom e (S,P*) ► Cohom e (S/CD e S, P') 

— ► Cohom e (s/en e s/en e s, p') — ► ■■• 

and the right C-comodule S/C is injective in our assumptions. 

B.5.2. One can use these resolutions in various ways to compute the derived functors 
SemiTor 8 , SemiExt s , *s, $s, Extg, Ext s , and CtrTor 8 . 

Specifically, for any complex of right P-modules N' and any complex of left 
P#-modules M* the object SemiTor s (iV*, M*) in D(fc-vect) is represented by either 
of the four complexes 

N'® R Rom R # (S, L 3 R 2 (AT ) ) , L 3 (iV") ® R Rom R # (S, R 2 (M')), 
Hom J? o P (S,L 3 R 2 (iV)) ® R # AT, Rom Rap (§, R 2 (N')) ® R# L 3 (AT) 
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according to the formulas of IB.2.31 and the results of 12.81 For any complex of left 
P*-modules M* and any complex of left P-modules P* the object SemiExt§(M*, P') 
in D(k— vect) is represented by either of the four complexes 

Hom K (Hom ii# (S,L 3 M 2 (M')),P'), ttom R (Eom R #(S,R 2 (M')),R 3 (P')), 
Hom fi# (M', S ® R E 3 L 2 (P*)), Hom fi# (L 3 (ilT), S ® R L 2 (P*)) 

according to the formulas of IB.2.31 and the results of 14.81 

One can also use the constructions of 110.41 instead of the formulas IB.2.31 
For any complex of left P#-modules M* the object ^s(M') in D s '(S-sicntr) is 
represented by the complex of left P-modules Hohir# (S, R 2 (M*)). For any complex 
of left i?-modules P' the object $s(P*) i n D sl (S-simod) is represented by the complex 
of left P # -modules S ® R L 2 (P*). 

For any complexes of left P*-modules L* and M* the object ExtstP^M*) in 
D(fc-vect) is represented by the complex Hom R #(L3(L*), ]R 2 (M')). For any complexes 
of left P-modules P" and Q* the object Ext s (P*,Q*) in D(/c-vect) is represented by 
the complex Hohir(L 2 (P*), l^Q*)). For any complex of right P-modules N' and any 
complex of left P-modules P* the object CtrTor s (iV*, P') in D(fc-vect) is represented 
by the complex Lg(iV*) ®r L 2 (P*). These assertions follow from the results of 16.51 

In the situation of IB. 2. 21 (with no complementary subalgebra B) one has to use 
the constructions of resolutions M 2 (iV), R 2 (M), and L 2 (P) from the proofs of Theo- 
rems EE] and U23 instead of the constructions of IB. 5. II 
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Appendix C. Semialgebras Associated to Harish-Chandra Pairs 
by Leonid Positselski and Dmitriy Rumynin 

Recall that in 110.21 we described the categories of right semimodules and left semi- 
contramodules over a semialgebra of the form S = C <S>k R, but no satisfactory 
description of the category of left semimodules over S was found. Here we consider 
the situation when C and K are Hopf algebras over a field k, and, under certain 
assumptions, construct a Morita equivalence between the semialgebras C ®^ R and 
R ®k 6- This includes the case of an algebraic Harish-Chandra pair (q, H) with a 
smooth affine algebraic group H. 

C.l. Two semialgebras. 

C.l.l. Let K and C be two Hopf algebras over a field k with invertible antipodes s. 
Using Sweedler's notation |45j, we will denote the multiplications in K and C by 
x®y i — > xy and the comultiplications by x i — ► x^ ®X( 2 ); the units will be denoted 
by e and the counits by e, so that one has s(xm)x(2) = e(x)e = Xms(x^)) for 
x G K or C. Let ( , ) : K ®k C — ► A; be a pairing between K and C such that 
(xy,c) = (x,c ( i))(y,C( 2 )) and (x,cd) = (x^,c){x^),d) for x, y G K, c, d e C; 
besides, one should have (x, e) = e(x) and (e, c) = e(c). The pairing ( , ) will be also 
presumed to be compatible with the antipodes, (s(x),c) = (x,s(c)). 

Finally, suppose that we are given an "adjoint" right coaction of C in K de- 
noted by i h X[o] (g) X[i], satisfying the equations x^ys(x(2)) = (x, y[i])y[o] and 
( x y)[o] ® ( x y)[i] = x [o\y[o] ® x {i]y[i}', besides, assume that e[ ] ® eji] = e ® e. This 
coaction should also satisfy the equations of compatibility with the squares of an- 
tipodes (s 2 x)[ ] <S> (s 2 x)[i] = s 2 (x[ ]) <S> s~ 2 (xm) and compatibility with the pairing 
(s _1 (x[o]), C(2))s(c(i))c(3)X[i] = (s _1 (x),c)e. When the pairing ( , ) is nondegenerate 
in C, the latter four equations follow from the first one and the previous assumptions. 
Indeed, one has (y, s 2 (x) [1] )(s 2 x) [0] = y (1) s 2 (x)s(y {2 )) = s 2 ((s- 2 y) {1) xs((s" 2 y) ( 2))) = 
(s- 2 (y) 1 x [1] }s 2 (x [0] ) = (y,s- 2 (x [1] )}s 2 (x [0] ) and (s- 1 (ar [0 ]), c {2) }(y, s(c ( i))c ( 3)X[i]) = 
(« -1 (a;[o]), C( 2 )}(2/(3), (2/(1), s(c (1) ))(y (2) , c (3) ) = (s^iy^xsiy^)), c {2) )(s(y {1) ), c {1) ) 
(y(2), C( 3) ) = (s(y ( i))?/ ( 4 ) s- 1 (x)s" 1 (?/ ( 3 ) )?/ ( 2),c) = (s^ 1 (x) , c)e(y) ; analogously for the 
second and the third equations. 

C.1.2. Let R be an associative algebra over k endowed with a morphism of algebras 
/ : K — > R and a right coaction of the coalgebra C, which we will denote by u 1 — > 
U[o] ® G -R. Assume that / is a morphism of right C-comodules and the right 

coaction of C in R satisfies the equations f(x)uf(s(x)) = (x,U[i\)U[o] and (w)[o] <8> 
(w)[i] = U[o]^[o] <8> for u, v e R, x e K. 
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Define a pairing <p T \ C ®k K — ► k by the formula <f) r (c,x) = (s _1 (x),c). The 
pairing <p r satisfies the conditions of 110.1.2] in particular, it induces a right action of 
K in C given by the formula c <— x = C(2))c(i). Assume that the morphism 

of /c-algebras / makes R a flat left i^-module. We will now apply the construction 
of ll0.2.11 in order to obtain a semialgebra structure on the tensor product S r = Q®kR- 

Define a right C-comodule structure on C ®k R by the formula c ®k u i — > C(i) <g>x 
U[o] <S> C(2)M[i]. First let us check that this coaction is well-defined. We have (c <— 
a?) ® w = C( 2 ))c(i) ® u i — ► C(i) ® K «[o] ® C( 3 ))c(2)W[i] and c (g> i — ► 

C(i) ®# /(x[ ])«[o] <8> C( 2 )a;[i]M[i] = (c (1) <- x [0] ) ® K u [0] <g> c^a^ijup.] = c ( i } <g>x m [0 ] <g> 
(c( 2 ), s~ 1 (a; [o]))c( 3 )X[i] now d( 2 ))d(i) = (s -1 (:£[o]), d(3))d(i)s(ti(2))<i(4)ac[i] = 

(s _1 (x[o], d(x))d(2)a;[i] for d e C, x G if. Furthermore, this right C-comodule structure 
agrees with the right if -module structure on C ®k R, since C( 2 )M[i])c( 1 ) ®k 

u [o] = (s _1 (x(2)),C(2))c( 1 )® ii r(s- 1 (a;(i)),it[i])it[o] = (c<-£ (3 )) ®# /(s- 1 (x( 2 )))m/(x ( i)) = 
c 0^ uf(x). It is easy to see that this right coaction of C commutes with the left 
coaction of C and that the semiunit map C — > C ®k R is a morphism of right 
C-comodules. Finally, to show that the semimultiplication map (C ®k R) Ce (C ®x 
i?) — > C ®x R is a morphism of right C-comodules, one defines a right C-comodule 
structure on G® K R® K Rby the formula c®ru®k v 1 — ► C(i)®jf!i[o]%«[o]®C(2)ii[i]V[i] 
and checks that both the isomorphism C ® K R ® K R ~ (C ®x -R) Qe (C ®x R) and 
the map C ®k R ®k R — ► C ®k R are morphisms of right C-comodules. 

C.1.3. Define a pairing 0; : if <S>k C — > fc by the formula <f>i(x,c) = (s(x),c). The 
pairing 0; induces a left action of if in C given by the formula x— >c = (s(x), C(i))c( 2 ). 
Assume that the morphism of /c-algebras / makes R a flat right if -module. We 
will apply the opposite version of the construction of 110.2.11 in order to obtain a 
semialgebra structure on S l = R ®k C. 

Define a left C-comodule structure on R ®k C by the formula u ®k c i — ► 
C(i)S _1 (m[i]) ® U[o] ®k C(2). This coaction is well-defined, since one has u ® (x — » c) = 
it (8) (s(x),C(i))c( 2 ) i — > (s(x),C(i))c(2)S _1 ( M [i]) ® u [o] ®x C( 3 ) and ® c i — ► 

C(i)S _1 (u[i]a:[i]) <g> U[o]/(x[o]) <S>x c (2) = C(i)S _1 (a;[i])s _1 (w[i]) ® U[ ] ®x (x[o] -> c (2 )) = 
(s(x[ ]),C(2))c ( i)S" 1 (x[i])s" 1 (m [ i ] ) <g> up] ®x C(3); now the identity (s(x), C(i))c (2 ) = 
(s(x[oj), C(2))c(i)S _1 (a;[i]) follows from the identities (s _1 (:c), d(2))d(i) = (s -1 (:r[o]), 
d(2)^[i] and (s 2 x)[ ] <8> ( s2a; )[i] = s2 ( x [o}) ® s ~ 2 ( x [i])- This left C-comodule structure 
agrees with the left if -module structure on i?(g)# C, since (s(x), cms -1 (wm)))«[ ] (8>ic 
C( 2 ) = (s(a;(i)),s" 1 (it[i])) ®x (s(x (2 )), c ( i))c (2 ) = (s(i),«[i])m[ ] ®jar_(jcg) ->• c) = 
X(i)Ms(x( 2 ))a;(3) ®x c = xu ®k c. The rest is analogous to IC.1.2( the left 
C-comodule structure on R ®k R ®k C is defined by the formula u ®k v <&k c i — ► 

C(l)S -1 (f ® U[ ] Ox «[0] ®K C(2). 

C.1.4. According to 110.2.21 the category of right S r -semimodules is isomorphic to 
the category of k- vector spaces N endowed with right C-comodule and right -R-module 
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structures such that (s~ 1 (x), 71(i))ti(o) = nf(x) and (nrVo) <E> (w)(i) = ^(o) r [o] ®'"'(i) r [i] 
for n G N, x E K, r E R, where n i — > 7i(o) <8> n(i) denotes the right C-coaction map 
and n®r i — > nr denotes the right i?-action map. 

Assuming that R is a projective left .fT-module, the category of left S T -semicontra- 
modules is isomorphic to the category of fc-vector spaces ^3 endowed with left C-con- 
tramodule and left -R-module structures such that tt^(c i— > c)p) = f(x)p and 

7Tqj(c i-> r [0 ]5'(cr[i])) = rvr^O) for p E x E K, c G C, r E R, g E Hom£.(C, ^J), 
where 7r<p denotes the contraaction map and r®p — > rp denotes the left action map. 

The category of left S'-semimodules is isomorphic to the category of fc-vector 
spaces M endowed with left C-comodule and left .R-module structures such that 
(s(a;),m { _i ) )m(o) = f(x)m and (rm) ( _ 1} ® (rm) (0) = m ( _ 1) s" 1 (r [1] ) ® r^mp] for 
m E M, x E K, r E R, where m i — ► m (-i) ® m (o) denotes the left C-coaction map 
and r <g> m i — ► rm denotes the left .R-action map. 

C.2. Morita equivalence. 

C.2.1. Let £ be a A;- vector space endowed with a C-C-bicomodule structure and a 
right C-module structure satisfying the equation (jc)(_i)®(jc)(o)<S>(jc)(i) = j(_i)C(i)® 
j(o)C(2) <8> J(i) c (3) f° r J ' G £, c G C, where j i — > ® j(o) ® denotes the bicoaction 
map and j ® c i — > jc denotes the right action map. 

In particular, £ is a right Hopf module [15] over C, hence £ is isomorphic to the 
tensor product E ®k C as a right C-comodule and a right C-module, where E is a 
A;- vector space which can be defined as the subspace in £ consisting of all i G £ 
such that Z( ) ® — i <8> e. One can see that E is a left C-subcomodule in £, so 
£ can be identified with the tensor product E ®k C endowed with the bicoaction 
(i <8> c)(_i) <g> (* ® c)( ) <8> (« <S> c)(i) = i(_i)C(i) (g> (i( ) (g> C( 2 )) <S> C( 3 ) and the right action 
(i <8> c)d = i® cd. Besides, the isomorphism E ®k C ~ C ®k E given by the formulas 
i <g> c i — ► £(-i)C ® ? '(o) and c ® i i — ► i(o) ® s -1 (i(_i))c identifies £ with the tensor 
product Q ®k E endowed with the bicoaction (c ® i)(-i) <8> (c <S> <8> (c <8> i)(i) = 
C(i) (g> (c(2) ® i(o)) <S> s _1 (i(_i))c(3) and the right action (c (g> i)d = cd®i. 

C.2.2. The pairings <pi and r induce left and right actions of K in £ given by the 
formulas x -> j = (s(x), j(-i))j(o) and j <- x = (s _1 (x), j(i))j(o) for J e £, x E K. 
Assume that these two actions satisfy the equation 

X[o] -> (j^[i]) = J ^x, or equivalently, x -> j = <- x [0] . 

Let us construct an isomorphism £ £g>x i? ~ £. Set the map £ <S)k R — > R®k £ 
to be given by the formula j ®k u i — > um ®k jwm and the map i? ®x £ — ► £ ®x R 
to be given by the formula u ®k j 1 — > J s_1 ( M [i]) ®x w [o] fo r JG£, u E R. We have 
to check that these maps are well-defined. 

One has x -> (jc) = j'(-i) c (i))i(o) c (i) = (s(^(2)), J(-i))( s ( ;r (i)) c (i))i(o) c (i) = 

(«(2) -* -> c). Therefore, (x (1)) d(i))ac( 2 ) (j^(2)) = (JC(3) ^ j)( a; (2) 
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(s 1 (xm) — > d)) = (x — > j)d. Now we have (j <— x) <E> u i — > up] ®x (j <— x)u^ and 

j®f{x)u I ► /(aJ[0])M[0] = /(^[0](l))«[0]/(s(xp]( 2 )))/(x[o](3)) ®K jX[l]U[l} = 

(30[0](l),U[l])U[o]f(X[ }(2)) ®KjX[l]U[2] = U[Q] ®K (X[ ](l), U[l])z[0](2) ~> (jX[i]M( 2 )) = tip] ®X 
Op] -> 0[1]))«[1]. 

Analogously, one has (jc) «- a; = (s -1 (aO, i(i)C (2 )}i(o)C(i) = (s _1 (a;(2)) ) 
(s -1 («(!)), C(2))j( )C(i) = C7<-2C(2))(c<-ar(i)). Therefore, (s-^a;^)), rf (1) )(js- 1 (d (2) )) ^ 
»(2) = (^(i)^- 1 (rf (1) ))(js- 1 (d (2 ))) «- x (2) = (j «- a; (3) )((s- 1 (d) <- «- x (2) ) = 

(j*— a;)s -1 (d). Now we have u£g> (a; — >j) i — > {x—> j)s _1 (m[i]) ®x^p] and uf(x) <g>j i — ► 
js- 1 (x [ i])s" 1 (m [ i]) <g> K U[ ]/(x[o]) = js" 1 (a;[i])s- 1 (u[i]) <g> K /(z[o](3))/(s -1 (a?[o](2)))u[o] 
/O[o](i)) = js- 1 (ar [ i ] )s- 1 (« [2 ]) Ox (^OpRi)), «[i])/(z[o](2))u[o] = (s~V[o](i)), «[i]> 

0'S -1 (^[1])S _1 (W[2])) <~ aC[ ](2) ®X Wp] = (jS _1 (X[i])) <- X [0 ] Ox W[0]- 

Checking that these two maps are mutually inverse is easy. 

C.2.3. Assume that R is a flat left and right if-module. Then the vector space 
£ <S>k -R — £ De (C ®k R) is endowed with the structures of left C-comodule, right 
S r -semimodule, and right -R-module. The vector space R ®x £ ~ (R ®k C) O e £ 
is endowed with the structures of right C-comodule, left S'-semimodule, and left 
.R-module. 

Let us check that the isomorphism £ ®kR — R®k £ preserves the C-C-bicomodule 
structures. Indeed, one has (j® «• u) (-1) ® (j'^km) (0) ® (i® k«) (1) = j(-i)®(j(o)®itU[o])<8> 
j(i)U[i] and {u® K j\-x)®{u®K3\fS)®{^K3\x) =i(-i)^ 1 («[i])®(M[o]%i(o))®J(i), 
hence (u [0] ® K JU[i])(-i) ® («[o] %J«[i])(-o) ® (wp] %JM[i])(i) = j(_i)U[ 2 ]S -1 (u[i]) ® 

(^[0] %i(0)«[3]) ® i(l) M [4] = ® (tt[0] ®Kj(0)M[l]j ®j[l]«[2]- 

Set £ ®k R = £■ — R ®k £• The left and right actions of R in £ commute; indeed, 
the left and the induced right actions of R in R ®k £ are given by the formulas 
w(u ® K j) = wu ® K j and (u ® K j)v = UV[ Q ] <S>x jv[i\. 

It follows easily that £n e S r ^£^S'De£ is an S'-S r -bisemimodule. 

C.2.4. Now assume that the C-C-bicomodule £ can be included into a Morita auto- 
equivalence (£, £ v ) of C. This means that a C-C-bicomodule £ v is given together 
with isomorphisms of C-C-bicomodules £ Hq £ v ~ C ~ £ v Dg £ such that the two 
induced isomorphisms £ □<» £ v Dg £ =4 £ coincide and the two induced isomorphisms 
£ v de £ De £ v =^ £ v coincide (see 17.51) . The Morita equivalence (£, £ v ) is unique if 
it exists, and it exists if and only if the left C-comodule E is one-dimensional. In the 
latter case, the bicomodule £ v is constructed as follows. 

The left C-coaction in E has the form i(_i)®i(o) = ce®i for a certain element eg 6 C 
such that ce(i)®ce{2) = ce®ce and s(ce) = 1. Set E y = B.om k (E,k) and define a left 
coaction of C in E y by the formula %{-i)®i{p) = s(ce)®L Take £ v = E v ^)kQ and define 
the C-C-bicomodule structure on £ v by the formula (z<8>c)(_i) (g> (z(g) c)(o) <8> («<8>c)(i) = 
?(_i)C(!) (g> (?(o) <8> C( 2 )) ® C( 3 ). Then one has £ Dg £ v ~ E ® k E v ® k G ~ C and 
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£ v n e £ ~ E v ® fc E ® k C ~ C. There is also an isomorphism E v ® fe C ~ C ® k E y 
given by the formulas analogous to IC.2.11 

C.2.5. Taking the cotensor product of the isomorphism £ Oq S r ~ S l Oq £ with the 
C-C-bicomodule £ v on the left, we obtain an isomorphism S r ~ £ v OqS 1 Oq£. Define 
a semialgebra structure on £ v Oq S l Oq £ in terms of the semialgebra structure on 
S l and the isomorphisms £ □<= £ v — C ~ £ v Oq £ (see I8.4.1I) . Using the facts that 
is an S'-S r -bisemimodule and the isomorphism £ Oq S r — S l Oq £ 
forms a commutative diagram with the maps £ — > 8-Oq§ t and £ — > § 1 OqE induced 
by the semiunit morphisms of S r and S\ one can check that S r ~ £ v Oq S l Oq £ is 
an isomorphism of semialgebras over C. 

It follows that § l and S r are left and right coflat C-comodules. Set S r Oq £ v = 
£ v ~ £ v Oq § l ; then £ v is an S r -S z -bicomodule and the pair (£, £ v ) is a left and 
right coflat Morita equivalence between S and S r (see 18.4.51) . 

The category of left S r -semimodules can be now described. Namely, it is equivalent 
to the category of left S'-semimodules; this equivalence assigns to a left S r -semi- 
module £ the left S'-semimodule £ Oq £ and to a left S'-semimodule M the left 
S r -semimodule £ v Oq 3VC. On the level of C-comodules, one has £ Oq £ ~ E ® k £ 
and £ v Oq M ~ E y ® k M; the left C-coaction in E ® k L and E v <g) fe M is given by 
the formulas (i tg) 0(— i) ® (^®0(o) = ceI(-i) ® («®Z(o)) and (£<g)m)(_i) ® (z<g)m)(o) = 
s(c E )m(_i) <g> (z(8)m( )). 

C.2.6. In particular, when the left and right actions of K in C satisfy the equation 
X[ ] — > (cx[x]) = c <— x, or equivalently, x — > c = (cs -1 (a;[i])) <— arp], 

one can take £ = C = £ v . Thus the semialgebras S r and S' are isomorphic in this 
case, the isomorphism being given by the formulas c ®k u i — > W[o] <8># cu\i] and 
u c i — > cs' 1 ^^]) <S>k U[o] for c G C and u G R. 

Remark. One can construct an isomorphism between versions of the semialgebras 
S r and S l in slightly larger generality. Namely, let Xri Xi'- K — * k be &;-algebra ho- 
momorphisms satisfying the equations x( x [o]) x [i] = x( x ) e and x( x [o](2)) x [o](i) <%> x [i] = 
x(x(2))x(i)[o]®X(i)[i]. These equations hold automatically when the pairing ( , ) is non- 
degenerate in C (apply id<g>x to the identity (y, X[i])x[ ](i) <8>X[o](2) = {{y, x [i)) x [o))(i) ® 
(j/,ar[i])x[ ])(2) = (y(i)xs(y (2 )))(i) ® (y(i)^(y (2) ))( 2 ) = «/(i)X(i)s(?/(4)) ® I/(2)Z(2)s(y(3)))- 
Define pairings r : Q ® k K — ► and 0; : K ® k C — > by the formulas r (c, x) = 
Xr{ x (2))(s~ 1 (x^),c) and <pi(x,c) = xi( x (2))( s { x (i)), c ), and modify the definitions 
of the right and left actions of K in C accordingly, c <— x = r (c(2), x)c(i) and 
x — > c = C(x))c( 2 ). Then the tensor products C ®x -R and (gix C are semi- 
algebras over C with the C-C-bicomodule structures given by the same formulas as 
in IC.1.2HC.1.31 Assuming that the modified left and right actions of K in C satisfy 
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the above equation, the maps c®ku i — > it[ ] ®_ft:cti[i]and u®kc i — > cs ^[l]) 
are mutually inverse isomorphisms between these two semialgebras. 

C.2.7. The opposite coring T) op to a coring D over a /c-algebra S and the opposite 
semialgebra 7° p to a semialgebra T over D are defined in the obvious way; 2) op is a 
coring over B op and CT° P is a semialgebra over D op . 

In the above assumptions, notice the identity s(x — > c) = s(c) <— s(x) for x G if, 
c G C. Suppose that the fc-algebra R is endowed with an anti-endomorphism s 
satisfying the equations f(s(x)) = s(f(x)) and cm®jj-(s(u))[Q]®C(2)(s(w))[i] = em®^ 
s ( w [o]) ® M [i] c (2); the second equation follows from the first one if the pairing ( , ) is 
nondegenerate in C. Then there is a map of semialgebras s : (R ®k C) op — ► C ®k -R 
compatible with the isomorphism of coalgebras s: C op ~ C; it is defined by the 
formula s(u ®k c) = s(c) ®x s(u). 

Suppose that we are given a map s: £ — > £ satisfying the equation (s(j))t \ (g> 
= s (i(o)) ® s 0'(-i))- Then one has s(x — > j) = <— s(x). The induced 
map s : i? ®x £ — ► £ 0^ i? given by the formula s(u <S>k j) = s(j) ®k s(u) is a map 
of right semimodules compatible with the isomorphism of coalgebras s : C op ~ C and 
the map of semialgebras s: S lop — > S r , where the right S' op -semimodule structure 
on R ®k £ corresponds to its left S'-semimodule structure. 

Now assume that C is commutative, K is cocommutative, and our data satisfy the 
equations s 2 {u) = u, s 2 {j) = j, s(jc) = s(j)s(c), and (s(u)) [0] ® (s(u)) {1] = s(u [0] ) ® 
u\iy, the latter equation holds automatically when the pairing ( , ) is nondegenerate 
in C. Then the composition of the isomorphism of S'-S r -bisemimodules £ ®k R — 
R ®k £ and the map s : R ®k £ — ► £ ®k R in an involution of the bisemimodule 
£ transforming its left S'-semimodule and right S r -semimodule structures into each 
other in a way compatible with the isomorphism of coalgebras s : C op — > C and the 
isomorphism of semialgebras s: S lop ~ S r . In particular, in the situation of 10.2.61 
the map s : R ®k C — y C ®x R becomes an involutive anti-automorphism of the 
semialgebra S l ~ S r compatible with the anti-automorphism s of the coalgebra C. 

C.3. Semitensor product and semihomomorphisms, SemiTor and SemiExt. 

Let us return to the assumptions of IC1.1HC2.4I 

C.3.1. Let N be a right C-comodule and M be a left C-comodule. Then one can 
easily check that the two injections N D e £ v n e M ~ N D e (E v ® k C) D e M ~ 
K D e (E v ® k M) — > X ® k E w ® k M and N £ v □«> M ~ K D e (C ® fe £ v ) D e M~ 
(N ® fc £ v ) n e M — ► ® k E y ® k M coincide. 

Let N be a right S r -semimodule and 3VC be a left S'-semimodule (see IC .1.41) . Then 
the isomorphism (N ® K R) D e (£ v ®k M) ~ N D e (C ®^ i2) D e £ v D e M ~ N D e 
£ v D e (R ®k 6) D e M ~ (N ® fc -E^ 7 ) D e (i2 ® x M) induced by the isomorphism 
(C ® K R) U e £ v - £ v De (R ®k C) can be computed as follows. 
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There is an isomorphism (C ® k R) De £ v — £ v De (R ®fe C) defined by the same 
formulas that the isomorphism S r de£ v — 8. v OeS l (<S)k being replaced with ®). Hence 
the induced isomorphism (N<g) fe i?) D e (£ v ®fe M) ~ (N(g) fc £ v ) D e (R <g> fc M), which 
is given by the simple formula n®r®i®m i — > n ®i ® r ® m. The isomorphisms 
(N ®^ if) D e (£ v ® fc M) ~ (N ® fe £ v ) D e (i? ®^ M) and (N ® fc R) D e {E v ® fe 
3VC) ~ (N (E) k -E v ) De (R ®> k 3Vt) form a commutative diagram with the natural maps 
(N® fcJ R)n e (£ v ® fe M) — ► (N® K R)n e (E w ® k M) and (N® k E y ) n e (R<g> k M) — ► 
(]Nr®fc-E v )De(-R®x^t)- This provides a description of the first isomorphism whenever 
the latter two maps are surjective — in particular, when either K or M is a coflat 
C-comodule. To compute the desired isomorphism in the general case, it suffices to 
represent either ]\f or DVT as the kernel of a morphism of C-coflat semimodules (both 
sides of this isomorphism preserve kernels, since R is a flat left and right fT-module). 

C.3.2. Let M be a left C-comodule and ^3 be a left C-contramodule. Then one can 
check that the two surjections Hom fc (£ v ® fe M, <P) — ► Cohom e (-E v <g) k M, ^3) ~ 
Cohom e (£ v D e M, *P) and Hom fc (M, Hom fc (£ v , <p)) — ► Cohom e (M, Hom fe (£ v , <p)) 
~ Cohom e (M,Cohom e (£ v ,<p)) coincide. 

Let M be a left S'-semimodule and ^3 be a left S r -semicontramodule. Assum- 
ing that R is a projective left .fT-module, the isomorphism Cohome(-E v (E) k 3VC, 
Hom x ( J R, «p)) ~ Cohom e (£ v D e M, Cohom e (e ®^ i?, «p)) ~ Cohom e (( J R ®^ 6) D e 
M, Cohom e (£ v ~ Cohom e (i?(g)xM, Hom fc (E v , $p)) induced by the isomorphism 
(e ®x -R) Ce £ v — £ v D e (-R ®x C) can be computed as follows. 

The isomorphism Cohom e (£' v £g> fc M, Hom fc (i?, ~ Cohom e (-R M, 

Hom fc (£ v ,*p)) induced by the isomorphism (C <g> fe i?) D e £ v ~ £ v D e (R <g> fc 6) is 
given by the simple formula g i — > /i, /i(r ® m)(z) = g{i ® m)(r). The isomor- 
phisms Cohom e (£ v ® fe M, Hom^( J R,<p)) ~ Cohom e ( J R ®^ M, Hom fc (£ v , «p)) 
and Cohom e (£ v ® fe M, Hom fc (i?,*p)) ~ Cohom e ( J R ® fc M, Hom fe (£ v , «p)) form a 
commutative diagram with the natural maps Cohome(-E v (E) k 3VC, Hom/^i?, $p)) — >■ 
Cohom e (£ v ® fe M, Hom fc ( J R,*p)) and Cohom e (i? ®^ M, Hom fe (£ v ,<£)) — ► 
Cohom e (i? ® fc M, Hom fc (E v , This provides a description of the first isomor- 

phism in the case when the latter two maps are injective — in particular, when either 
M is a coprojective C-comodule, or is a coinjective C-contramodule. To compute 
the desired isomorphism in the general case, it suffices to either represent M as the 
kernel of a morphism of C-coprojective semimodules, or represent as the cokernel 
of a morphism of C-coinjective semicontramodules. 

C.3.3. Assume that the /c-algebra R is endowed with a Hopf algebra structure u i — > 
U(i) <8> uq), u i — > e(u) with invertible antipode s such that /: K — > R is a Hopf 
algebra morphism. Let 3V be a right S r -semimodule and JA be a left S'-semimod- 
ule; assume that either JSf or M is a coflat C-comodule. Define right i?-module and 
right C-comodule structures on the tensor product Tsf ® k E v ® k M by the formulas 
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(n <g i <g m)r = nr^ 2 ) <8> i ® s~ x {ri^)m and (n <g % <g w)(o) ® ® * ® m )(i) = ( n (o) ® 
i £g> m,( )) <g s _1 (^(-i))c£n( 1 ). Then the semitensor product 3Vf 0s r £ V 3VC (which 
is easily seen to be associative) is uniquely determined by these right i?-module and 
right C-comodule structures on 3NT ® k E v ® k 3VC. 

Indeed, the subspace KD e {E v ® k M) ~ N D e £ v D e M ~ (M ® fc £ v ) D e M of the 
space N®fc.E v ®fcM can be defined by the equation n( )<g?;<gm( )(g,s _1 (m(_i))cE^(o) = 
n®l®m®e. The isomorphism 3\f®fc-R®fc-E' v (S>A:M ~ 'N^kE'^ ® k JA® k R given by the 
formulas n®r®l®m i — > ntgztgr^mCgr^) and n®i®m®f i — > n®r( 2 )®?(S>s _1 (r( 1 ))m 
transforms the pair of maps 'N ®> k R ® k E w ® k M =4 N (g^ E w (g*. M given by 
the formulas n <g r (g z (g m i — > nr (g ? (g m, n ® i ® rm into the pair of maps 
N ®fe -E v ®fc M (g)fc i? =4 N (8)fc E y (g fe M given by the formulas n <g £ <g m <g r \ — > 
nr{2) <g£<g s^ 1 (r(i))m, e{r)n®i®m. This isomorphism also transforms the subspace 
(N® k R) De (-E v <g/cM) of N<g/ c R > <g fc £' v <g fc M, which can be defined by the equation 
^(o) ® r [o] ® * ® m (o) ® s_1 ( m (-i))cB"-(i)^[i] = n£gr(g2(gm(ge, into the subspace 
of X®^ -E v <8>fc M ®fc -R defined by the equation ri(o) <g i <g ^(2)[o](i)(s _1 ( r (i)))[o] m (o) <g 
r (2)[o](2) ® s _2 ((s _ V(i)))[i]) s ~H m (-i)) c £ n (i) r (2)[i] = n<g?<gm<gr<ge. Finally the 
same isomorphism transforms the quotient space N (g# -R <g£; E v ® k JA of the space 
'N ®k R®k E v <g fc M into the quotient space (N (g^ -E v <gfc M) <gx -R of the space 
N^tE^ ®kM®kR, as one can check using the isomorphism N<g) k K® k R®> k E y (g^M ~ 
N ®fc -E v ®fc 3VC ®fc -K" ®fc -R given by the formulas n(ga;(gr(gz(gm i — ► n (g i g) 
%{i) r (i) m ®%(2) ® r {2) an d n®i®m®x®r i — > n<gX( 2 ) g)r( 2 ) <g£<g s _1 (r(i))s _1 (a;(i))TO. 

C.3.4. Let M be a left S'-semimodule and be a left S r -semicontramodule; assume 
that either M is a coprojective C-comodule, or ^3 is a coinjective C-contramodule. 
Define left i?-module and left C-contramodule structures on the space ~Rom. k {E y ® k 
M, ?JJ) by the formulas rg(i (g m) = r^gi^ <g s _1 (rm)m) and 7r(/i)(? g)m) = 7T«p(c i— ► 
/i(s _1 (m ( _i))c £ ;c)(z(g)m(o))) for # e Homfc(i? v ®fcM, ^3) and h <G Hom fc (C, Hom fc (£' v (g) fc 
M, ?P)), where 7Tsp denotes the C-contraaction in ^J. Then the semihomomorphism 
space SemiHom§'-(£0s i ^P) is uniquely determined by these i?-module and C-con- 
tramodule structures on Hom fc (E v ® k M, ^J). 

This is established in the way analogous to lC.3.3l using the isomorphism ~Rom. k (R® k 
E y ® k M, qj) ~ Hom fc (i?, Hom fc (E v ® k M, given by the formulas g i — > /i, 
5»(r (g) « ® m) = h(r(2))(i ® r(i)), /i(r)(z ® m) = 5 , (r( 2 ) (g) z ® s _1 (r(i))m). 

C.3.5. Now assume that C is commutative, if is co commutative, and the equations 

(s(«))[o]® («(«)) [i] = s(«[Q])®«[i], e(ti[ ])«[i] = e(u)e, and« ( i)[o]®«( 2 )[o]®«(i)[i]M(2)[i] = 
M[o](i) ® u [o}(2) ® W[i] are satisfied for u £ R; when the pairing ( , ) is nondegenerate 
in C, these equations hold automatically. 

Let N be a right S r -semimodule and DVt be a left S'-semimodule. Define right 
i?-module and right C-comodule structures on the tensor product DST (g^ M by the 
formulas (n (g m)r = nr( 2 ) (g s~ 1 (r( 1 ))m and (n (g m)( ) ® (n (g m)(i) = (n(o) <g 7M(o)) ® 
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s _1 (m(_ 1 ))n( 1 ). These right action and right coaction satisfy the equations of IC.1.41 
so they define a right S r -semimodule structure on Tsf Cg>fc M. The ground field k, 
endowed with the trivial left -R-module and left C-comodule structures ra = e(r)a 
and cJ(-i) Cg) a(o) = e ® a for a G k, becomes a left S^-semimodule. Then there is a 
natural isomorphism N 0s r £ V M ~ (N <g> fe M) 0s r £ V S < k. 

Indeed, let us first assume that either N or 3VC is a coflat C-comodule; notice that 
N ®fc 3VC is then a coflat C-comodule, too. The isomorphism N Dg {E v ®k HVC) ~ 
(N (g> fc M) Dg -E" v given by the formula n®l®m i — > n®m®i and the isomorphism 
{K® K R) Uq (E y ® k M) ~ ((X® fc M) ® K R) n e £ v constructed in EH transform 
the pair of maps whose cokernel is Ji 0s r £ V Og' 3VC into the pair of maps whose 
cokernel is (Tsf ®fc 3VC) 0s r £ V I n the general case, represent N or M as the 

kernel of a morphism of C-coflat semimodules; then the pair of maps whose cokernel 
is N 0s r £ V M and the pair of maps whose cokernel is (Tsf <g)fc M) 0s r £ V 0§ ( & 
become the kernels of isomorphic morphisms of pairs of maps. 

C.3.6. Let 3VC be a left S z -semimodule and ^3 be a left S r -semicontramodule. Define 
left R- module and left C-contramodule structures on the space Hom fc (M, ^3) by the 
formulas rg(m) = r( 2 )5'(s~ 1 (r(i))m) and 7r(/t)(m) = n<g(c i— > /i(s -1 (m(_i))c)(77i(o))) 
for g G Horn^M, ^3) and h G Honn^C, HomjtpVC, ^3)). These left action and left 
contraaction satisfy the equations of IC.1.41 so they define a left S r -semicontramodule 
structure on Homfc(3Vt, ^3). Then there is a natural isomorphism SemiHonis^g^ 7 <> s ; 
M, «p) ~ SemiHom s >-(£ V s i k, Hom fc (M, «p)). 

C.3.7. Let IN** be a complex of right S r -semimodules and M* be a complex of left 
S'-semimodules. Then there are natural isomorphisms SemiTor s (N*, £ v 0§; 3VC*) ~ 

SemiTor 8 ' (N* Os- £ V , M") ~ SemiTor sr (N* ® fc M*, £ v fc) in the derived category 
of /c-vector spaces. The isomorphism between the first two objects is provided by the 
results of 18.4.31 and the isomorphism between either of the first two objects and the 
third object follows from lC.3~5l 

Indeed, assume that the complex ]\T* is semiflat. Then the complex ]ST* ®fc 3VC* 
is also semiflat, since (Tsf* ® fc M*) <V ^ (N* ® fe M') Of £ V s * £ Os- £* ^ 
(N* ® fc M* ® fc (£ S " £*)) Os- £ v 8 i k ~ DST Os- £ v S < (M* ® fc (£ <V £*)) for any 
complex of left S r -semimodules -C*. 

C.3.8. Let JVt' be a complex of left S'-semimodules and ^3* be a complex of left 
S r -semicontramodules. Then there are natural isomorphisms SemiExts r (£ v ()gi DVC*, 
^T) ~ SemiExt si (M^SemiHom s .(£ v ,q3■)) ~ SemiExts^S' 7 O s ik, Hom fc (M*, 

C.4. Harish-Chandra pairs. 
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C.4.1. Let {q,H) be an algebraic Harish- Chandra pair over a field k, that is if is 
an algebraic group, which we will assume to be affine, g is a Lie algebra into which 
the Lie algebra f) of the algebraic group if is embedded, and an action of if by Lie 
algebra automorphisms of g is given. Two conditions should be satisfied: 1) is an 
if-submodule in g where if acts by the adjoint action of if in f), and the action of 
f) in g obtained by differentiating the action of if in g coincides with the adjoint 
action of f) in g. Notice that the dimension of I) is presumed to be finite, though the 
dimension of g may be infinite. 

Set K = U{\)) and R = U(g) to be the universal enveloping algebras of f) and g, 
and /: K — > R to be the morphism induced by the embedding t) — > g. Let 
C = C(if ) be the coalgebra of functions on if. Then C, K, and R are Hopf algebras; 
the adjoint action of if in f) and the given action of if in g provide us with right 
coactions x i — > X[ ] <8> X[i] and u i — > it[ ] <8> wpj of C in if and i?; and there is a 
natural pairing ( , ) : K ® fc C — > A; such that the equations of IC.l.lHC.1.2l and lC.3.5l 
are satisfied. 

C.4.2. So we obtain two opposite semialgebras S l = S (g, if) and S r = S r (g, if) such 
that the categories of left S z -semimodules and right S r -semimodules are isomorphic to 
the category of Harish- Chandra modules over (g,if). Recall that a Harish-Chandra 
module N over (g, if) is a fc-vector space endowed with g-module and if-module 
structures such that the two induced f)-module structures coincide and the action 
map g ®fc N — > TsT is a morphism of if -modules. The assertion follows from IC.1.4t 
indeed, it suffices to notice that the equations of IC. 1.41 hold whenever they hold for 
x and r belonging to some sets of generators of the algebras K and R. 

Analogously, the category of left S r (g, if )-semicontramodules is isomorphic to the 
category of A;- vector spaces ^3 endowed with g-module and C (if )-contramodule struc- 
tures such that the two induced ()-module structures coincide and the action map 
^5 — > Homfc(g, ^3) is a morphism of C(if )-contramodules. Here a left C-contramod- 
ule structure induces an f)-module structure by the formula xp = — 7r«p(c i— > (x,c)p) 
for p G ^3, x G f), c G C; for a left C-comodule M and a left C-contramod- 
ule ^3, the left C-contramodule structure on Homfc(M, *p) is defined by the formula 
ir(g)(m) = n v (c ^ 5f(s~ 1 (m ( _ 1 ))c)(m (0 ))) for m G M, g G Hom fc (C, Hom fc (M, *P)). 

C.4.3. Now assume that the algebraic group if is smooth (i. e., reduced). Let £ 
be the C-C-bicomodule and right C-module of differential top forms on if, with the 
bicomodule structure coming from the action of if on itself by left and right shifts 
and the module structure given by the multiplication of top forms with functions. Let 
£ v be the C-C-bicomodule of top polyvector fields on if. Then the equation of IC. 2.11 
is clearly satisfied, and one can see that (£, £ v ) is a Morita autoequivalence of C. 
The left C-comodules E and E y can be identified with the top exterior powers of the 
vector spaces Honifc(f), k) and f), respectively; ce is the modular character of if. The 
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inverse element anti-automorphism of H induces a map s: £ — ► £ satisfying the 
equations of IC.2.71 

Let us show that the equation of lC.2.2l holds for £. First let us check that it suffices 
to prove the desired equation for all x belonging to a set of generators of the algebra K. 
Indeed, one has (xy) [0] -> = x [0] y [0] -> (jx^y^) = x mi) y [0 ]s(x m2 ))x[o](3) -> 

{jx[i]V[i\) = (x m ),y[i])y[o]X[o](2)^(jx[i]y[2]) = y[o]^(^[o](2)^((^[o](i),2/[i])i^[i]2/[2])) = 
y[o] -> ((x[o] -> U x [i]))vw) for J e e > j/ e IT, since x {2 ) -> ((^(i), C(i))jc (2 )) = 
^(2) -> -*c)) = (x (3) -> j)(x (2 ) -> (s _1 (a:(i)) -»• c)) = (x->j)c for j G £, 

x £ K, c 6 C So it remains to check that the equation holds for x 6 f) C If. 

For /i E f), let and denote the left- and right-invariant vector fields on if cor- 
responding to h. Then one has = ^[i]i/i [0] , hence u<—h = XAe rh lo = ^ e i h[0] (^^[i]) — 
hp] — > (ujh[i]) for u) G £, where Lie„ a; denotes the Lie derivative of a top form to along 
a vector field v. 

C.4.4. Thus there is a left and right coflat Morita equivalence (£(g, if), £ v (fl, -H")) 
between the semialgebras S r (f), if) and S (g, H). The functors of semitensor product 
with E(g,H) and £ v (g,if) provide mutually inverse equivalences between the cate- 
gory of left S r -semimodules and the category of left S'-semimodules. The S'-S r -bi- 
semimodule £(g, H) is endowed with an involutive automorphism transforming its 
two semimodule structures into each other in a way compatible with the antipode 
isomorphisms C op ~ C and S lop ~ S r . When the algebraic group H is unimodular, 
the semialgebras § l (g,H) and S r (g,H) are naturally isomorphic and endowed with 
an involutive anti-automorphism. 

Remark. Let us assume for simplicity that the field k has characteristic and the 
Harish-Chandra pair (g, H) originates from an embedding of affine algebraic groups 
H C G. Then the bisemimodule &(g,H) can be interpreted geometrically as the 
Harish-Chandra bimodule of distributions on G, supported on H and regular along H . 
Technically, the desired vector space of distributions can be defined as the direct 
image of the right Diff^-module of top forms on H under the closed embedding 
H — > G, where Diff denotes the rings of differential operators [11] . This vector 
space has two commuting structures of a Harish-Chandra module over (g,H), one 
given by the action of H by left shifts and the action of g by right invariant vector 
fields, the other in the opposite way; so it can be considered as an S z -S r -bisemimodule. 
The desired map from the vector space £ ~ £ <g> K R to the space of distributions can 
be defined as the unique map forming a commutative diagram with the embeddings of 
the space of top forms £ into both vector spaces and preserving the right -R-module 
structures. To prove that this map is an isomorphism, it suffices to consider the 
filtration of £ induced by the natural filtration of the universal enveloping algebra 
R and the filtration of the space of distributions induced by the filtration of Diffc 
by the order of differential operators. When the algebraic group H is unimodular, 

248 



one can identify the semialgebra S ~ S = S r itself with the above vector space 
of distributions by choosing a nonzero biinvariant top form uo on H. The semiunit 
and semimultiplication in S are then described as follows. Given a function on C, 
one has to multiply it with u and take the push-forward with respect to the closed 
embedding H — > G to obtain the corresponding distribution under the semiunit 
map. To describe the semimultiplication, denote byGx^G the quotient variety of 
the Carthesian product G x G by the equivalence relation (g'h,g") ~ (g', hg"). Then 
the pull-back of distributions with respect to the smooth map G x G — > G x H G 
using the relative top form u identifies S Dq S with the space of distributions on 
G x H G supported in H C G x H G and regular along H. The push-forward of 
distributions with respect to the multiplication map G Xh G — > G provides the 
semimultiplication in S. (Cf. Appendix [Fj) 

C.5. Semiinvariants and semicontrainvariants. 

C.5.1. Let [) C g be a Lie algebra with a finite-dimensional subalgebra; let N be a 
g-module. Then there is a natural map (det(h) k g/f) ® k N)* 1 — > (det(h) ® fc N)**, 
where det(V) is the top exterior power of a finite-dimensional vector space V and the 
superindex f) denotes the h-invariants. This natural map is constructed as follows. 

Tensoring the action map g <S>k N — > N with det(h) and passing to the h-invari- 
ants, we obtain a map (det(h) ®fc g ® k N)** — > (det(h) N)* 1 . Let us check that the 
composition (det(f)) ® fc f)® fc iV)^ — > (det(h) ^kQ^kN)^ — > (det(fj) k N)^ vanishes. 
Notice that this compostion only depends on the h-module structure on N. Let n be 
an h-in variant element of det(h) ® k f) ®k N; it can be also considered as an h-module 
map n: (det(h) ® fc h) v — > N, where V v denotes the dual vector space Hom fc (V, k). 
Let t denote the trace element of the tensor product (det(h) ® k f)) ®fc (det(h) ® fc h) v ; 
then t is an h-invariant element and one has (id®n)(t) = n. So it remains to 
check that the image of t under the action map (det(h) ®fc ()) ®fc (det(h) ® fe h) v — >■ 
det(h) ®fc (det(h) ®^ h) v ~ h v vanishes; this is straightforward. 

We have constructed a map (det^^feg^fciV^/ldet^)®^®^)^ — > (det(f))(g) fc 
N) 1 *. When N is an injective U(t)) -module, this provides the desired map (det(h) ®fc 
g/f) ®fc A^)^ — > (det(h) ®k N)^. To construct the latter map in the general case, it 
suffices to represent N as the kernel of a morphism of £7(h)-injective £7(g)-modules 
(notice that any injective {7(g) -module is an injective {7(h)-module). Indeed, both 
the left and the right hand sides of the desired map preserve kernels. 

The vector space of (g, h)- semiinvariants N s ^ of a g-module N is defined as the 
cokernel of the map (det(h) (gi^g/h. ®fc N)*> — ► (det(h) ® fc N)^ that we have obtained. 
The (g, h)-semiin variants are a mixture of invariants along f) and coinvariants in the 
direction of g relative to h. 
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C.5.2. Let P be another g-module. Then there is a natural map Homfc(det(f)), P)f, 
— > Homfc(det(rj) ® k Q/i), P)f,, where the subindex f) denotes the f)-coinvariants. This 
map is constructed as follows. 

Tensoring the action map P — ► Honing, P) with det(f)) v and passing to the 
()-coinvariants, we obtain a map Hom fc (det(f)), P\ — ► Hom fc (det(f)) ® k g, P)^. Let 
us check that the composition Hom fc (det(f}), P)^ — > Hom fc (det(f)) <g> k g, P)^ — > 
Homfc(det(f)) <8>fc f), P)(, vanishes. Notice that this composition only depends on the 
f)-module structure on P. Let p be an rj-invariant map Honifc(det(f)) ® k f), P) — > A;; 
it can be also considered as an f)-module map p: P — > det(f}) <g> f). Then the map p 
factorizes through the map Hom fc (det(f}) ® k f), P) — ► Hom fc (det(f)) ®fc J), det(f)) ® f)) 
induced by p. So it suffices to consider the case of a finite-dimensional f)-module 
P = det(f)) (g) f), when the assertion follows by duality from the result of IC.5.11 

We have constructed a map from Honifc(det(F)), P)(, to the kernel of the map 
Hom fc (det(f)) ® k Q, P)t) — ► Hom fc (det(f)) <g) fc f), P)t,. When P is a projective 
U(h)-modu\e, this provides the desired map Homfc(det(P|), P)(, — > Hom / t(det(f)) ® k 
g/f), P)(,. In the general case, represent P as the cokernel of a morphism of U ((^-pro- 
jective [/(g)-modules and notice that both the left and the right hand side of the 
desired map preserve cokernels. 

The vector space of (g, t))-semicontrainvariants P 9 ' f ' of a g-module P is defined as 
the kernel of the map (P ® k det(P)) v )(, — > Hom fe (det(f)) ® k g/f),P)fj that we have 
obtained. The (g, f})-semicontrain variants are a mixture of coinvariants along () and 
invariants in the direction of g relative to f}. 

C.5.3. Now let (g, H) be an algebraic Harish-Chandra pair. Let N be a right 
S r (g, iPj-semimodule, that is a Harish-Chandra module over (g, H). Then the action 
map g ®fc 3V — ► N is a morphism of Harish-Chandra modules. Tensoring it with 
det(f)) and passing to the if-invariants, we obtain a map (det(f)) ® k g <g> k N) H — ► 
(det(lj) ® fc K) H . By the result of IC.5.11 the composition (det(f)) ® k fj ® k N) H — ► 
(det(h)® fc g® fc N)^ — ► (det([))(g) fc ?vf) H vanishes. When N is a coflat e(P)-comodule, 
this provides a natural map (det(f)) ® fc g/f) ® fc N) H — > (det(f)) ® fe to define 

this map in the general case, it suffices to represent "N as the kernel of a morphism 
of C-coflat S r -semimodules (see Lemma [1.3.3p . 

The vector space of (g, H)-semiinvariants N Si h is defined as the cokernel of the 
map (det(f)) ® k g/f) k N) H — > (det(f)) ® k ~N) H that we have constructed. 



C.5.4. Let be a left S r (g, H )-semicontramodule (see IC.4^2]) . Then the action 



map ^3 — > Homfc(g,^3) is a morphism of S r -semicontramodules. Applying to it 
the functor Horrid (det(fj), — ), we get a morphism of C(if)-contramodules. Passing to 
the if-coinvariants, i. e., the maximal quotient C-contramodules with the trivial con- 
traction, we obtain a map Hom fc (det(f)), — > Hom fc (det(f)) ® k g, $P)h- By the 
result of IC.5.21 the composition Hom fc (det(f)), — > Hom fc (det(f)) ® k g, — > 
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Honifc(det([)) ®fc f), vanishes. When is a coinjective C-contramodule, this 

provides a natural map Homfc(det(f)), %$)h — ► Honifc(det(f)) ®fc g/f), ^3)#; to define 
this map in the general case, it suffices to represent ^3 as the cokernel of a morphism 
of C-coinjective S r -semicontramodules (see Lemma 13.3.31) . 

The vector space of (g, H)-semicontrainvariants 9fi s,H is defined as the kernel of 
the map Honifc(det(f)), — ► Honifc(det(F)) ®fc{j/f), ^P)# that we have constructed. 

C.5.5. Let N be a right S r (g, if )-semimodule and M be a left S'(g, if)-semimod- 
ule; assume that either N or 3VC is a coflat C(if )-comodule. Then there is a natural 
isomorphism J\T 0s r £ V 0s r 3VC ~ (3\f ®fc M) B) h, where M is considered as the 

tensor product of Harish-Chandra modules N and 3VC. 

Indeed, introduce an increasing filtration F of the fc-algebra R = U(q) whose 
component F t R, t — 0, 1, ... is the linear span of all products of elements of g where 
at most t factors do not belong to f). In particular, we have F R ~ K = t/(f)). Set 
F t S r = C ® K F t R; then we have F S r ~ C, the natural maps Ft^S 1 " — > F t S r are 
injective, their cokernels are coflat left and right C-comodules, S r ~ lim F t S r , and the 
semimultiplication map F p S r D e F q S r — > S Dq S — > S factorizes through F p+q S r . 
Moreover, the maps F p S> T Dq F q S r — > F p+q §> r are surjective and their kernels are 
coflat left and right C-comodules. (Cf. 111.51 ) 

Let "N be a right S r -semimodule and XL be a left S r -semimodule such that either N 
or XL is a coflat C-comodule. Denote by r\ t : NDg.F ]t S r ngXL — > NDgXL the map equal 
to the difference of the map induced by the semiaction map F t S r dig XL — ► XL and the 
map induced by the semiaction map N\3eF t S r — ► "N. Let us show that the images 
of r)t coincide for t ^ 1. Let p, q ^ 1; then the map "N Dq F p S r Dg -F 9 S r Dg XL — ► 
]\rne-Fp + qS r De£j is surjective in view of our assumption on N and XL. The composition 
of the map ]NTDeF p S r □ e F (? S r DgXL — > ?sfngFp +? S r DgXL with the map rj p+q is equal 
to the sum of the composition of the map NOgi^S 7 " C\eF q S r DgXL — > Nne-FpS^neXL 
induced by the semiaction map F q S r \3e£j — > XL and the map r) p , and the composition 
of the map NneF p S r C\QF q S r ne£j — > !NDg-FgS r DgXL induced by the semiaction map 
NDg F p § r — > 3V and the map r\ q . So the assertion follows by induction. Therefore, 
the semitensor product NOs £ is isomorphic to the cokernel of the map 771 . 

On the other hand, the map 7/0 vanishes. In view of our assumption on N and 
XL, the quotient space (N Dg i<iS r D e XL) / (DNT D e F S r D e XL) is isomorphic to N Dg 
F 1 S r /i ; oS T DgXL. Hence the semitensor product ]\T 0§XL is isomorphic to the cokernel 
of the induced map % : N Dg (FiS r /F S r ) Dg XL — ► N Dg XL. 

Now when XL = £ v Os 3VC for a left S'-semimodule 3Vt, the natural isomorphisms 
Nn e £ v n e M- (N® fe E v ® fc M) H ~ (E v ® k 'N® k M) H &nd^n e (F 1 § r /F § r )a e e y n e 
M ~ Nn e (e® fc0 /^)n e £ v n e M ~ (N® fc g/h® fe E v ® fc M)^ ~ (E v ® fe g/f)® fc N® fc M) H 
given by the formulas z (gm <8> m 1 — > n ® 2 Cg> m and n®z®l®m 1 — > %®z®n®m 
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identify the map rjx with the map whose cokernel is, by the definition, the space of 
semiinvariants (N (&k M) S) #. 

C.5.6. Let M be a left S (g, if)-semimodule and be a left S r (g, i7)-semicontra- 
module; assume that either M is an coprojective C(if )-comodule, or N is a coinjec- 
tive C(if )-contramodule. Then there is a natural isomorphism SemiHom§ r (£ v Ogi 
3VC, ^3) ~ Homfc(M, ^J) 0,i? , where the structure of left S r -semicontramodule on 
Homfc(M, ^3) was introduced in IC.3.61 The proof is analogous to that of IC.5.51 
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Appendix D. Tate Harish-Chandra Pairs and Tate Lie Algebras 
by Sergey Arkhipov and Leonid Positselski 

In order to formulate the comparison theorem relating the functors SemiTor and 
SemiExt to the semi-infinite (co)homology of Tate Lie algebras, one has to consider 
Harish-Chandra pairs (g, H) with a Tate Lie algebra g and a proalgebraic group H 
corresponding to a compact open subalgebra () C g. In such a situation, the con- 
struction of a Morita equivalence from Appendix O no longer works; instead, there is 
an isomorphism of "left" and "right" semialgebras correspoding to different central 
charges. The proof of this isomorphism is based on the nonhomogeneous quadratic 
duality theory developed in Section [TT] (see also 10. 4ft . Once the isomorphism of semi- 
algebras is constructed and the standard semi- infinite (co) ho mo logical complexes 
are introduced, the proof of the comparison theorem becomes pretty straightfor- 
ward. The equivalence between the semiderived categories of Harish-Chandra mod- 
ules and Harish-Chandra contramodules with complementary (or rather, shifted) 
central charges follows immediately from the isomorphism of semialgebras. 

D.l. Continuous coactions. 

D.l.l. Let k be a fixed ground field. A linear topology on a vector space over k is a 
topology compatible with the vector space structure for which open vector subspaces 
form a base of neighborhoods of zero. In the sequel, by a topological vector space we 
will mean a fc-vector space endowed with a complete and separated linear topology. 
Equivalently, a topological vector space is a filtered projective limit of discrete vector 
spaces with its projective limit topology. Accordingly, the (separated) completion 
of a vector space endowed with a linear topology is just the projective limit of its 
quotient spaces by open vector subspaces. 

The category of topological vector spaces and continuous linear maps between 
them has an exact category structure in which a triple of topological vector spaces 
V — > V — > V" is exact if it is an exact triple of vector spaces strongly compatible 
with the topologies, i. e., the map V — > V is closed and the map V — > V" is open. 
Any open surjective map of topological vector spaces is an admissible epimorphism. 
Any closed injective map from a topological vector space admitting a countable base 
of neighborhoods of zero is a split admissible monomorphism. 

A topological vector space is called {linearly) compact if it has a base of neigh- 
borhoods of zero consisting of vector subspaces of finite codimension. Equivalently, 
a topological vector space is compact if it is a projective limit of finite-dimensional 
discrete vector spaces. A Tate vector space is a topological vector space admitting 
a compact open subspace. Equivalently, a topological vector space is a Tate vector 
space if it is topologically isomorphic to the direct sum of a compact vector space 
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and a discrete vector space. The dual Tate vector space V v to a Tate vector space 

V is defined as the space of continuous linear functions V — > k endowed with the 
topology where annihilators of compact open subspaces of V form a base of neighbor- 
hoods of zero. In particular, the dual Tate vector spaces to compact vector spaces are 
discrete and vice versa; for any Tate vector space V, the natural map V — ► (V v ) v 
is a topological isomorphism. 

D.1.2. The projective limit of a projective system of topological vector spaces en- 
dowed with the topology of projective limit is a topological vector space. This is 
called the topological projective limit. 

The inductive limit of an inductive system of topological vector spaces can be en- 
dowed with the topology of inductive limit of vector spaces with linear topologies; 
we will call the inductive limit endowed with this topology the uncompleted inductive 
limit. The completed inductive limit is the (separated) completion of the uncom- 
pleted inductive limit. For any countable filtered inductive system formed by closed 
embeddings of topological vector spaces the uncompleted and completed inductive 
limits coincide. Morover, let 14 be a filtered inductive system of topological vec- 
tor spaces satisfying the following condition. For any increasing sequence of indices 
Oil ^ a 2 ^ • • • the uncompleted inductive limit of V ai is a direct summand of the 
uncompleted inductive limit of V a considered as an object of the category of vec- 
tor spaces endowed with noncomplete linear topologies. Then the uncompleted and 
completed inductive limits of V a coincide. 

D.1.3. We will consider three operations of tensor product of topological vector 
spaces [6]. For any two topological vector spaces V and W, denote by V ® ! W 
the completion of the tensor product V W with respect to the topology with a 
base of neighborhoods of zero consisting of the vector subspaces V ® W + V ® W, 
where V C V and W C W are open vector subspaces in V and W. Furthermore, 
denote by V ®* W the completion of V ®k W with respect to the topology formed 
by the subspaces of V <8> W satisfying the following conditions: a vector subspace 
T C V <8> W is open if (i) there exist open subspaces V C V, W C W such that 

V <S> W C T, (ii) for any vector v G V there exists a subspace W" C W such that 
v ® W" C T, and (iii) for any vector w G W there exists a subspace V" C V such 
that V" ® w C T. Finally, denote by V ® W the completion of V ®k W with respect 
to the topology formed by the subspaces satisfying the following conditions: a vector 
subspace T C V ®fc W is open if (i) there exists an open subspace W C W such that 

V ®fc W C T, and (ii) for any vector w G W there exists an open subspace V" C V 
such that V" <g> w C T. Set V ® W = W ® V. 

The topological tensor products (g> ! and <S>* define two structures of associative 
and commutative tensor category on the category of topological vector spaces. The 
topological tensor product ® defines a structure of associative, but not commutative 
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tensor category on the category of topological vector spaces. For any topological 
vector spaces Vi, . . . , V n and W the vector space of continuous polylinear maps 
V\ x • • • x V n — > W is naturally isomorphic to the vector space of continuous linear 
maps V\ ®* • • • Cg)* V n — > W. When both topological vector spaces V and W are 
compact (discrete), the topological tensor product V ®* W ~ V®W~V®W~ 

V ® ! W is also compact (discrete). The functor ® ! preserves topological projective 
limits. The functor ®* preserves (uncompleted or completed) inductive limits of 
filtered inductive systems of open injections. The topological tensor product V ® W 
is the topological projective limit of ^-products of V with discrete quotient spaces 
of W. The functor (V, W) i — > V <S> W preserves completed inductive limits in its 
second argument W. The underlying vector space of the topological tensor product 

V (g> W is determined by (the topological vector space W and) the underlying vector 
space of the topological vector space V. 

For Tate vector spaces Vi, . . . , V n and a topological vector space U, consider the 
vector space of continuous polylinear maps Yli Vi — > U endowed with the topology 
with a base of neighborhoods of zero formed by the subspaces of all polylinear maps 
mapping the Carthesian product of a collection of compact subspaces V- C Vi into an 
open subspace U' C U (the "compact-open" topology). This vector space is naturally 
topologically isomorphic to the topological tensor product V± ® ! ■ ■ • Cg> ! ® ! W [7]. 
For any topological vector spaces U, W and Tate vector space V, the vector space 
of continuous linear maps V ®*W — ► U is naturally isomorphic to the vector space 
of continuous linear maps W — ► V y ® ! U. 

D.1.4. Let C be a coalgebra over the field k and V be a topological vector space. 
A continuous right coaction of C in V is a continuous linear map V — ► V Cg> ! C, 
where C is considered as a discrete vector space, satisfying the coassociativity and 
counity equations. Namely, the map V — > V £g> ! C should have equal compositions 
with the two maps V ® ! C =4 V Cg> ! C Cg> ! C induced by the map V — ► V ® ! C and 
the comultiplication in C, and the composition of the map V — ► V <g> ! C with the 
map V (g> ! C — >■ V induced by the counit of C should be equal to the identity map. 
Equivalently, a continuous right coaction of C in V can be defined as a continuous 
linear map V ®* C v — > V, where C v is considered as a compact vector space, 
satisfying the associativity and unity equations. Continuous left coactions are defined 
in the analogous way. 

A closed subspace W C V of a topological vector space V endowed with a con- 
tinuous right coaction of a coalgebra C is said to be invariant with respect to the 
continuous coaction (or C-invariant) if the image of W under the continuous coaction 
map V — > V ® ! C is contained in the closed subspace W ® l Q C V ® l Q. It follows 
from the next Lemma that any topological vector space with a continuous coaction 
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of a coalgebra C is a filtered projective limit of discrete vector spaces endowed with 
C-comodule structures. 

Lemma. For any topological vector space V endowed with a continuous coaction 

V — > V £g> ! C of a coalgebra Q, open subspaces of V invariant under the continuous 
coaction form a base of neighborhoods of zero in V. 

Proof. Let U C V be an open subspace; then the full preimage U' of the open 
subspace U ® ! C C V ® ! C under the continuous coaction map V — > V ® ! C is an 
invariant open subspace in V contained in U. To check that U' is C-invariant, use 
the fact the functor of ® ! -product preserves kernels in the category of topological 
vector spaces, and in particular, the <S> ! -product with C preserves the kernel of the 
composition V — > V ® ! C — > V/U ® ! C. To check that U' is contained in U, use 
the counity equation for the continuous coaction. □ 

The category of topological vector spaces endowed with a continuous coaction of a 
coalgebra C has an exact category structure such that a triple of topological vector 
spaces with continuous coactions of C is exact if and only if it is exact as a triple of 
topological vector spaces. 

If V is a Tate vector space with a continuous right coaction of C, then the dual 
Tate vector space V y is endowed with a continuous left coaction of C. 

Let V be a topological vector space with a continuous right coaction of a coalgebra 
C and W be a topological vector space with a continuous coaction of a coalgebra D. 
Then all the three topological tensor products V <S> ! W, V ®* W, and V <S> W are 
endowed with continuous right coactions of the coalgebra C T). To construct the 
continuous coaction on V ® ! W, one uses the natural isomorphism ( V ® ! C) <S> ! (W £g> ! 
T>) ~ (V ® ! W) ® ! (C ®k ■ The continuous coaction on V £g>* W is defined in terms 
of the natural continuous map (V & 6) <g>* (W ®- T>) — ► (V ®* W) ® ! (e® fc D), which 
exists for any topological vector spaces V, W and any discrete vector spaces C, D. 
The continuous coaction on V <8> W is defined in terms of the natural continuous map 

{v ® ! e) g (w ® ! t>) — >{v® w) ®- (e ® k d). 

It follows that for a commutative Hopf algebra C the topological tensor products 

V ® ! W 7 , ®* W 7 , and K <E> W of topological vector spaces with continuous right 
coactions of C are also endowed with continuous right coactions of C. Besides, one 
can transform a continuous left coaction of C in V into a continuous right coaction 
using the antipode. 

Now let W, U be topological vector spaces and V be a Tate vector space; suppose 
that W, U, and V are endowed with continuous coactions of a commutative Hopf 
algebra C. Let / : V ®* W — > U and g : W — > V v £g> ! U be continuous linear maps 
corresponding to each other under the isomorphism from ID . 1 .31 then / preserves the 
continuous coactions of C if and only if g does. 
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D.1.5. A topological Lie algebra g is topological vector space endowed with a Lie 
algebra structure such that the bracket is a continuous bilinear map g x g — ► q. 
Topological associative algebras are defined in the analogous way. For example, let 

V he a Tate vector space. Denote by End(V) the associative algebra of continuous 
cndomorphisms of V endowed with the compact-open topology and by gl(V) the Lie 
algebra corresponding to End(V). Then End(V) is a topological associative algebra 
and gl(V) is a topological Lie algebra. 

Let U, V, W be topological vector spaces endowed with continuous coactions of 
a commutative Hopf algebra G. Then a continuous bilinear map V x W — > U is 
called compatible with the continuous coactions of 6 if the corresponding linear map 

V ©* W — > U preserves the continuous coactions of C. So one can speak about 
compatibility of continuous pairings, Lie or associative algebra structures, Lie or 
associative actions, etc., with continuous coactions of a commutative Hopf algebra. 

Explicitly, a bilinear map V x W — > U is continuous and compatible with the 
continuous coactions of C if and only if the following condition holds. For any C-in- 
variant open subspace U' C U and any finite-dimensional subspaces E C V, F C W 
there should exist invariant open subspaces V C V" C V, W C W" C W such that 
E C V", F C W", the map V"® k W" — ► U/U' factorizes through V"/V'® k W"/W, 
and the induced map V"/V ® fe W"/W — > U/U' is a morphism of C-comodules. 

D.1.6. For any Tate vector spaces V and W , there is a split exact triple of topological 
vector spaces V ®* W — >■ V ® W © W ® V — >■ V ® ! W, where the first map is the 
sum of the natural maps V <g>* W — > V ® W , V ®* — >■ W(§)V, while the second 
map is the difference of the natural maps 

Let us take W = V y . Then V £g> ! V y is naturally isomorphic to gl(V); the spaces 

V ®V y and V w ®V can be identified with the subspaces in gi(V) formed by the 
linear operators with open kernel and compact closure of image, respectively; and 

V <g>* V v is the intersection of V ® V v and V v (§V in gl(V). 

Taking the push-forward of the exact triple V <g>* V y — > V ®V V ®V V ®V — ► 

V ® ! V v with respect to the natural trace map tr: V (g>* V v — ► k corresponding to 
the pairing V x V v — > k, one obtains an exact triple of topological vector spaces 
k — > gl(V)~ — > This is also an exact triple of $j[(V)-modules, which allows 
to define a Lie algebra structure on gi(V)~ making it a central extension of the Lie 
algebra gl(V). The anti-commutativity and the Jacobi identity follow from the fact 
that the commutator of an operator with open kernel and an operator with compact 
closure of image has zero trace. 

Now assume that a Tate vector space V is endowed with a continuous coaction of 
a commutative Hopf algebra G. Then V <g>* V v — > V ® V v © V v ® V — > V © ! V v is 
an exact triple of topological vector spaces endowed with continuous coactions of C; 
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the trace map also preserves the continuous coactions. Thus the topological vector 
space Ql(V)~ acquires a continuous coaction of C. 

D.1.7. Here is another construction of the Lie algebra Ql(V)~ (see [7]). Consider 
the quotient space of the vector space V ©& V v © V y ©& V © k by the relation 
v®g + g®v = (g,v), where ( , ) denotes the pairing of V y with V . This vector space 
is a Lie subalgebra of the Clifford algebra C1(V © V y ) of the vector space V © V y 
with the symmetric bilinear form given by the pairing ( , ); the Lie bracket on this 
subalgebra is given by the formulas \u\ <S>gi, v 2 ®g 2 ] = v 2) v i ®9z ~ (92, ^1)^2 ©#1, 
[v(B)g, 1] = 0. This Lie algebra acts in the vector space V by the formulas (v(3g)(v') = 
(g,v')v, l(w) = 0. There is a separated topology on this Lie algebra with a base 
of neighborhoods of zero formed by the Lie subalgebras V © W + V (g) V y , where 
V C V and W C V v are open subspaces such that (W, V) = 0. The completion 
of this Lie algebra with respect to this topology can be easily identified with the Lie 
algebra gl(V)~ defined above. 

Hence the Lie bracket on gl(V)~ is continuous. In addition, we need to check that 
when V is endowed with a continuous coaction of a commutative Hopf algebra C, the 
Lie bracket is compatible with the continuous coaction of C in qI(V)~. The latter 
follows from the existence of a well-defined commutator map 

Hom(X 4 , X 3 , X x] X/X 1 ,X i /X 1 , X 2 /X 1 ) m — > fl [(X)~/(X © X^ + X 2 © X v ) 

for any flag of finite-dimensional vector spaces X\ C X 2 C X3 C X4 C X, where 
the Horn space in the left hand side consists of all maps X 4 — > XjX\ sending X 3 
to X^/Xi and X± to X 2 /Xi, and Y 1 - C X y denotes the orthogonal complement to a 
vector subspace Y C X. 

D.1.8. A Tate Lie algebra is a Tate vector space endowed with a topological Lie 
algebra structure. Let g be a Tate Lie algebra endowed with a continuous coaction 
of a commutative Hopf algebra C such that the Lie algebra structure is compatible 
with the continuous coaction. Then C-invariant compact open subalgebras form a 
base of neighborhoods of zero in q. 

Indeed, choose a C-invariant compact open subspace U C g; let I) be the normalizer 
of U in g, i. e., the subspace of all x G g such that [x, U] C U. Then () is a 
C-invariant open subalgebra in g, since it is the kernel of the adjoint action map 
g — ► Hom fc ([/, q/U). Therefore, the intersection f) n U is an C-invariant compact 
open subalgebra in g contained in U. 

The canonical central extension g~ of a Tate Lie algebra g is defined as the fibered 
product of g and gl(g)~ over g[(g), where g maps to gl(g) by the adjoint represen- 
tation. The vector space g~ is endowed with the topology of fibered product; this 
makes g~ a Tate Lie algebra. The central extension g~ — > g splits canonically and 
continuously over any compact open Lie subalgebra t) C g. Indeed, the image of f) 
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in g[(g) is contained in the open Lie subalgebra gt(f),g) C gl(g) of endomorphisms 
preserving f), and the map from the open Lie subalgebra of g((g)~ constructed as the 
completion of g <S>k f) 1 " + g v ©fc f) onto g[(f), g) is a topological isomorphism. 

The natural continuous coaction of C in g~ is constructed as the fibered product 
of the coactions in g and gl(g)~; it is clear that the Lie algebra structure on g~ is 
compatible with the continuous coaction. If f) C g is a C-invariant compact open 
subalgebra, then the canonical splitting f) — > g~ preserves the continuous coactions. 

When a Tate vector space V is decomposed into a direct sum V ~ E © F of 
a compact vector space £7 and a discrete vector space F, there is a natural section 
gl(V) — > gl(V)~ of the central extension gt(V)~ — > Ql(V); the image of this section 
is the completion of V © F v + F © V y + V y © E + E v © V. Consequently, when a 
Tate Lie algebra g is decomposed into a direct sum g ~ t) © b of a compact open Lie 
subalgebra h, and a discrete vector subspace b, there is a natural section g — > g~ of 
the central extension g~ — > g; this section agrees with the natural splitting f) — > g~. 

D.2. Construction of semialgebra. 

D.2.1. We will sometimes use Sweedler's notation [45J c i — ► cm © C( 2 ) for the 
comultiplication map in a coassociative coalgebra C. The analogous notation for 
coactions of C in a right C-comodule N and a left C-comodule M is n i — ► n(p\ © ri(i) 
and m i — ► m (-i) ® m (o), where n, ri(o) G N, m, m( ) G M, and nm, G C. 

A Lze coalgebra £ is a fc-vector space endowed with a fc-linear map XL — ► Aj XL 
from XL to the second exterior power of XL denoted by / i — ► /{i} A L2}, which should 
satisfy the dual version of Jacobi identity ^mm A ^{i}{2} A /{ 2 } = l{n A ^{2}{i} A l{2}{2}, 
where l'Al"Al"' denotes an element of f\ 3 k XL. A comodule M over a Lie coalgebra XL is a 
k- vector space endowed with a fc-linear map M — ► XL ©M denoted by 777 1 — ► m{_n © 
777 { } satisfying the equation 777{_i} A777{ }{_i} ©r77{ }{ } = "^{-i}{i} A777{_i}{ 2 } ©m{ }, 
where V A I" © 777 denotes an element of f\ 2 k XL © fc M. 

A Tate Harish- Chandra pair (g, C) is a set of data consisting of a Tate Lie algebra g, 
a commutative Hopf algebra C, a continuous coaction of C in g such that the Lie 
algebra structure on g is compatible with the continuous coaction, a C-invariant 
compact open subalgebra 1) C 5, and a continuous pairing ip: C x t) — > k, where 
C is considered with the discrete topology. This data should satisfy the following 
conditions (cf. [9]): 

(i) The pairing if> is compatible with the multiplication and comultiplication in C, 
i. e., the map ip : C — > f) v corresponding to ip is a morphism of Lie coalgebras 
such that ip{c'c") = E(c')tjj(c")+e(c")ip(c f ) for cf, c" G C. Here the Lie coalgebra 
structure on C is defined by the formula c 1 — > cm A C( 2 ) and the Lie coalgebra 
structure on l) v is given by the formula (x*,[x',x"}) = (xm, x")(x{2}, %') — 
(x'r l -y,x')(x%y,x") for x* G f} v , x' , x" G f). By s we denote the counit of C. 
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(ii) The pairing ip is compatible with the continuous coaction of C in () obtained by 
restricting the coaction in g and the adjoint coaction of C in itself. The latter 
is defined by the formula c i — > cp] <8> C[i] = C(2) <8> s(c(i))c(3), where s denotes 
the antipode map of the Hopf algebra C (the square brackets are used to avoid 
ambiguity of notation). The compatibility means that the continuous linear 
map Q <S>* i) — > k corresponding to ifj preserves the continuous coactions, or 
equivalently, the map ip is a morphism of C-comodules. 

(iii) The action of f) in g induced by the continuous coaction of C in g and the 
pairing ip coincides with the adjoint action of f) in g. Here the former action is 
constructed as the projective limit of the actions of f) in quotient spaces of g by 
C-invariant open subspaces; for a right C-comodule N, the f)-module structure 
on N induced by the pairing ip is defined by the formula xn = —ip(n^, x)n^ 
for x G f), n e N. 

Given a Tate Harish-Chandra pair (g, C), one can construct a Tate Harish-Chandra 
pair (g~, C) with the same Lie subalgebra h, where g~ is the canonical central ex- 
tension of a Tate Lie algebra g. A continuous coaction of C in g~ and a canonical 
embedding of F) into g preserving the continuous coactions of C were constructed 
above; it remains to check the condition (iii). Here it suffices to notice that the 
adjoint action of g((g) in gf(g)~ coincides with the action of g((g) in gl(fl)~ induced 
by the action of gl(g) in g, hence the adjoint action of F) in gl(g)~ coincides with the 
action of f) in gf(g)~ induced by the coaction of C in 01(g) ~ and the pairing if). 

D.2.2. Let (g', C) be a Tate Harish-Chandra pair such that the Tate Lie algebra g' is 
a central extension of a Tate Lie algebra g with the kernel identified with k; assume 
that C coacts trivially on k C g' and the Lie subalgebra f) C g' that is a part of 
the Tate Harish-Chandra pair structure does not contain k. Then (g, Q) is naturally 
also a Tate Harish-Chandra pair with the induced continuous coaction of C in g and 
the Lie subalgebra f) C g defined as the image of f) in g. In this case, we will say 
that (g', C) — > (g, C) is a central extension of Tate Harish-Chandra pairs with the 
kernel k. One example of a central extension of Tate Harish-Chandra pairs is the 
canonical central extension (g~, C) — >■ (g, C). 

Let x: (g', C) — > (g, C) be a central extension of Tate Harish-Chandra pairs with 
the kernel k. Consider the tensor product S^.(g, C) = C <S>u(t)) U^g), where U(f)) and 
U (g') denote the universal enveloping algebras of the Lie algebras 1) and g' considered 
as Lie algebras without any topologies, U^(g) = U (g') /(lu(g') — 1 ') is the modification 
of the universal enveloping algebra of g corresponding to the central extension k — >■ 
g' — > g, and lu(g') an d l g ' denote the unit elements of the algebra U(g') and the 
vector subspace k C g', respectively. The structure of right £/(h)-module on C comes 
from the pairing : G(g) fc [/(f)) — ► A; corresponding to the algebra morphism [/(f)) — > 

C v induced by the Lie algebra morphism ip: f) — > C v , where the multiplication on 
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C* is defined by the formula (c'*c"*,c) = (c'*, c (2) )(c"*, c (1) ) for d* , c"* G C*, c G C 
and the Lie bracket is given by the formula [c'*, c"*] = c'*c"* — c"*c'*. 

We claim that the vector space S^.(fl, C) has a natural structure of semialgebra over 
the coalgebra C provided by the general construction of 110.2.11 The construction of 
this semialgebra structure becomes a little simpler if one assumes that 

(iv) the pairing 0: C ®fc U(t)) — > k is nondegenerate in C, 
but this is not necessary. 

D.2.3. To construct a right C-comodule structure on S^.(g, C), we will have to ap- 
proximate this vector space by finite-dimensional spaces. Let Vi, . . . , V t be a se- 
quence of C-invariant compact open subspaces of g' containing f) and k such that 
Vi + [Vi, Vi] C Vi-\. Let Ji be a finite-dimensional right C-comodule. Choose a C-in- 
variant compact open subspace W\ C f) such that the C-comodule N is annihilated 
by the action of W\ obtained by restricting the action of t) induced by the pairing ip. 
For each i = 2, . . . , t choose a C-invariant compact open subspace Wi C f) such that 
Wi + [Vi, Wi] C Wi-\. Denote by S^(VI, • • • , V t ; N) the quotient space of the vector 
space N(g>fc (A; © V\jW\ © ■ ■ • © (V^/Wi)®*) by the obvious relations imitating the rela- 
tions in the enveloping algebra U^(q) and its tensor product with 74 over U(\)). It is 
easy to see that this quotient space does not depend on the choice of the subspaces Wi. 

In other words, denote by R(Vi, . . . , V t ) the subspace U(t))(k + Vi H h V*) C U„(q); 

it is an C/(f))-C/(f))-subbimodule of U^(g) and a free left U(i)) -module. The tensor 
product Jsf ® [/•(!)) • • • > Vt) is naturally isomorphic to S^(Vi, . . . , Vt, K). This is 

an isomorphism of right [7(f))-modules; when Jsf = D is a finite-dimensional subcoal- 
gebra of C, this is also an isomorphism of left C-comodules. Clearly, the inductive 
limit of S^.(Vi, . . . ,V t ;T>) over increasing t, Vi, and finite-dimensional subcoalgebras 
T> C C is naturally isomorphic to S^.(g, C). 

Now the vector space S^.(Vi, . . . , V t ; K) has a right C-comodule structure induced 
by the right C-comodule structure on N© fc (k © Vi/Wi © • • • © (T4/W t )®*) obtained 
by taking the tensor product of the C-comodule structures on Vi/Wi and the right 
C-comodule structure on D. The inductive limit of these C-comodule structures for 
H = D provides the desired right C-comodule structure on S^($j, C). It commutes 
with the left C-comodule structure on S^(g, C) and agrees with the right ?7(())-module 
structure, since such commutativity and agreement hold on the level of the spaces 
S^iYi, . . . , Vt; T>). Furthermore, by the (classical) Poincare-Birkhoff-Witt theorem 
Ux(q) is a free left U(fy) -module. If the condition (iv) holds, the construction of the 
semialgebra S^.(0, C) is finished; otherwise, we still have to check that the semiunit 
map C — > S^.(g, C) and the semimultiplication map S r ^(g, G)D e S r M .(g, C) — > S^.(g, C) 
are morphisms of right C-comodules. 

The former is clear, and the latter can be proven in the following way. Any finite- 
dimensional C-comodule N is a comodule over a finite-dimensional subcoalgebra £ C 
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C. There is a natural isomorphism X(E>i7(Mi2(Vi, . . . , V t ) — CNt]e(£<8>[/([))-R(Vi, • • • , V*)). 
The corresponding isomorphism S^.(Vi, . . . , V t ; CN") ~ CN" De S^(Vi, ■ ■ ■ > Vtj £)> which is 
induced by the isomorphism CN" ~ HDg £, preserves the right C-comodule structures. 
All of this is applicable to the case of TsT = S^.(V/, . . . , V^'; CD), where V/, . . . , V/ is 
another sequence of subspaces of g' satisfying the above conditions. Now let V", . . . , 
V 2 " C g' be a sequence of subspaces satisfying the above conditions and such that 
V(, Vi C V&i. The map C ® u(t)) U x (g) t^(g) — ► C ®^ (W C/ X (g) induced by the 
multiplication map U^(g) ®u(t)) U^(g) — > U^{g) is the inductive limit of the maps 
2? ® m R{V(, Vi) ®C7(« • • • , V t ) — >T> iW, . . . , V^) over increasing 
t, V$, V?, Vf, and 2). The corresponding map S^, . . . , K; • • • , *t5 ^)) — > 
S^(y i ", . . . , V^; CD) is induced by the map 2) ® fc (fc © V{/W[ © • • • © (K/W/)®*) © fc 
(A; © Vl/Wi © • • • © (Vt/Wi)®*) — > V ® k (k © Vf/W? © • • • © (t^/W^)® 2 *), where the 
sequences of subspaces Wf, Wi, W" satisfy the above conditions with respect to the 
sequences of subspaces V(, Vi, V", and the right C-comodules CD, CD © fe (k © V[/W[ © 
• ■ ■ © (V^/Wt)®*), CD, respectively, and the additional condition that W[, Wi C W? +i . 
One can easily see that the latter map is a morphism of right C-comodules. 

D. 2.4. The semialgebra S^(g, C) over the coalgebra C is constructed. Analogously 
one defines a semialgebra structure on the tensor product S^(g, C) = U^g) ®u(fj) C 
The semialgebras S^. = S^.(g, C) and = S^(g, C) are essentially opposite to each 
other (see IC.2.7]) . More precisely, the antipode anti-automorphisms of U(g') and 



C induce a natural isomorphism of semialgebras S^. ~ Si°£ compatible with the 
isomorphism of coalgebras C op ~ C, where we denote by — x the central extension 
of Tate Harish- Chandra pairs with the kernel k that is obtained from the central 
extension x by multiplying the embedding k — > g' with —1. 

D.2.5. A discrete module M over a topological Lie algebra g is g-module such that 
the action map g x M — ► M is continuous with respect to the discrete topology of 
M. Equivalently, a g-module M is discrete if the annihilator of any element of M is 
an open Lie subalgebra in g. In particular, if if): Q x § — > k is a continuous pairing 
between a compact Lie algebra f) and a coalgebra C such that the map ip : C — > f) v is 
a morphism of Lie coalgebras, then the f)-module structure induced by a C-comodule 
structure by the formula of ID.2. ll (iii) is always discrete. 

Let x: (g', C) — > (g, C) be a central extension of Tate Harish-Chandra pairs with 
the kernel k. Then the category of left semimodules over S^(g, C) is isomorphic to 
the category of fc-vector spaces M endowed with C-comodule and discrete g'-module 
structures such that the induced discrete f)-module structures coincide, the action 
map g/t/©*X — > M is a morphism of C-comodules for any finite-dimensional C-sub- 
comodule L C M and any C- in variant compact open subspace U C g annihilating L, 
and the unit element of k C g' acts by the identity in M. The second of these three 
conditions can be reformulated as follows: for any C-invariant compact subspace 
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V C g', the natural Lie coaction map 3VC — > V v ®fe3VC is a morphism of C-comodules. 
When the assumption (iv) of ID. 2. 21 is satisfied, the second condition is redundant. 

Abusing terminology, we will call vector spaces DVC endowed with such a structure 
Harish- Chandra modules over (g, C) with the central charge x. Analogously, the 
category of right semimodules over S^(g, C) is isomorphic to the category of Harish- 
Chandra modules over (g, C) with central charge — x. 

D.2.6. For a topological vector space V and a vector space P, denote by V (gT 
P the tensor product V ® ! P = V ® P considered as a vector space without any 
topology, where P is endowed with the discrete topology for the purpose of making 
the topological tensor product. In other words, one has V (gPP = lim ^ V/U ®fc P, 
where the projective limit is taken over all open subspaces U C V. 

For a topological vector space V, denote by A*' 2 (^0 the completion of AfcOO with 
respect to the topology with the base of neighborhoods of zero formed by all the 
subspaces T C Alt 00 sucn that there exists an open subspace V C V for which 
f\ k (V) C T and for any vector v G V there exists an open subspace V" C V for 
which v A V" C T. For any topological vector spaces V and W, the vector space of 
continuous skew-symmetric bilinear maps V x V — ► W is naturally isomorphic to 
the vector space of continuous linear maps A 2 '*(^0 — y W. The space A*' 2 (^0 i s a 
closed subspace of the space V®*V; the skew-symmetrization map V®*V — > V®*V 
factorizes through A*' 2 (^0- 

Let g be a topological Lie algebra. A contramodule over g is a vector space P 
endowed with a linear map g ^TP — > P satisfying the following version of Jacobi 
equation. Consider the vector space 

A (d)®~P- There is a natural map A*' (s) $~ 
P — > g <gT P induced by the bracket map A*' 2 (fl) — * 0- Furthermore, there is a 
natural map (g ®* g) &TP — > g ®^(g <gTP), which is constructed as follows. For any 
open subspace U C g there is a natural surjection (g ®* g) (gPP — >■ (g/U <g>* g) &TP 
and for any discrete vector space F there is a natural isomorphism (P ®* g) (gPP — 
P®fe(g®"P), so the desired map is obtained as the projective limit over U. Composing 
the map /\*' 2 (g) — > (g ®* g) <gTP induced by the embedding /\*' 2 {g) — > g ®* g 
with the map (g ®* g) ®^P — > g ®^(g ®^P) that we have constructed and with the 
map g <ST(g <8>~P) — > g C§PP induced by the contraaction map g (gPP — > P, we 
obtain a second map /\* ,2 {g) — ► P- Now the contramodule Jacobi equation 
claims that the two maps A*' 2 ®^P — > ®~ P should have equal compositions with 
the contraaction map g (gPP — > P. 

Alternatively, the map (g ®* g) (gPP — ► g <8>^(g can be constructed as the 

composition (g (g>* g) (gPP — > (g ® g) CgPP ~gi§)g(§P^g <gP(g ®^P) of the map 
induced by the natural continuous map g®*g — > g®g and the natural isomorphisms 
whose existence follows from the fact that the topological tensor product W ®V 
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considered as a vector space without any topology does not depend on the topology 
of V. The following comparison between the definitions of a discrete 0-module and a 
0-contramodule can be made: a discrete 0-module structure on a vector space M is 
given by a continuous linear map q ®* M ~ g <S> M — > M, while a 0-contramodule 
structure on a vector space P is given by a discontinuous linear map g ® ! P ~ ® 
P — > P, where M and P are endowed with discrete topologies. For any topological 
Lie algebra 0, the category of 0-contramodules is abelian (cf. ID.5.2j) . There is a 



natural exact forgetful functor from the category of 0-contramodules to the category 
of modules over the Lie algebra g considered without any topology. 

For any discrete 0-module M and any vector space E there is a natural structure 
of 0-contramodule on the space of linear maps Hom^M, E). The contraaction map 
<gT Hom&(M, E) — > Homfc(M, E) is constructed as the projective limit over all 
open subspaces U C of the maps g/U ® k Homfc(M, E) — > Romk(M u , E) given by 
the formula z® g i — > (m i — > —g(zm)) for z G g/U, g G Honifc(M, E), and m G M , 
where M u C M denotes the subspace of all elements of M annihilated by U. 

More generally, for any discrete module M over a topological Lie algebra g x 
and any contramodule P over a topological Lie algebra 02 there is a natu- 
ral (qi © 2 )- c ontramodule structure on HoHifc(M, P) with the contraaction map 
(fli © 02) ®^Hom fc (M, P) — > Hom fc (M, P) defined as the sum of two commuting 
contraactions of gi and 02 in Hom^M, P), one of which is introduced above and the 
other one is given by the composition g2 ®^Homfc(M, P) — ► Homfc(M, 02 ®^P) — ► 
Homfc(M, P) of the natural map 02 ®^ Hom / t(M, P) — > Homfc(M, 2 ®^P) and 
the map Homfc(M, 2 ®^P) — ► Homfc(M, P) induced by the 02-contraaction in P. 
Hence for any discrete 0-module M and any 0-contramodule P there is a natural 
0-contramodule structure on Hom/ c (M, P) induced by the diagonal embedding of Lie 
algebras — > © 0. 

D.2.7. When is a Tate Lie algebra, a 0-contramodule P can be also defined 
as a A;- vector space endowed with a linear map Hom^V^P) — > P for every 
compact open subspace V C g. These linear maps should satisfy the follow- 
ing two conditions: when U C V C are compact open subspaces, the maps 
Honifc([/ v ,P) — ► P and Hom.k(V v ,P) — ► P should form a commutative dia- 
gram with the map Hom^f/^P) — ► Hom.k(V v ,P) induced by the natural sur- 
jection V y — > U v , and for any compact open subspaces V, V", W C g such that 
[V, V"} C W the composition Hom fc (V r " v ® k V' v , P) — ► Hom fc (H/ v , P) — > P of the 
map induced by the cobracket map W v — > V" v V' y and the contraaction map 
Homfc(W /V ,P) — ► P should be equal to the difference of the iterated contraaction 
map Hom fc (r /v ® k V' v , P) ~ Rom k (V' v , Rom k {V" y , P)) — > Hom fc (V /v ,P) — ► P 
and the composition of the isomorphism Homfc(V /v ®fc V' v , P) ~ Homfc(V v ®fc 
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V" v , P) induced by the isomorphism V' y ® k V" y ~ V" y ® k V' w with the iterated 
contraaction map Hom fe (F' v ® k V" v , P) ~ Hom fc (y" v , Hom fc (\/' v , P)) — > P. 

For a Tate Lie algebra g, a discrete g-module M, and an g-contramodule P, the 
structure of g-contramodule on Hom^ (M,P) defined above is given by the formula 
ir(g)(m) = tt p (x* \— > #(x*)(m))— #(w{_i})(m{o}) for a compact open subspace V C g, 
a linear map g G Hom k (V v , Honn^M, P)), and elements x* G V^ v , m G M, where 
m i — > m{_i} © m{ } denotes the map M — > V y ® k M corresponding to the g-action 
map V x M — > M and np denotes the g-contraaction map Hom k (V v , P) — > P. 

If ■?/>: C x p) — > A; is a continuous pairing between a coalgebra C and a compact 
Lie algebra f) such that the map ip: C — > h v is a morphism of Lie coalgebras, then 
for any left C-contramodule ^3 the induced contraaction of f) in *}3 is defined as the 
composition Honifc(I) v , $p) — ► Honifc(C, ^3) — ► ^3 of the map induced by the map ip 
and the C-contraaction map. 

D.2.8. Let k: (g', C) — > (g, C) be a central extension of Tate Harish- Chandra pairs 
with the kernel k. Then the category of left semicontramodules over the semialgebra 
S^.(g, C) is isomorphic to the category of fc-vector spaces ^3 endowed with a left 
C-contramodule and a g'-contramodule structures such that the induced fj-contra- 
module structures coincide, for any C-invariant compact open subspace V C g the 
g-contraaction map Hom k (V v , ^3) — > ^3 is a morphism of C-contramodules, and 
the unit element of k C g' acts by the identity in ^3. Here the left C-contramodule 
structure on the vector space Honifc(M, ^3) for a left C-comodule M and a left C-con- 
tramodule ^3 is defined by the formula it(g)(m) = 7r<p(c t— > g(s(m^i))c)(m^)) for 
m G M, g G Hom fc (C, Hom fc (M, «p)). 

Indeed, according to 110.2.21 a left S^.-semicontramodule structure on ^3 is the 
same that a left C-contramodule and a left [/^(g)-module structures such that 
induced £7(h)-module structures on ^3 coincide and the (semicontra) action map 
^3 — ► Hom [ /(f,)(L r >i; (g), ^3) ~ Cohom e (S^., ^3) is a morphism of C-contramodules. 
The latter condition is equivalent to the map ^3 — ► Hom I /( () )([/(h) ■ V, ^3) — 
Cohome(C ®u(t)) U (fj) • V, ^3) being a morphism of C-contramodules for any compact 
C-invariant subspace f) © k C V C g', where i7(fj) • C ^(g). Given this data, one 
can use the short exact sequences h<S>fc^3 — > f)<EP5p©V ©fc^3 — > V(gP^3 to construct 
the Lie contraaction maps V^T^S — > ^3. Then the map ^3 — > B.omu^(U(\))-V, ^3) 
is a morphism of C-contramodules if and only if the map Hom k (V v , ^3) — > ^3 is 
a morphism of C-contramodules. To check this, one can express the first condition 
in terms of the equality of two appropriate maps Hom fc (C, ^3) =4 Hom fc (V, ^3) and 
the second condition in terms of the equality of two maps Hom fe (V v ® k C, ^3) =4 ^3- 
These two pairs of maps correspond to each other under a natural isomorphism 
V y ® k C ~ C ©fe V" v . In particular, our maps Hom/ c (V v , ^3) — ► ^3 are morphisms of 
f)-contramodules, and it follows that they define a g'-contramodule structure. 
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We will call vector spaces ^3 endowed with such a structure Harish- Chandra 
contramodules over (g, C) with the central charge x. If K\ : (g', C) — > (g, C) and 
x 2 : (g", C) — > (g, C) are two central extensions of Tate Harish-Chandra pairs with 
the kernels k, and 3VC and are a Harish-Chandra module and a Harish-Chandra 
contramodule over (g, C) with the central charges Xi and x 2 , respectively, then the 
vector space Homfc(3Vt, ^3) has a natural structure of Harish-Chandra contramodule 
with the central charge x 2 — *c\. Here x 2 — xi : (g w , C) — > (g, C) denotes the 
Baer difference of the central extensions x 2 and xi. This Harish-Chandra contra- 
module structure consists of the g'"-contramodule and C-contramodule structures on 
Honifc(M, ^3) defined by the above rules. 

D.3. Isomorphism of semialgebras. 

D.3.1. For any two central extensions of Tate Harish-Chandra pairs x 7 : (g', C) — > 
(g, C) and x" : (g", C) — > (g, C) with the kernels identified with k we denote by 
x 7 + x" their Baer sum, i. e., the central extension of Tate Harish-Chandra pairs 
(g w , C) — > (g, C) with g"' = ker(g' © g" — > g)/im£;, where the map g' © g" — > g 
is the difference of the maps g' — > g and g" — > g, and the map k — > g' © g" is 
the difference of the maps k — > g' and k — > g". The canonical central extension 
(g~, C) — > (g, C) will be denoted by x . 

We claim that for any central extension of Tate Harish-Chandra pairs x: (g', C) — ► 
(g, C) with the kernel k such that the condition (iv) of ID.2.21 is satisfied there is a 
natural isomorphism S^ +J<o (0, C) — S^(g,G) of semialgebras over the coalgebra C. 
This isomorphism is characterized by the following three properties. 

(a) Consider the increasing filtration F of the fc-algebra U^(g) with the compo- 
nents FiUM = (k + g' + • • • + g' i )C/(f)) = U(i))(k + g' + • - • + g H ) and the 
induced filtration F^^ = Filing) ©(7(f)) C of the semialgebra = S^(g, C). 
Then we have Fo§ u — C, ~ limFjS^, and the semimultiplication maps 

FSl D e FjS l „ — > §L D e — > factorize through F i+i S^. There is 
an analogous filtration FiS^ + = C <8>t/(fj) -Fj[/^ +>ro (g) of the semialgebra 
S^+^o = ^ +J<D (g, C). The desired isomorphism S^ +><0 ~ preserves the 
nitrations F. 

(b) The natural maps — > -^iSL are injective and their cokernels are coflat 
left and right C-comodules, so the associated graded quotient semialgebra 
gr F S^ = i FiS 1 ^/ F^S 1 ^ is defined (cf. 1 1 1 . 5j) . The semialgebra gr F S^ is 
naturally isomorphic to the tensor product Sym fc (g/h) ©& C of the symmetric 
algebra Sym fc (g/h) of the k- vector space g/f) and the coalgebra C, endowed 
with the semialgebra structure corresponding to the left entwining structure 
Sym fc (g/h) ©^ C — > C ©& Sym fc (g/h) for the coalgebra C and the algebra 
Sym fc (g/h) (see ll0.3l) . Here the entwining map is given by the formula u®c i — > 
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cU(-i) <£> U/Q), where u \ — > u (-i) <§) u (o) denotes the C-coaction in Sym fc (g/h) 
induced by the C-coaction in g/h. Analogously, the semialgebra gi>S^ +>i0 
is naturally isomorphic to the tensor product C ®k Sym fc (g/h) endowed with 
the semialgebra structure corresponding to the right entwining structure Q®k 
Sym fc (g/h) — > Sym fc (g/h) ®k C. Here the entwining map is given by the 
formula c ® u i — > M( ) <8> cu(i), where the right coaction w i — > W( ) <8> W(i) 
is obtained from the above left coaction u i — > <8> 'U(o) by applying the 
antipode. These left and right entwining maps are inverse to each other, hence 
there is a natural isomorphism of semialgebras gr F S^ ~ g r F^L+^ ' This 
isomorphism can be obtained by passing to the associated graded quotient 
semialgebras in the desired isomorphism ~ S^ +Ji0 - 
(c) Choose a section b' : g/f) — > g' of the natural surjection g' — > g'/(h © k) ~ 
g/h. Composing 6' with the surjection g' — > g, we obtain a section 6 of the 
natural surjection g — > g/h, hence a direct sum decomposition g ~ f)©5(g/f)). 
So there is the corresponding section g — >• g~ of the canonical central exten- 
sion g~ — ► g; denote by b the composition g/h — ► g — > g~ of the section b 
and the section g — ► g~. The Baer sum of the sections b' and b provides a 
section 6": g/h — > g", where (g", C) — > (g, C) denotes the central extension 
x+ x . Now the composition g/h (g> fc C — ► g' © fc C ~ -Fit/^g) ©& C — ► -FiS^ 
of the map induced by the map 6', the isomorphism induced by the natural 
isomorphism g' ~ FiU^q), and the surjection U^g) ® fc C — > ^(g) C 
provides a section of the natural surjection Fx§ H — > FxS^/FqS^ ~ g/h ©^ C. 
This section is a morphism of right C-comodules. Hence the corresponding re- 
traction FiS 1 ^ — > FqS 1 ^ ~ C is also a morphism of right C-comodules. Analo- 
gously, the composition C© fc g/h — ► C© fc g" ~ Cfg^iql^^g) — ► ^iSL+*o> 
where the first morphism is induced by the map b", is a section of the nat- 
ural surjection i*iS^ +3<0 — ► ^i^+^/^oS^^ ~ C © fc g/h; this section is 
a morphism of left C-comodules. Hence so is the corresponding retraction 
F i& r x+xo — * -^oSLf^ - e - The desired isomorphism F X S^ ~ FiSL+^d iden- 
tifies the compositions FiS^ — > C — > k and FiS^^ — > C — > k of the 
retractions FiS 1 ^ — ► C and Fi§ r x+ — > C with the counit map C — ► k. 
This condition holds for all sections b'. 

Theorem. There exists a unique isomorphism of semialgebras S^ +J<o (g,C) ~ 
S^(g, C) over C satisfying the above properties (a-c). 

Proof. Uniqueness is clear, since a morphism from a C-C-bicomodule to the bicomod- 
ule C is determined by its composition with the counit map C — ► k. The proof of 
existence occupies subsections ID.3.214D.3.71 
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The next result is obtained by specializing the semimodule-semicontramodule cor- 
respondence theorem to the case of Harish- Chandra modules and contramodules. 

Corollary. There is a natural equivalence vi = L$or between the semiderived 

category of Harish- Chandra modules with the central charge x over (0,6) and the 
semiderived category of Harish- Chandra contramodules with the central charge x + x 
over (g, C). Here the semiderived category of Harish- Chandra modules is defined 
as the quotient category of the homotopy category of complexes of Harish- Chandra 
modules by the thick subcategory of G-coacyclic complexes; the semiderived category 
of Harish- Chandra contramodules is analogously defined as the quotient category by 
the thick subcategory of C-contraacyclic complexes. 

Proof. This follows from the results of ID.2.51 and ID.2.8t the above Theorem, and 
Corollary 16.31 □ 

Remark. The main property of the equivalence of semiderived categories provided 
by the above Corollary is that it transforms the Harish-Chandra modules 3Vt that, 
considered as C-comodules, are the cofree comodules Q®kE cogenerated by a vector 
space E, into the Harish-Chandra contramodules ^3 that, considered as C-contra- 
modules, are the free contramodules Homfc(C, E) generated by the same vector space 
E, and vice versa. The similar assertion holds for any complexes of C-cofree Harish- 
Chandra modules and C-free Harish-Chandra contramodules. The above Corollary 
is a way to formulate the classical duality between Harish-Chandra modules with 
the complementary central charges x and — x — xo [221 H2]- Of course, there is no 
hope of establishing an anti-equivalence between any kinds of exotic derived cat- 
egories of arbitrary Harish-Chandra modules over (q, C) with the complementary 
central charges, as the derived category of vector spaces is not anti-equivalent to 
itself. At the very least, one would have to impose some fmiteness conditions on 
the Harish-Chandra modules. The introduction of contramodules allows to resolve 
this problem. Still one can use the functor $§ to construct a contravariant functor 
between the semiderived categories of Harish-Chandra modules with the complemen- 
tary central charges. Choose a vector space U; for example, U = k. Consider the 
functor N 1 — > Honifc(]\r, U) acting from the semiderived category of Harish-Chandra 
semimodules over C) with the central charge — x — xo to the semiderived category 
of Harish-Chandra semicontramodules over (g, C) with the central charge x + x . 
Composing this functor Horm.(— ,U) with the functor L<&gr , one obtains a con- 
travariant functor D sl (simod-S^. +>fo ) — > D s '(S^-simod). The latter functor trans- 
forms the Harish-Chandra modules that as C-comodules are cofreely cogenerated by 
a vector space E into the Harish-Chandra modules that as C-comodules are cofreely 
cogenerated by the vector space Hom.k(E, U), and similarly for complexes of C-cofree 
Harish-Chandra modules. One cannot avoid using the exotic derived categories in 
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this construction, because the functor L$§ does not preserve acyclicity, in general 
(see ETp . 

D.3.2. The semialgebras and S^ + ^ endowed with the increasing nitrations F 
are left and right coflat nonhomogeneous Koszul semialgebras over the coalge- 
bra C (see 111.51) . Indeed, there are natural isomorphisms of complexes of C-C-bi- 
comodules Bar' r (gr F S^, C) ~ Bar* r (Sym fe (g/[)), k) ® k C and Bar^.(gr F S^ +>co , C) ~ 
C ®fc Bar* r (Sym A ,(g/P), k), and the fc-algebra Sym fc (g/f)) is Koszul. Here the left 
C-coaction in Bar* r (Sym A ,(0/f)), k) ® k C is the tensor product of the C-coaction in 
Bar* r (Sym fc (g/f)), k) induced by the C-coaction in g/f) and the left C-coaction in 
C, while the right C-coaction in Bar* r (Sym fc (g/()), k) ® k C is induced by the right 
C-coaction in C. The C-C-bicomodule structure on C®fcBar* r (Sym fc (g/P), k) is defined 
in the analogous way (with the left and right sides switched). 

The left and right coflat Koszul coalgebras D' and T> r over C quadratic dual to 
the left and right coflat Koszul semialgebras gr F S^ and gr F S^. +J<D are described as 
follows. One has D l ~ /\ k (d/i)) ® k C, where f\ k (Q/i)) denotes the exterior coalgebra 
of the k- vector space g/f), i. e., the coalgebra quadratic dual to the symmetric algebra 
Sym fc (g/f)). The counit of A/c(fl/^)®fcC is the tensor product of the counits of /\ k (d/t)) 
and C, while the comultiplication in /\ k (d/t)) ®fc C is constructed as the composition 

A fc (fl/f))®fce — > A fc (fl/fj)®fcAfc(flA)®*e® fc e — > A*(fl/b)®fce® fc A*(fl/f))®fceof 

the map induced by the comultiplications in f\ k (^/i)) and C and the map induced by 
the "permutation" map Afc(sA) ®fc C — ► C ® k /\ k {&/§)- The latter map is given by 
the formula u®c i — > cu[_i] ®"U[o] for u G Afc(s/^) an d c G C, where w i — > wr_i] ®W[o] 
denotes the C-coaction in A&(s/W induced by the C-coaction in g/f). 

Analogously, one has T) r ~ C ® fc Afc(fl/^)> where the counit of C ® fe Afc(sA) 
is the tensor product of the counits of AfeCs/W an d C, while the comultiplication 
in C <g) k Afc(s/W * s defined in terms of the "permutation" map C ® k Afc(sA) — y 
Afc(fl/^) ® fe ^- The l^ter map is given by the formula c®u i — > U[o\ ®cu[i], where the 
right coaction u i — > U[o] <S> «[i] is obtained from the left coaction u i — > U[-i] <S> W[o] by 
applying the antipode. Both coalgebras Afc(fl/^)®feC and C®& AfcCs/fy) have gradings 
induced by the grading of Afe(fl/^)- The two "permutation" maps are inverse to each 
other, and they provide an isomorphism of graded coalgebras D l ~ D r . 

Now recall that we have assumed the condition (iv) of ID. 2. 21 Denote by • • • C 
V 2 Q C V l Q C V°G = C the decreasing filtration of C orthogonal to the natural 
increasing filtration of the universal enveloping algebra U(t)), that is V l Q C C consists 

of all c G C such that 0(c, x) = for all x G k + fj H h f) i_1 C U(fj). Notice that the 

decreasing filtration V is compatible with both the coalgebra and algebra structures 
on C; in particular, it is a filtration by ideals with respect to the multiplication. The 
subspace V 1 C is the kernel of the counit map C — > k; the subspace V 2 Q is the kernel 
of the map C — ► f) v © k which is the sum of the map tp and the counit map. 
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Define decreasing nitrations V on the coalgebras T> 1 and T> r by the formulas V % D l ~ 
/\ k (g/i)) ®fc V*e and V™X> r ~ V i Q ® k f\ k (g/l)); these nitrations are compatible with 
the coalgebra structures on T> 1 and D r , and correspond to each other under the 
isomorphism D l ~ D r . Set = D ~ D r . The coalgebra D is cogenerated by 
the maps D — > T) /V 2r Do and T> — > T>i/V 1 T>i, i. e., the iterated comultiplication 
map from D to the direct product of all tensor powers T> /V 2 D © T>i/V lr D 1 is 
injective. Moreover, the decreasing filtration V on T> is cogenerated by the nitrations 
on T> /V 2, Do and T>i/V lr Di, i. e., the subspaces V % D are the full preimages of the 
subspaces of the induced filtration on the product of all tensor powers of D /V a2 Do© 
T>i/V 1 T>i under the iterated comultiplication map. 

D.3.3. Composing the equivalences of categories from 111.2.21 and Theorem 111.61 
we obtain an equivalence between the category of left (right) coflat nonhomoge- 
neous Koszul semialgebras over C and the category of left (right) coflat Koszul 
CDG-coalgebras over C. Here a CDG-coagebra (2), d, h) is called Koszul over C if the 
underlying graded coalgebra D is Koszul over C. Recall that for a left (right) coflat 
nonhomogeneous Koszul semialgebra S~ and the corresponding quasi-differential 
coalgebra one has Fi§~ ~ D^, so to construct a specific CDG-coalgebra (D, d, h) 
corresponding to a given filtered semialgebra S~ one has to choose a linear map 
5: F]S~ — > k such that the composition of the injection C ~ F S~ — > F\S~ with S 
coincides with the counit map of C. 

Choose a section b' : g/f) — > g' and construct the related section b" : g/t) — > g"; 
denote by 5 l b , : FiS 1 ^ — > k and 5 T b „ : -FiS^ +>C0 — > k the corresponding linear functions 
constructed in (c) of ID. 3. 11 In order to obtain an isomorphism of left and right coflat 
nonhomogeneous Koszul semialgebras § H ~ S^ +J<0 , we will construct an isomorphism 
between the CDG-coalgebras (T) 1 , d l b ,, h[,) and (D r , dl„, h r b „) corresponding to the fil- 
tered semialgebras and S^ +>co endowed with the linear functions S l b , and 5l„. The 
isomorphism of coalgebras T) 1 ~ T> r is already defined; all we have to do is to check 
that it identifies d l b , with d b „ and h l b , with h r b „ . Besides, we need to show that the iso- 
morphism ~ §^ +>4D so obtained does not depend on the choice of b' . Here it suffices 
to check that changing the section b' to b[ leads to isomorphisms of CDG-coalgebras 
(id, a'): (T> l ,d r b „hl,) — (D l ,t^,Ay and (id, a r ) : (T) r , d r b „ , h r b „) — > (D r , d r b „ , h;,,) 

with the linear functions a 1 and a r being identified by the isomorphism T> 1 ~ D r . 

Since the coalgebra T> 1 = T) ~ D r is cogenerated by the maps D — > 2)o/V a2 Do 
and T) — >■ T>i/ViT>i, it suffices to check that the compositions of d l b , and d b „ with 
these two maps coincide in order to show that d l b , = d r b „. We will also see that 
these compositions factorize through r Di/V 2 T>i and D2/^ 1 I ) 2, respectively, and the 
induced map r Di/V 2r D\ — > T>q/V 2( Dq preserves the images of V 1 (actually, even maps 
the whole of £>i/V 2 I>i into V^o/V^i), hence it will follow that the differential 
d\, = d T bll preserves the decreasing filtration V. Besides, we will see that the linear 
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function h\, = h r b ,, annihilates the subspace V 2r D 2 and the linear function a 1 = a r 
corresponding to a change of section b' annihilates the subspace V 2 T)\. 

D.3.4. Let us introduce notation for the components of the commutator map with 
respect to the direct sum decomposition g' ~ f) © 6'(g/f)) © k. As above, the Lie 
coalgebra structure on f) v is denoted by x* i — > x*^-, A x%y Denote the Lie coaction 
of f) v in g/f), i. e., the map g/f) — ► f) v ©& g/f) corresponding to the commutator map 
fj x g/f) — >■ g/f), by w i — > ©-U{ }. These two maps do not depend on the choice 
of the section b'; the rest of them do. 

Denote by u®x* i — > u(x*) the map g/f) ©& f) v — > f) v corresponding to the projec- 
tion of the commutator map 6' (g/f)) x f) — > g' — > f). Denote by w Af i — > {u, v} the 
ma P Afe(fl/f)) — fl/f) corresponding to the commutator map /\ 2 k b'(Q/\j) — ► g/f). 
Denote by u A t> © a;* i — > (u, v) x * the map Afe(s/^) ®fc *) V — * ^ corresponding to the 
projection of the commutator map /\ 2 k 6' (g/f)) — > g' — ► f). 

The above five maps only depend on the Lie algebra g with the subalgebra f) and 
the section b: g/f) — ► g, but the following two will depend essentially on g' and b' . 
Denote by p' : g/f) — ► f) v the map corresponding to the projection of the commutator 
map 6' (g/f)) x f) — > g' — > fc. Denote by a': Afe(s/f)) — * ^ the ma P corresponding 
to the projection of the commutator map /\ k b'(Q/t)) — > q' — > k. Denote by p, a 
and p", a" the analogous maps corresponding to the central extensions g~ — > g and 
g" — > g with the sections b and b" . Clearly, we have p" = p' + p and a" — a' + a. 

Set b = &(g/f)) C g. The composition 9 of the commutator map in gl(g)~ with 
the projection gf(g)~ — > k corresponding to the section gf(g) — > 0[(fl)~ coming 
from the direct sum decomposition g ~ f) © b is written explicitly as follows. For any 
continuous linear operator A: g — > g denote by A^ b : f) — > b, A b ^: b — > f), 
etc., its components with respect to our direct sum decomposition. Then the cocycle 
9 is given by the formula 9(A/\B) = ti(A b ^B^ b ) — ti(B b ^A^ b ), where tr denotes 
the trace of a linear operator f) — ► f) with an open kernel. 

Using this formula, one can find that, in the above notation, p{u) = — «{o} ( u {-i}) 
and a(u A v) = -(u,v {0} ) V{1) + (v,u {0} ) U{ _ 1} . 

D.3.5. We have % ~ G, T>[ ~ g/f) © fc 6, and D£ ~ A*(fl/b) ®fc C The composition 
of the map d\, : g/f) ©& C — > G with the counit map e: G — ► k vanishes, since d l b , is 
a coderivation. Let us start with computing the composition of the map d\, with the 
map tp: G — > f) v . 

The class of an element u®c G g/f)©fcC can be represented by the element b' (w)© v ^ 
c G -FW^s) (8>t7({j) C — ^ i~ in the quasi-differential coalgebra corresponding to 
the filtered semialgebra S^. Denote the image of b'(u) ®u(ti) c under the comultiplica- 
tion map D[~ — > C©^!)^ by ci<S>(z<S>u{i))C2), where z G F-JJ^q). The total comulti- 
plication of b' '(u)<S>u(t)) c is then equal to ci©(2© [ /( f ,)C2) + (6 / (' u )®t/(f)) c (i))® c (2)- We have 
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d l v (u®c) = 5y(b'(u)® ui i ) )C {1) )c { 2)-5 l b ,(z® u ^ ) C2)c 1 = -5[, (z <S>u( w c 2 )ci. Furthermore, 
^(4,(u<g>c),a;) = -V'(ci,a:)^,(2;(g) [ /( W C2) = -^(aA^u) ®u(t>) c) = -^([x, ft'(u)] 
c)-^,(&'(w) »[/((,) xc) = 4([6'(w),a;] ® U{1)) c) = (x, u(tp(c))} + (x, p'{u))e(c) for x G f), 
since ■?/>(£, ci)z ®u{fy c 2 = ©c/(f,) c. 

So the composition of the map <4,, : g/f) © fc C — >■ C with the map ip: C — > f) v is 
equal to the composition of the map id©(^,£): g/f) ©fc C — > g/f) © fc (f) v © fc) with 
the map g/f) © fc (f) v © fc) — >■ h v given by the formula u © x* + v i — > + p'f^O- 

Now let us compute the composition of the map d l b , : Afe(fl/^) ®fc C — ► fl/f) ©fc C 
with the map id©£: g/f) ©fc C — >■ g/f). The vector space 2) 2 ~ is the kernel of the 
semimultiplication map F ± Sl n e FtSl — ► F 2 S l „, which can be identified with the 
kernel of the map FiU x (g) ©[/((,) iW*(fl) 6 — ► F 2 U x (g) ©c/(t,) C induced by 

the multiplication map F-JJ^q) <S>u^) FiU^(g) — > F 2 U >e (g t ). The class of an element 
u A v © c G Afc(s/b) ©fc C can be represented by the element &'(«) <S>u{i)) b'(v) <8>u(tj) c — 
b'(v) ©[/([,) b'(u) ©[/([,) c — [b'(u) : b'(v)] <S>u(tj) 1 ©c/(fj) c in the latter kernel. 

Denote the image of b'(v)<S>u{i)) c under the comultiplication map D[~ — > Q® k T>\~ 
by c\ © (z ©[/(()) c 2 ), where z G F 1 C/ >f (g); then the image of b'(u) <S>u(f)) b'(v) ®u{<t>) c 
under the comultiplication map 2) 2 ~ — ► T>[~ © fc T>[~ is equal to (b'(u) ® u{t)) a) © 
[z ©[/(()) c 2 ). The image of [b'(u), b'(v)] <S>u{t)) 1 ©£/([)) c under the same map D 2 ~ — >■ 
© fc D'r is equal to ([6'(u), &»] ©[/ (W c ( i )) © (1 ©^ c (2) ). We have <^,(&'(u) ©[/ (W 
ci)^ ©c/(f,) c 2 = and S l b ,(z <S>u(t,) c 2 ) (id ®e)b'(u) <S>u(t)) C\ = ^(ci)K'( z ®u(V c 2)u = 
8 l b ,(b'(v) ®u{\j) c)u = 0, where p G D[ denotes the image of an element p G 
Furthermore, 5 l b ,([b'(u), b'(v)\ Qufi) c (i))l ®u(fj) c (2) = 0. Hence (id©£)dj,,(ii A i> © 
c) = -<%(1 ©[/(f>) C( 2 ))(id(8)e)[6 / (M),6'(u)] <S>u(H) qi) = -(id®e)[6'(u),6 / (v)] ©[/((,) c = 
— [u,u}e(c). 

So the composition of the map d\, : Afc(fl/f)) ©fc ^ — > g/f) ©fc C with the map 
id©£: g/f) ©fc C — > g/f) is equal to the composition of the map id©£: /\ k (d/i)) ©fc 
C — > Afe(s/^) w ^h ma P Afe(s/f)) — fl/fy gi ven by the formula uAv i — > — {it, i>}. 

Finally, let us compute the linear function h l b r. Afc(s/b) ®fe C — >■ k. We have 
®c/(f)) c i)$l>( z ®c/(W c s) = ° ? hence h(u Av <g) c) = -S l b ,([b'(u),b'(v)] <S>u(f,) 
C(i)K'(r ©[/((,) c (2 )) = ®c/(f,) c) = -(w,u)^( c) - ff'Mo)e(c). So the 

linear function h l b , is equal to the composition of the map id ©(?/•>, s) : Afc(fl/^)®fc^ — > 

Afe(fl/f)) ®fc (^) V © k) an d the linear function Afc(fl/f)) ®fc (^) V © ^) — ^ ^ g iven by the 
formula U\ A fi © x* + ii A v i — > — (iii, Ui) x * — cr'(u A v). 

D.3.6. Analogously, we have D r ~ 6, D; ~ C© fe g/f), and D r 2 ~ C© fc Afc(fl/W- The 
composition of the map : C ©fc g/f) — ► C with the map e: C — >■ k vanishes. The 
composition of the map d r b „ : C©fcg/f) — > C with the map ip : C — >■ f) v is equal to the 
composition of the map (■0, e) © id: C ©fc g/f) — > (f) v © k) ©fc g/f) and the map (f) v © 
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fc) ©fc g/f) — ► f) v given by the formula x* <g>u + v i — > u(x*)+ p"(v). The composition 
of the map d r b „ : C <g> k Afc^/W — > C ©fc g/f) with the map e © id: C © fe g/f) — > g/f) 
is equal to the composition of the map e © id: C ©& AfcU/')) — * Afc(0/^) an d the 
ma P Afe(s/^) — > fl/fy given by the formula u Av 1 — >■ —{u,v}. The linear function 
: C ©^ Afc(0/W — > k is equal to the composition of the map (tp,e) © id: C ©& 
Afc(fl/b) — ► (f) V © k ) ®k Al(d/l)) and the linear function (f) v © fc) ® k — ► k 
given by the formula x* © u\ A t> 1 + u A t> 1 — > — (ui, i> i) x . — a"{u A i>). 

The isomorphism g/f) ©& C — C ©fc 0/f) forms a commutative diagram with the 
map g/f) © fe C — ► g/f) © fe (f) v © fc), the map C © fe g/f) — ► (h v © k) © fc g/f), and the 
isomorphism g/f) © fc (h v © fc) ~ (f) v © fc) ©& fl/f) given by the formula w © x* + t> 1 — > 
x* ©-u + V{_i} ©-W{ } +v. Analogously, the isomorphism Afc(fl/l))®fcC — ^©fc Afc(fl/f)) 
forms a commutative diagram with the map ©fc ^ — *■ Afc(fl/f)) ©fc C) V © 

the map C © fe /\l(g/t)) — ► (t) V © fc ) ©fc Afc(s/b), and the isomorphism Afc(s/b) ©fc 
(f) v © fc) ~ (f) v © fc) ©fc Afc(fl/f)) given by the formula Mi A v 1 © + u A w 1 — >■ 

X* © Mi A V 1 + © M{o} A f + f{-l} © M A f {0} + M A f . 

Now it is straightforward to check that the isomorphism T> 1 ~ T> r identifies d l v 
with d r b „ modulo V 2 T> © V 1 ©! © T> 2 © D 3 © • • • and hj,, with h r b „. Indeed, one 
has u(x*) + ^{o}(^{-i}) + p"(^) = u(x*) + p'(v) and -{ui,Vi) x * - (u {0} ,v) U{1} - 
(u, v {0} ) V{1} - a"(u Av) = -(ui, vi) x . - <t'(u A v). 

D.3.7. Finally, let b[ : g/f) — > g' be another section of the surjection g' — > g'/(f) © 
fc) ~ g/f). Then we can write b[ — b + t + t' with t: g/f) — > f) and t' : g/f) — > fc. 
Analogously, the sections foi : g/f) — ► g~ and b'{: g/f) — >■ g" corresponding to 6^ 
have the form bi = b + t + i and &'/ = b" + t + t" with t" = i' + t . 

Denote by r, t\ : flt(fl) — ► flKfl)~ the sections corresponding to direct sum de- 
compositions g = f) © &(g/f)) and g = f) © &i(g/f)) with b\ — b + 1, t: g/f) — >■ f). 
Then one has T\(A) — t(A) = ti{tA^ a /^) for any A e gl(g), where A(,^. fl /^ denotes 
the composition f) — >■ g — > g — > g/f) of the endomorphism A with the injection 
f) — > g and the surjection g — > g/f). 

Using this formula, one can find that t(u) = — t(ii{ })), where ( , ) denotes 

the natural pairing f) v x f) — > fc. 

The natural isomorphism (id, a'): (D 1 , d l b , , h l b ,) — > (D l , d l b , , hi, ) between the 
CDG-coalgebras corresponding to the sections b' and b[ can be computed easily; the 
linear function a 1 : T>[ — > k is the composition of the map id ©(■?/;, e) : g/f) ©& C — > 
g/f) ©fc (f) v © fc) and the linear function g/f) © fe (f) v © fc) — > k given by the 
formula u © x* + v 1 — ► —(x*,t(u)) — t'(v). Analogously, the linear function a r 
in the natural isomorphism (id, a r ): (2) r , d b „ , h b „) — > (T> r , d r b „ , h r b „) between the 
CDG-coalgebras corresponding to the sections b" and b" is the composition of the map 



273 



(V>,£-)<8>id: Ctg^g/f) — > ®k)<g) k g/l) and the linear function (f) v ©£;) © fc g/f) — > fc 
given by the formula x* ®u + v i — ► — (x*, t(u)) — t"(v). 

Now it is straightforward to check that the isomorphism T> 1 ~ D r identifies a' 
with a r . Indeed, -(x*,t(u)) - *(u{ })) -t"{v) = -(x*,t{u)) -t'(v). 

Theorem ID.3.11 is proven. □ 
D.4. Semiinvariants and semicontrainvariants. 

D.4.1. Let g be a Tate Lie algebra, q~ — ► g be the canonical central extension, 
and f) C be a compact open subalgebra; recall that the central extension g~ — > g 
splits canonically over f). Let N be a discrete g~-module where the unit element 
of k C g~ acts by minus the identity. We would like to construct a natural map 
(fl/l} <8>fc iV")^ — > A^, where the superindex f) denotes the f)-invariants and the action 
of f) in N is defined in terms of the canonical splitting I) — > g~. 

Choose a section 6: g/f) — > g of the surjection g — > g/f). The direct sum decom- 
position g ~ f) © fr(g/f)) leads to a section of the central extension gt(g)~ — > gf(g), 
and consequently to a section of the central extension g~ — > g. Composing the 
section b with the latter section, we get a section fo: g/f) — > g~ of the surjection 

0~ — ^fl~/(f)©fc) -s/*)- 

Consider the composition (g/f) ® fc AT)& — > g/f) ©& A" — ► g~ ©a AT — > iV of the 
natural injection (g/f) © fc AT) 1 ^ — >■ f), the map g/f) © fc N — > g~ ©& N induced by the 
section b: g/f) — > g~, and the g~-action map g~ ©& A" — ► AT. Let us check that this 
composition does not depend on the choice of b and its image lies in the subspace of 
invariants N** C N, so it provides the desired natural map (g/f) ©& AQ l > — > N**. 

Let u © n be a formal notation for an element of g/f) ©& AT. Denote by n i — > 
n>{-i} © n{o} the map A" — > f) v ©& A" corresponding to the f)-action map f) x AT — > 
AT. Rewriting the identity xb(u)n = b(u)xn + [x, 6(w)]n for x G f) in the notation 
of ID.3.4[ we obtain the identity (6(u)n){_i} © (&(iz)n){o} = n^i} ®b{u)n^ + © 
b{u{o})n — «(n{_n) © n{ } — W{o}(m{-i}) © n. Now whenever u © n is an ^-invari- 
ant element of g/f) ©& A" one has © u © ri{o} + ® M {o} ® n — 0, hence 
(&(tt)n){_i} © (6(w)n){o} = and b(u)n is an f)-invariant element of A". 

Let fox : g/f) — > f) be another section of the surjection g — > g/f) and fo\ : g/f) — > g~ 
be the corresponding section of the surjection g~ — > g/f). According to ID. 3. 71 we 
have foi = b + t + t with a map t = b\ — b: g/f) — ► f) and the linear function 
^ : flA — *" & given by the formula i(tt) = — £(m{o}))- Let m ® n be an ^-invari- 

ant element of g/f) © AT; then the equation n{_i} © w © ^{o} + u {-i} ® «{o} ® n = 
implies (ri{_i}, t(u))ri{o} + £( M {o}))™ = and t{u)n — t{u)n = 0. 

The cokernel N g ^ of the natural map (g/f)©fcAf) f) — > N* 1 that we have constructed 
is called the space of (g, f)) -semiinvariants of a discrete g-module AT. The (g, ^-semi- 
invariants are a mixture of f)-invariants and "coinvariants along g/f)". 
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D.4.2. For a topological Lie algebra f) and an h-contramodule P the space of h-co- 
invariants Pf, is defined as the maximal quotient contramodule of P where f) acts by 
zero, i. e., the cokernel of the contraaction map f) (gPP — > P. 

Let g be a Tate Lie algebra with a compact open subalgebra t). Let P be a 
g~-contramodule where the unit element of k C g~ acts by the identity We would 
like to construct a natural map P^ — > Honn^g/f), P)^, where the ()-contraaction in 
Homfc(g/f), P) is induced by the discrete action of f) in g/f) and the f)-contraaction 
in P as explained in lD.2.6HD.2.7[ 

As above, choose a section b: g/f) — > g and construct the corresponding section 
b- g/f) — ► g~- Consider the composition P — > Hom fc (g~, P) — > Hom fc (g/f), P) — > 
Homfc(g/P), P)[j of the map P — > Honifc(g~, P) corresponding to the action of g~ in P 
induced by the contraaction of g~ in P, the map Honifc(g~, P) — > Homfc(g/f), P) in- 
duced by the section b, and the natural surjection Homfc(g/f), P) — > Homfc(g/f), P)f,. 
Let us check that this composition factorizes through the natural surjection P — > P^ 
and does not depend on the choice of b, so it defines the desired map p, — > 
Hom fc (g/f),P)(,. 

Let / a linear function f) v — > P and TTp(f) G P be its image under the con- 
traaaction map. The image of ffp(f) under the composition P — > Homfc(g~, P) — > 
Hom fc (g/P),P) is given by the formula u i — > b(u)7Tp(f) = 7i P (x* i— > b(u)f(x*)) — 

K u {o}) f ( u {-i}) + ti"p(^* | — >■ fi u i x *))) ~ f( u {o}( u {-i})) i n the notation of ID. 3. 41 This 
element of Hom fc (g/f),P) is the image of the element g G Hom fc (f) v , Hom fc (g/f), P)) 
given by the formula g(x*)(u) = b(u)f(x*) + f(u(x*)) under the contraaction map. 

If b\ \ g/f) — > g is a different section, then b\(u) = b\{u) + t(u) — (^{-l}, t(u{oy)) 
and for any p G P the element of Hom^g/I), P) given by the formula u i — > t(u)p — 
t(«{o}))p is the image of the element g G Homjt(f) v , Homfc(g/{), P)) given by 
the formula g(x*)(u) = (x*,t(u))p under the contraaction map. 

The kernel P s,i) of the natural map Pf, — > Homfc(g/(), P)f, is called the space of 
(Q,fy)-semicontrainvariants of a g-contramodule P. The (g, ())-semicontrainvariants 
are a mixture of f)-coinvariants and "invariants along g/f)". 

Remark. The above definitions of (g, f))-semiinvariants and (g, f))-semicontrainvari- 
ants agree with the definitions from IC.5.1I4C.5.2I up to twists with a one-dimensional 
vector space det(f)), essentially for the following reason. When g is a discrete Lie 
algebra, the central extension g~ — > g has a canonical splitting induced by the 
canonical splitting of the central extension gl(g)~ — > gl(fl)- When g is a Tate Lie 
algebra and f) C g is a compact open Lie subalgebra, the central extension g~ — > g 
has a canonical splitting over f). When g is a discrete Lie algebra and f) C g is a 
finite-dimensional Lie subalgebra, these two splittings do not agree over f); instead, 
they differ by the modular character of the Lie algebra (). 
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D.4.3. Let C be a coalgebra endowed with a coaugmentation (morphism of coalge- 
bras) e: k — > C, [) be a compact Lie algebra, and if>: C x i) — > k be a pairing such 
that the map h v — > C is a morphism of coalgebras and if) annihilates e(k). For 
any right C-comodule 3Sf, the maximal subcomodule of N where the coaction of C is 
trivial can be described as the cotensor product NOgfe. Here a coaction of C is called 
trivial if it is induced by e; the vector space k is endowed with the trivial coaction. 
There is a natural inject ive map XD e k — ► H e , which is an isomorphism provided 
that the assumption (iv) of ID. 2. 21 holds. 

Analogously, for any left C-contramodule ^3 the maximal quotient C-contramodule 
of ^3 with the trivial contraaction can be described as the space of cohomomorphisms 
Cohom e (/c, ?p). There is a natural surjective map ^ — ► Cohom e (/c, ^3), which is 
also an isomorphism provided that the condition (iv) holds. Indeed, it suffices to 
consider the case when *}3 = Homfc(C,-E) is an induced C-contramodule; in this case 
one only has to check that the kernel of the composition C — ► C <S>k C — > C ®fc f) v 
of the comultiplication map and the map induced by the map if) coincides with e(k). 

Let C be a commutative Hopf algebra. Then for any right C-comodule N and left 
C-comodule M there is a natural isomorphism NDeM~ (N <S>k Dg fc, where the 
right C-comodule structure on ND e M is defined using the antipode and multiplication 
in C. Analogously, for any left C-comodule M and left C-contramodule ^3 there is a 
natural isomorphism Cohonie(M, ^3) ~ Cohomg(A;, HoHifc(M, ^)3)). 

D.4.4. Now let x: (g', C) — > (g, C) be a central extension of Tate Harish-Chandra 
pairs with the kernel k satisfying the assumption (iv) of ID.2.21 and = S ~ 
be the corresponding semialgebra over C. 

Lemma, (a) Let 'N be a Harish-Chandra module with the central charge — x — x 
and M be a Harish-Chandra module with the central charge x over (g, C); in other 
words, !N is a right S^^-semimodule and M is a left S^-semimodule. Assume 
that either "N or DVC is a coflat C-comodule. Then there is a natural isomorphism 
N <0s 3VC ~ (3V <8>fc M) 0) t, ; where the tensor product ]\f ®fc M zs a Harish-Chandra 
module with the central charge — xq. 

(b) Let M be a Harish-Chandra module with the central charge x and ^ be a 
Harish-Chandra contramodule with the central charge x + xo over (g, C); in other 
words, 3VC is a left S^-semimodule and ^3 is a left -semicontramodule. Assume 

that either 3Vt is a coprojective C-comodule, or ^3 is a coinjective C-contramodule. 
Then there is a natural isomorphism SemiHom§(M, SJJ) ~ Hom / t(M, ^3) 9 ' f ' ; where the 
space Honifc(3VC, ^J) is a Harish-Chandra contramodule with the central charge xq. 

Proof. Part (a): denote by rji : 3Sf □<= -FiS De 3VC — > DST De M the map equal to the 
difference of the map induced by the semiaction map FjS D e M — > M and the 
map induced by the semiaction map "NOqFiS — > N. The map r] vanishes and the 
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quotient space (ND e FiSn e M)/(Nn e i'bSneM is isomorphic to NDeCFiS/FoS) D e 
M, hence the induced map fj\: NDe (Fi§/F §) D e M — > NOeM. The cokernel of 
the map fjx coincides with the semitensor product "N Os 3VC for the reasons explained 
in IU331 The cotensor product ]ST D e (FiS/F S) D e M ~ N D e (g/f) <g> fc C) D e M ~ 
3STDe(0/t)®fcM) is isomorphic the space of invariants (g/f)(g> fc M£g>A:N) f, in view of the 
assumption (iv); this isomorphism coincides with the isomorphism NDe(i r iS/i'oS)ne 
M ~ (g/f) CEDfc M ®fe N)* 5 induced by the isomorphism FiS/F S ~ C ®k g/f). Let us 
check that this isomorphism identifies the map fji with the map whose cokernel is, 
by the definition, the space of semiinvariants (N ®k 3VC) B>f) . 

Choose a section b' : g/f) — > g' and consider the corresponding section b" : g/f) — > 
g". There is an isomorphism of right C-comodules C©g/fj(8>fcC — Fi§ H given by 
the formula c[ + u' ®c' i — > 1 (8>i7(F)) c 'i + ®£/(fj) c ' an d an analogous isomorphism 
of left C-comodules C © C ©& g/f) ~ i*iSL+*o given by the formula c" + c" © w" i — > 
c'/ l + c"® C / (f ,)6 // (M")- The induced isomorphism M©g/f)® fe DVC ~ FiS^DgM ~ 
FiUk(q) ©[/(f,) M is given by the formula m x + u ® m i — > 1 ®{/(^ mi + ®t/(fj) m - 
Now let z = n © (c' x + v! ®u(f>) c') © m = n © (c'( + c" ®u(t)) u ") ® m be an element of 
N De -PiS De Then the corresponding element of 3V De F-JJ^q) ®v{tj) 3VC can be 
written as e(ci)n © 1 ®t/(&) m + e(c')n © b'(v!) ®u(t>) m, hence the image of z under the 
map Tsf Oq i^S D e M — >■ N D e M induced by the semiaction map F X S D e M — > M 
is equal to e^c'^n © m + e(c')n © b'(u')m. Analogously, the image of z under the map 
DVDe-FiSDeM — > NDeM induced by the semiaction map "NDqFxS — ► N is equal 
to e(c'l)n®m — e(c")b" ' {u")n®m. One has e(c[) = e(c") by the condition (c) of lD.3.1[ 
Thus 771(2) = n © b'(u)m + b"(u)n © m = b(u)(n © m), where u = e(c')u' = e(c")u". 
Part (a) is proven; the proof of part (b) is completely analogous. □ 

D.5. Semi-infinite homology and cohomology. 

D.5.1. A discrete right module N over a topological associative algebra R is a right 
-R-module such that the action map N x R — > N is continuous with respect to the 
discrete topology of N. Equivalently, a right -R-module N is discrete if the annihilator 
of any element of TV is an open right ideal in R. 

Let A and B be topological associative algebras in which open right ideals form 
bases of neighborhoods of zero. Then the topological tensor product A © ! B has 
a natural structure of topological associative algebra with the same property. The 
tensor product of a discrete right A-module and a discrete right S-module is naturally 
a discrete right A © ! 5-module. 

Let x: q' — > g be a central extension of topological Lie algebras with the kernel k. 
Then the modified enveloping algebra U^{q) = U{q')/{1u{ s ') — 1 ') can be endowed 
with the topology where right ideals generated by open subspaces of g' form a base 
of neighborhoods of zero [3 E]. Denote the completion of U^io) with respect to this 
topology by U^(g); this is a topological associative algebra. The category of discrete 
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g'-modules where the unit element of k C q' acts by minus the identity is isomorphic 
to the category of discrete right U^(q) -modules. 

D.5.2. Let R be a topological associative algebra where open right ideals form a 
base of neighborhoods of zero. Then for any /c-vector space P there is a natural map 
R<8T(R<gTP) — ► R<gTP induced by the multiplication in R; it is constructed as the 
projective limit over all open right ideals U C R of the maps R/U ®k (R <STP) — ► 
R/U ®kP induced by the discrete right action of R in R/U. A left contramodule over 
R is a vector space P endowed with a linear map R<gTP — ► P satisfying the following 
contraassociativity and unity equations. First, the two maps R^T[R^TP) — > R(gTP, 
one induced by the multiplication in R and the other induced by the contraaction 
map R <gT" P — ► P, should have equal compositions with the contraaction map. 
Second, the composition P — > R (gPP — > P of the map induced by the unit of R 
and the contraaction map should be equal to the identity endomorphism of P. 

The category of left P-contramodules is abelian and there is a natural exact 
forgetful functor from it to the category of left modules over the algebra R con- 
sidered without any topology (cf. Remark IA.3I) . Notice also the isomorphisms 
R <gT" (R ®^ P) — R <§> R <§> P — (R ® R) ®^ P, demonstrating the similarity of 
the above definition with the definition of a contramodule over a Lie algebra given 
in ID. 2. 61 The above natural map R <gT(R <8f* P) — > R ®^ P is induced by the 
continuous multiplication map R® R — ► P, which exists for any topological asso- 
ciative algebra R where open right ideals form a base of neighborhoods of zero. Just 
as for Lie algebras, a structure of a discrete right P-module on a vector space N 
is given by a continuous linear map N £g>* R ~ iV <g> R — > N, while a structure of 
a left P-contramodule on a vector space P is given by a discontinuous linear map 
R <g> ! P ~ R cg> P — > P, where N and P are endowed with discrete topologies. 

For any discrete right P-module N and any /c-vector space E, the vector space 
Hom^iV, E) has a natural structure of left contramodule over R. The contraaction 
map R <8>^ Homfc(iV, E) — ► Homfc(iV, E) is constructed as the projective limit over 
all open right ideals U C R of the maps R/U ®t Hom fc (iV, E) — ► Hom fc (A rf/ ,P) 
given by the formulas f ®k 9 1 — ► (n i — > g(nf)) for f e R/U, g G Homfc(A^, E), and 
n G N u , where A^^ C iV denotes the subspace of all elements of iV annihilated by U. 

More generally, let A and B be topological associative algebras where open right 
ideals form bases of neighborhoods of zero, iV be a discrete right S-module, and P be 
a left A-contramodule. Then the vector space Honn^iV", P) has a natural structure 
of contramodule over A ® ! B>. The contraaction map (A ® ! B) Homfc(iV, E) — > 
B.om.k(N,E) is constructed as the projective limit over all open right ideals U C 
B of the compositions A <gT(B/U <g> fc Hom fc (iV, P)) — > A (gT Rom k (N u , P) — > 
B.om.k(N u , A ®^P) — > Homk(N u , P), where the first map is induced by the right 
P-action in iV and the third map is induced by the A-contraaction in P. 
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D.5.3. Let x: g' — > g be a central extension of topological Lie algebras with the 
kernel k. 

Theorem. Assume that the topological Lie algebra g' has a countable base of neigh- 
borhoods of zero consisting of open Lie subalgebras. Then the category of g'-contra- 
modules where the unit element of k C g' acts by the identity is isomorphic to the 
category of left contramodules over the topological algebra U^(g) . 

Proof. It is easy to see that the composition g' <sTP — > ^C(fl) &"P — ► P defines a 
g'-contramodule structure on any left L^(g)-contramodule P (so, in particular, U2(g) 
itself is a g'-contramodule). Let us construct the functor in the opposite direction. 

The standard homological Chevalley complex • • • — > f\ 2 k g' ® fc U^(g) — > g' <8>fc 
U^ig) — ► Uk(q) — > is acyclic. For any open Lie subalgebra f) C g' not containing 
k C g', the complex • • • — ► /\ 2 k fj ® fc U„(g) — ► f) <g) fe U„(g) — ► tyJM — * is 
an acyclic subcomplex of the previous complex. Taking the quotient complex and 
passing to the projective limit over h, we obtain a split exact complex of topological 
vector spaces • • • — > /\ s ' 2 g' <g> ! Uj$) — > g' <g> ! Uj$) — >■ U~(g) — > 0, where we 
denote by f\ s ' 1 g' the completion of f\ l k g' with respect to the topology with a base 
of neighborhoods of zero formed by the subspaces f\ l k f) and the enveloping algebra 
Ux(g) is considered as a discrete topological vector space. Applying the functor 
<8TP, we obtain an exact sequence of vector spaces /\ s ' 2 g f (gP {U^(g) <S>k P) — > 
g' <Er(U„(g) ®fe P) — > U*2(g) &TP — > for any A;- vector space P. 

Now let P be a g'-contramodule where the unit element of k C g' acts by the 
identity; then, in particular, P is a g'-module and a £/^(g)-module. It is clear from 
the above exact sequence that the composition g' ^T(U^(g) ®k P) — ► g' <STP — >■ P 
of the map induced by the ?7 J< (g)-action map and the g'-contraaction map factorizes 
through U^(g) (gPP, providing the desired contraaction map U^(g) ^TP — > P. 

Let us check that this contraaction map satisfies the contraassociativity equation. 
Any element z of U„(g) <STP can be presented in the form z = ^°^ u i®Pi with Ui G 
U^g) and Pi G P, where Ui — > in U„(g) as i — > oo and the infinite sum is understood 
as the limit in the topology of U^(g) <8> ! P. Let us denote the image of the element 
^2i u i ® Pi under the contraaction map U^(g) <gTP — > P by Yli u iPi e P- ^ n this 
notation, the £/^(g)-contraaction map is defined by the formula J2i( x h x i2 ' ' ' x ik)Pi = 
^2i x ii( x i 2 ' ' ' x i k .Pi) f° r an y x h e S' an d Pi £ P such that rr^ — > in g' as i — > oo. 
We have to show that J2i u iJ2j v ijPij = J2i,j( u i v ij)Pij for an y % e ^(fl) an d 
G P such that — > as « — > oo and f ^ — > as j — > oo for any %. 

Let us first check that J2i x iJ2jVijPij = J2i,j( x iVij)Pij for an y ^ £ S' an d 
G P such that — » in g' as i — > oo and y^- — > in g' as j — > oo for any i. Choose 
an integer ji for each % such that {yij \ j > ji} converges to zero in g' as i + j — > oo. 
Then we have J2ij( x iyij)Pij = ^(j/ijPijHEj^ Vij( x iPij) I £j J/ybij- To 
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check that £\ s< Ej^ y^py = Ej^ //, ; (./',/>, ; ) + Ej>jJ^ y«!bii> a PP!y the equation 
on the contraaction map of a contramodule over a topological Lie algebra to the 
element Ej>j t x i A y y - ® Pi? of the vector space /\*' 2 (g') ®^P- 

It follows that Y,i x iY.j v ijPij = Y.i,j( x i v ij)Pij for an y x i e fl'> % e U„(g), and 
G P such that X{ — > in g' as z — > oo and — > in L^(g) as j — > oo for any z. 
Indeed, assuming that % = yijiyw ■ ■ Vijkij, where y vt G g' and -> in g' as 
j -> oo, we have Ei ar* Y^jill.jJI.yi ■ • ■ Vijk^Pij = Ei a* Ej 2/iji(Wj2 • • ■ Vijk l3 Pij) = 
Y.i,j( x iyiji)(yij2 - ■ ■ yijk zj Pij) = J2i,j( x iVijiyij2- ■ -Vm^Pij- Furthermore, it follows 
that xi • • -x s YsjVjPj = Ej( x i ' ' - x sVj)Pj for any x t G g', u,- G L^(g), and pj G P 
such that Uj- — > in C/^(g) as j — > oo. Now to check that Ei w i E, v ijPij = 
Ei j{ u i v ij)Piji we can assume that «j = x^x^ ■ ■ ■ X{ k _, where x-i t G g' and a;^ — > in g' 
as i -> oo. Then we have EiO^i 3 ^ • 1 • Ej = Ei x h( x i2 • • ' x i ki Ej %ftj) = 

Ei Ej( 3 '*2 ' ' ' X iki V ijPij) ~ ^2i,j( X h X i2 ' ' ' X iki V ij)Pij " ' 

Question. Can one construct an isomorphism between the categories of "g-contra- 
modules with central charge x" and left [/^(g)-contramodules without the countabil- 
ity assumption on the topology of g'? 

D.5.4. The following weaker version of Theorem ID . 5 . 31 holds without the countability 
assumption. Let k: g' — > g be a central extension of topological Lie algebras with 
the kernel k; assume that open subalgebras from a base of neighborhoods of zero 
in g'. Let B be a topological associative algebra where open right ideals form a base 
of neighborhoods of zero, N be a discrete right P-module, and P be a g'-contramod- 
ule where the unit element of k C g' acts by the identity. Then one can define the 
contraaction map (g' ® ! B) (gP Hom fc (iV, P) — ► Hom fc (A r , P) as in ID. 5. 21 

Consider the iterated contraaction map ((g' <g> ! B) ® (g' ® ! B)) Honn^iV, P) ~ 
(g' ® ! B) <ST((g' <g> ! B) <gT Hom fc (iV, P)) — ► Hom fc (iV, P). It was noticed in [6] that 
a topological associative algebra A has the property that open right ideals form a 
base of neighborhoods of zero if and only if the multiplication map A ®* A — ► 
A factorizes through A <g> A. Let K denote the kernel of the multiplication map 
(g' ® ! B) ® (g' <g> ! B) — > U„(g) ® ! B. We claim that the composition of the injection 
K <gP Hom fc (iV,P) — * ((g' <g> ! B) S> (g ; <g> ! B)) <gP Hom fc (iV,P) and the iterated 
contraaction map ((g' <g> ! P) C§> (g' ® { B)) (gP Hom fc (iV, P) — > Hom fc (iV, P) vanishes. 

For any topological vector spaces U, V, X, Y there is a natural map (Z7 <g ! X) £g> 
(y<g>iy) — ► (U®V)(g) l (X®Y). The composition (g'® ! P)§(g'® ! P) — ► (g'§g')® ! 
(P§>P) — c (g'§g')(g) ! P induces the map ((g' ® ! P) § (g' ® ! B)) (g)^Hom fe (iV, P) — ► 
((g'®g')®-B)(grE.om k (N,P). A contraaction map ((g'®g')® ! P)(8)"Hom fc (A^, P) — > 
Honifc(iV, P) can be defined in terms of the discrete right action of B in N and the 
iterated contraaction map (g' (g) g') ®^P — > P. The iterated contraaction map 



280 



((g' <g> ! B) <§ (g' <g> ! B)) <gT Hom fc (iV, P) — > Hom fc (iV, P) is equal to the composition 
((g' ®- B) ® (g' ® ! B)) ®~ Hom fc (iV,P) — > ((g' § g') ® ! P) ®^ Hom fe (iV,P) — > 
Honifc (iV, P) of the above induced map and contraaction map. Let Q denote the 
kernel of the multiplication map g' ® g' — > U^(q). The image of K under the map 
(g' ®- B) ® (g' ®- B) — ► (g' ® g') ®- B is contained in Q ®- B. So it suffices to check 
that the composition of the injection Q (gTP — ► (g' ® g') (gPP and the iterated 
contraaction map (g' ® g') ®TP — > P vanishes. 

The topological vector space Q is the topological projective limit of the kernels of 
multiplication maps g'/f) ®* g' — > ^(g)/f)^(g) over all open subalgebras f) C g' 
not containing k C g'. Since the intersection of fjf/^g) and g' 2 inside t/x(g') is equal 
to fjg', the kernel of the (nontopological) multiplication map g' ' ® k Q r — ► U^{q') maps 
surjectively onto the kernels we are interested in. This nontopological kernel is the 
image of the map Afc(fl') — > fl'^fcfl' given by the formula xAy 1 — > x®y — y®x — l<& 
[x, y}. The kernel of the composition f\ k (Q f ) — > Q r< S>kQ' — > fl'/f) <8>fc0' is the subspace 
Afc(f)) C Afc(s')- Hence the kernel of the map g'/f) ®* g' — ► £^(g)/()t^(g) is the 
subspace Afc(s')/ AfcC)) c fl'/f) ®* s'; embedded by the above formula, endowed with 
the induced topology of a closed subspace. One can easily check that this topology 
on Afc(fl')/ AfcW * s ^e topology of the quotient space /\* ,2 {q')/ /\* ,2 {i))- Thus the 
topological vector space K is isomorphic to A*' (fl')- 

D.5.5. The following constructions are due to Beilinson and Drinfeld [7]. 

Let V be a Tate vector space and P C V be a compact open subspace. The 
graded vector space of semi-infinite forms /\^^ 2 {V) = 0^ Ke^ 2+% {Y) is defined as the 
inductive limit of the spaces /\ k (V/U)<g) k det(E/U) v over all compact open subspaces 
U C E. Here det(X) denotes the top exterior power of a finite-dimensional vector 
space X and f\ k (W) denotes the direct sum of all exterior powers of a vector space W\ 
the grading on f\ k {V/U) ® k det(P/£/) v is defined so that /\ j k (V/U) (g) k det(P/£/) v is 
the component of degree j — dim(E/U). The limit is taken over the maps induced by 
the natural maps /\{{V ' /U')® k det(U' /U") — ► A j k +m (V/U"), where U" C U' and m = 
dim(U' /U"). The spaces of semi-infinite forms corresponding to different compact 
open subspaces E C V, only differ by a dimensional shift and a determinantal twist: 
if F C V is another compact open subspace, then there are natural isomorphisms 
/\p /2+i (V) ~ /\-/ 2 + i + dim (^^)( T /) ® fc det(P, P), where dim(P, P) = dim(P/P n P) - 
dim(P/P n P) and det(P, P) = det (P/P n P) ® fe det (P/P n P) v . 

Denote by C1(V) the algebra of endomorphisms of the vector space /^^(V) 
endowed with the topology where annihilators of finite-dimensional subspaces of 
Ke^^Y) fc> rm a base of neighborhoods of zero. Clearly, the topological associative 
algebra C1(V) does not depend on the choice of a compact open subspace P C V; 
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open left ideals form a base of neighborhoods of zero in C1(V). Denote by Cl'(V) the 
closed subspace of homogeneous endomorphisms of degree i in C1(V). 

The Clifford algebra Cl(V ®V V ) acts naturally in /\e^ 2 {V), so there is a morphism 
of associative algebras e: C1(V © V w ) — ► C1(V); in particular, the map e sends 
V to Cl 1 ^) and V v to C\-\V). Let A M (^ V ) denote the completion of Al(^ V ) 
with respect to the topology with the base of neighborhoods of zero formed by the 
subspaces U A 1 {V y ) C /\l(V v ), where U C V y is an open subspace. The 
composition f\ l k (V v ) — > C1(V © V y ) — ► C\{V) can be extended by continuity to a 
ma P /\'k(y V ) — > G1(V), which we will denote also by e. The construction of ID. 1.71 
provides a morphism of topological Lie algebras Ql(V)~ — > C1°(V). 

Let g be a Tate Lie algebra and xo : g~ — > g be its canonical central extension. 
Consider the topological tensor product g~ © ! Cl(g) op , where Cl(g) op denotes the 
topological algebra opposite to Cl(fj); this topological tensor product is a bimodule 
over Cl(g) op . The unit elements of Cl(g) op and k C g~ induce embeddings of g~ 
and Cl(g) op into g~ © ! Cl(g) op . Consider the difference of the composition g~ — ► 
fl[(g)~ — > Cl(g) ~ Cl(g) op — ► g~© ! Cl(g) op and the embedding g~ — ► g~® ! Cl(g) op ; 
this difference maps k C g~ to zero and so induces a natural map I: g — > g~ ® ! 
Cl°(g) op . The composition of the map I with the embedding g~ © ! Cl _1 (g) op — ► 
U'Zo (fl) ® ! Cl _1 (g) op is an anti-homomorphism of Lie algebras, i. e., it transforms the 
commutators to minus the commutators. 

Denote by 5: g v — ► A' 2 (fl V ) the continuous linear map given by the formula 
S(x*) = A X| 2 |, where (x*,[x',x"]) = (x Tn , x") (x{2} , — ( x {i}, x ')( x {2}j x ") f° r 
x* G g v , x', x" G g. Define the map x : g © g v — ► g~ © ! Cl _1 (g) op by the formula 
X(x©x*) = /(x)e(x*) op -e(x) op e(5(2;*)) op = e(x*) op /(x) - e{5{x*)) op e{x) op , where a op 
denotes the element of Cl(g) op corresponding to an element a G Cl(g), and extend 
this map by continuity to a map g © ! g v — ► g~ © ! Cl _1 (g) op . Identify g © ! g v with 
End(g) and set = x(id B ) G g~ © ! Cr 1 ^)^. _ _ 

Denote the image of under the embedding g~© ! Cl _1 (g) op — > (g) ® ! Cl _1 (g) op 
also by d. Using the equality [l(x), e(y) op ] = — e([x, y]) op , one can check that 
[0,e(a;) op ] = l(x) and [[A 2 , e(x) op ], e(y) op ] = for all x, y G g, where [, ] denotes 
the supercommutator with respect to the grading in which (g) © ! CP(g) op lies in 
the degree i. It is easy to see that any element of CP(g) supercommuting with e(x) for 
all x G g is zero when i < 0; hence the same applies to elements of U^L (g) © ! CP(g) op 
with i < 0. It follows that D is the unique element of (g) © ! Cl _1 (g) op satisfying 
the equation [0,e(x) op ] = l(x) and that t) 2 = 0. 

D.5.6. Let g be a Tate Lie algebra and E C g be a compact open vector subspace. 
Let iV be a discrete g~-module where the unit element of k C g~ acts by minus the 
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identity. Then N can be considered as a discrete right (g)-module and /\^ (g) is 
a discrete right Cl(g) op -module, so the tensor product As^ 2 (s)®fc^ i s a discrete right 
module over U^ (fl) ® ! Cl(g) op . The action of the element G £/~ (g) ® ! Ci _1 ({() op 
defines a differential cfoo/2 of degree —1 on the graded vector space C^, 2+a (g,N) 

with the components C^, 2+i (g, N) = Ae^ 2+1 (0) ®fc N. One has g? 2 ^ = 0, since 
9 2 = 0; so Cw2+.(fJ; -^0 becomes a complex. This complex is called the semi-infinite 
homological complex and its homology is called the semi-infinite homology of a Tate 
Lie algebra g with coefficients in a discrete g~-module N. 

Let P be a g~-contramodule where the unit element of k C g~ acts by the iden- 
tity. First assume that g has a countable base of neighborhoods of zero. Then P 
can be considered as a left £7~ (g)-contramodule and Ab^G?) * s a discrete right 
Cl(g) op -module, so the space of homomorphisms Hom^As^fl), -P) * s a l e ft contra- 
module over L/^ (g) ® ! Cl(g) op . The action of the element G £/~ (g) ® ! Cr 1 (s)° P 
defines a differential d 00 / 2 of degree 1 on the graded vector space C^ 2+ *(g, P) with 

the components C^ /2+i (g,P) = Hom fc (As /2+ Xs); P )- 0ne has (d°° /2 ) 2 = 0, since 
D 2 = 0. Without the countability assumption, the element G g~ ® ! Cl _1 (g) op 
still acts on the graded vector space C^ 2+ *(g, P) by an operator <P°/ 2 of degree 1. 
By the result of ID. 5.41 the identity V 2 = in U^(g) ® ! Cl(g) op implies the equa- 
tion (d°°/ 2 ) 2 = 0; so C^ 2+ *(g,P) becomes a complex. This complex is called the 
semi-infinite cohomological complex and its cohomology is called the semi-infinite 
cohomology of a Tate Lie algebra g with coefficients in a g~-contramodule P. 

D.6. Comparison theorem. 

D.6.1. The correspondence f) i — > £ = f) v provides an anti-equivalence between the 
categories of compact Lie algebras and Lie coalgebras. The correspondence between 
the action maps f) x M — > M and the coaction maps M — > f) v 0^ M defines an 
equivalence between the categories of discrete h-modules and £-comodules. 

A Lie coalgebra £ is called conilpotent if it is a filtered inductive limit of finite- 
dimensional Lie coalgebras dual to finite-dimensional nilpotent Lie algebras; in other 
words, L is conilpotent if the dual compact Lie algebra rj is pronilpotent. A comodule 
M over a Lie coalgebra £ is called conilpotent if it is an inductive limit of finite- 
dimensional comodules which can be represented as iterated extensions of trivial 
comodules (that is comodules with a zero coaction map); analogously one defines 
nilpotent discrete modules over topological Lie algebras. A coassociative coalgebra 
C endowed with a coaugmentation map k — ► C is called conilpotent if for every 
element c of the coalgebra without counit Q/imk there exists a positive integer i 
such that the iterated comultiplication map 6/ imA; — > (6/ imk)® 1 annihilates c. 
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For a conilpotent Lie coalgebra £, the conilpotent coenveloping coalgebra C(£) 
is constructed as follows. Consider the category of finite-dimensional conilpotent 
£-comodules together with the forgetful functor from it to the category of finite- 
dimensional vector spaces; by a result of [H] , this category is equivalent (actually, iso- 
morphic) to the category of finite-dimensional left comodules over a certain uniquely 
defined coalgebra C(£) together with the forgetful functor from this category to the 
category of finite-dimensional vector spaces. Clearly, the category of (arbitrary) left 
C(£)-comodules is isomorphic to the category of conilpotent £-comodules. The trivial 
£-comodule k defines a coaugmentation k — > C(£); since this is the only irreducible 
left C(£)-comodule, the coalgebra C(£) is conilpotent. 

The coalgebra C(£) is the universal final object in the category of conilpotent coal- 
gebras C endowed with a Lie coalgebra morphism C — > £ such that the composition 
k — > Q — > £ vanishes. Indeed, there is a morphism of Lie coalgebras C(£) — > £, 
since there is a natural £-comodule structure on every left C(£)-comodule, and in 
particular, on the left comodule C(£). Conversely, a morphism C — ► £ with the 
above properties defines a functor assigning to a left C-comodule M a conilpotent 
£-comodule structure on the same vector space M, hence a left C(£)-comodule struc- 
ture on M; this induces a coalgebra morphism C — > C(£). Since the category of 
finite-dimensional conilpotent £-comodules is a tensor category with duality, the 
coalgebra C(£) acquires a Hopf algebra structure. 

Let f) be the compact Lie algebra dual to £; then the pairing (f>: C(£) x U (fj) — > k 
is nondegenerate in C, since the morphism C(£) — ► £ factorizes through the quotient 
coalgebra of C(£) by the kernel of 0, so a nonzero kernel would be contradict the 
universality property. 

Let M be a conilpotent C-comodule; set C = C(£) and C + = C/im/c. Then 
the natural surjective morphism from the reduced cobar complex M — > C + ®fc 
M — > C+ <g> fc C + ® fc M — > • ■ • computing Cotor e (A;, M) ~ Ext e (A;, M) onto the 
cohomo logical Chevalley complex M — ► £ ®fc M — > /\ 2 k & ®k 3VC — ► ■ • ■ is a 
quasi-isomorphism. It suffices to check this for a finite-dimensional Lie coalgebra £ 
dual to a finite-dimensional nilpotent Lie algebra f); essentially, one has show that 
the fully faithful functor from the category of nilpotent f)-modules to the category 
of arbitrary ()-modules induces isomorphisms on the Ext spaces. This well-known 
fact can be proven by induction on the dimension of f) using the Serre-Hochschild 
spectral sequences for both types of cohomology under consideration. The key step 
is to check that for a Lie subcoalgebra £ C £ the C(£/£)-comodule C(£) is injective 
and the £-comodule C(£) is the comodule of £/£-invariants in the £-comodule C(£); 
it suffices to consider the case when £/£ is one-dimensional. 

D.6.2. Let be a Tate Lie algebra and f) C g be a compact open Lie subalgebra. 
Assume that f) is pronilpotent and the discrete f)-module g/f) is nilpotent. Then 
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the conilpotent coalgebra C = C(f) v ) coacts continuously in g, making (g, C) a Tate 
Harish-Chandra pair. Let k — > g' — > g be a central extension of Tate Lie algebras 
endowed with a splitting over rj; then there are a Tate Harish-Chandra pair (g', C) 
and a central extension of Tate Harish-Chandra pairs x: (g', C) — ► (g, C) with the 
kernel k. Denote by x : (g~, C) — > (g, 6) the canonical central extension. Set 

sL = sL(0,e)^s^ o (g,e) = s; + ^ o . 

Theorem, (a) Let N* be a complex of right -semimodules and be a complex 
of left S^-semimodules; in other words, N* is a complex of Harish-Chandra modules 
with the central charge — x — xo and M* is a complex of Harish-Chandra modules 
with the central charge x over (g, C). Then the total complex of the semi-infinite 
homological bicomplex C^j/ 2 +.(S) N* ®fcM") constructed by taking infinite direct sums 

along the diagonals represents the object SemiTor "{N 9 , 3VC*) m £/ie derived category 
of k-vector spaces. Here the tensor product 3V*®fc3Vt* is a complex of Harish-Chandra 
modules with the central charge — xo. 

(b) Let M* be a complex of left S^-semimodules and ^3* be a complex of left 
-semicontramodules; in other words, is a complex of Harish-Chandra mod- 
ules with the central charge x and %$' is a complex of Harish-Chandra contramodules 
with the central charge x + xo over (g, C). Then the total complex of the semi- 
infinite cohomological bicomplex C^ 2+ "(g, Honifc(M*, $P*)) constructed by taking in- 
finite products along the diagonals represents the object SemiExtgi in the 
derived category of k-vector spaces. Here Hom^M", ^3") is a complex of Harish- 
Chandra contramodules with the central charge x . 

Proof. Part (a): set S l _ — S = Sg. Consider the semi-infinite homological complex 
C^/2+.(fl)^) °f the g~-module S with the discrete g~-module structure originating 
from the left SL^-semimodule structure. The complex C^/ 2+ .(fl)S) is a complex of 
right Sg-semimodules. Let us check that it is a semiflat complex naturally isomorphic 
to the semimodule k in the semiderived category of right Sg-semimodules. 

Let Fi§ denote the increasing filtration of the semialgebra S introduced in ID. 3. 11 
Set Fi(f\™ /2 (Q)) = Al(g) A /\™ /2 (l)). Denote by F the induced filtration of the tensor 
product C^,/2+.(fl)S) = A^°^ 2 (0) ®fc this i s an increasing filtration of the complex 
of right So-semimodules ^w 2 +.(0> by subcomplexes of right C-comodules. The 

complex gr F C , ^ D _ ) _.(g, S) can be identified with the total complex of the cohomological 
Chevalley bicomplex 

of the complex of P) v -comodules Afe(fl/')) ®fc Sym fc (g/f)) ®fc 6 obtained as the tensor 
product of the Koszul complex Afc(0/^)®fcSym fc (g/P)) with the coaction of f) v induced 
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by the coaction in g/f) and the left C-comodule C with the induced h v -comodule 
structure. It follows that the cone of the injection FoC^ 2+t (Q,§) — > C<L/2+.(S>^) 
is a coacyclic complex of right C-comodules. 

The complex FqC^^^QjS) is naturally isomorphic to the cohomological Cheval- 
ley complex f\ k (t) v ) ®jt C; it is a complex of right C-comodules bounded from 
below and endowed with a quasi-isomorphism of complexes of right C-comodules 
k — > F C^ 2+> (g, S). Let us check that the right Sg-semimodule structure on 

i? C ( ^ ) /2+.(S'^) — ^ corresponds to the trivial g-module structure. The unit ele- 
ment of this homology group can be represented by the cycle A (g> 1 G C^^^Q, S), 

where A denotes the unit element of k ~ AfT^ 2+ °(W c /\^^ 2+ °{q) an d 1 G C C S 
is the unit (coaugmentation) element of C. Then for any z G g one has (A <S> l)z — 
A <g> (1 <g) U(i)) z) = A (8) (&(%)) ®c/(y s(z(_i))) = doo/2((^(o) A A) <g> s(z ( _i))), where z 
denotes the image of z in g/f) and 6: g/f) — > g~ is the section corresponding to any 
section b: g/f) — > g. The second equation holds, since the elements 1 <8>u(i)) z an( ^ 
6(^(o)) ®[/(f)) s (^(-i)) °f have the same images in Fi§/F § and are both annihi- 
lated by the left action of f) and the map 5~ = S^. To check the third equation, one 
can use the supercommutation relation [0, e(y) op ] = l(y) for y G g. 

Now let T^oCoo/2+.(0) S) denote the quotient complex of canonical truncation of 
the complex of right SQ-semimodules , 2+# (g, S) concentrated in the nonnegative 
cohomological (nonpositive homological) degrees; then there are natural morphisms 
of complexes of right SQ-semimodules 

* ► ^oCi /2+ .(g,S) < Cl /2+ .(g,S) 

with C-coacyclic cones. Indeed, recall that any acyclic complex bounded from below 
is coacyclic. The embedding F C^ 2+u (q, S) — > C^,/ 2 +.(S' ^) nas a C-coacyclic cone, 
as has the composition ^0^1/2+. (fl, S) — ► Cl/2+.(0' S ) — > r ^oC^ /2+ .(g, S), so the 
cone of the map C^ /2+> (g, S) — > ^oC^ /2+t (fl, S) is also C-coacyclic. 

For any complex of left S^-semimodules DC*, the semitensor product C^/ 2 +.(0' ^) 
0s DC* is naturally isomorphic to the total complex of the bicomplex C^ 2+i (g, DC*), 
constructed by taking infinite direct sums along the diagonals. Consider the increas- 
ing filtration of the total complex of C^ 2+# (g, DC*) = /\™^ 2 {q) ®k DC* induced by 

the above filtration F of AfT^fl)- The associated graded quotient complex of this 
filtration can be identified with the total complex of the cohomological Chevalley bi- 
complex AfeC) V ) ®fe Afc(fl/f)) ®fe °f the tensor product of the graded f) v -comodule 
Afc(s/fj) and the complex DC* with the f) v -comodule structure induced by the left 
C-comodule structure. It follows that the complex C^ 2+> (g, S) 0s DC* is acyclic 
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whenever a complex of left S_^-semimodules DC* is C-coacyclic, so the complex of 
right SQ-semimodules C^/2+«(-0>£>) is semiflat. 

The tensor product C^/ 2+ .(0, S) ®fcN* of the complex of Harish-Chandra modules 
^oo/2+«(S> ^) w ith central charge and the complex of Harish-Chandra modules ]\f" 
with central charge — x— xo is a complex of Harish-Chandra modules with the central 
charge — x — x . This complex of right S^ +J<u -semimodules is semiflat and naturally 
isomorphic to N* in the semiderived category of right S^. +J<u -semimodules. The latter 
is clear, and to check the former, notice the isomorphisms of Lemma ID.4.4( a) 

(<?i /2+ .(0,S) ®k *T) sL £>' * (Ct /2+ .(g,S) ® fc N' ® fe £') flj( , 

for any complex of left S^-semimodules £/. Now the object SemiTor s, *(]\r*, 3VC*) is 
represented by the complex 

in the derived category of /c-vector spaces. 

Another way to identify SemiTor 8 - (N* , M*) with C^ /2+ .(g, J\T ® fc M*) is to con- 
sider the semiflat complex of left S^-semimodules C^/ 2 +. (g> fc M* naturally iso- 
morphic to 3VT in the semiderived category of left S^-semimodules. To check that 
these two identifications coincide, represent the images of DVT* and 3VC* in the semi- 
derived categories of semimodules by arbitrary semiflat complexes. The proof of 
part (b) is completely analogous. □ 

Question. Can one obtain the semi-infinite homology of arbitrary discrete modules 
over a Tate Lie algebra with a fixed compact open subalgebra (rather than only 
Harish-Chandra modules under the nilpotency conditions) as a kind of double-sided 
derived functor of the functor of semiinvariants on an appropriate exotic derived 
category of discrete modules? Notice that the cohomology of the Chevalley complex 
M — > £ ®fcM — > /\ 2 k £ ®fcM — > ■ ■ ■ for a comodule M over a Lie coalgebra £ is in- 
deed the right derived functor of the functor of ^-invariants on the abelian category of 
£-comodules, since the category of £-comodules has enough injectives and the coho- 
mology of the Chevalley complex is an effaceable cohomological functor. The former 
holds since the category of discrete modules over a compact Lie algebra f) = £ v has 
exact functors of filtered inductive limits preserved by the forgetful functor to the cat- 
egory of fc-vector spaces, and the discrete f)-modules U (fj) <8>u(o) & induced from trivial 
modules over open subalgebras aC f) form a set of generators, so the forgetful functor 
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even has a right adjoint. To check the latter, one can represent cocycles in the coho- 
mological Chevalley complex by discrete f)-module morphisms into M from the rela- 
tive homological complexes • ■ ■ — > /\ 2 k {t)/a) ®u(a) Ut) — ► f)/a<8>u(a) U(f)) — > U(t)), 
which are quotient complexes of the Chevalley homological complex of the f)-module 
U(fj) and finite discrete [^-module resolutions of the trivial f)-module k. Furthermore, 
the semiderived category of discrete modules over a Tate Lie algebra g, defined as 
the quotient category of the homotopy category of discrete 0-modules by the thick 
subcategory of complexes coacyclic as complexes of discrete ()-modules, does not de- 
pend on the choice of an open compact subalgebra f) C g. This can be demonstrated 
by considering the tensor product over k of the above relative homological complex 
with a complex of discrete f)-modules coacyclic over a. Notice that in the above 
proof we have essentially shown that the semi-infinite homology is a functor on the 
semiderived category of discrete g-modules. 

D.6.3. We keep the assumptions and notation of ID.6.2| and also use the notation of 
Corollary ID. 3. II The following result makes use of the semimodule-semicontramodule 
correspondence in order to express the semi-infinite homology and cohomology in 
terms of compositions of one-sided derived functors. 

Corollary, (a) Let M" be a complex of Harish- Chandra modules with the cen- 
tral charge x and ^3* be a complex of Harish- Chandra contramodules with the 
central charge x + xo over (g,Q). Then the semi-infinite cohomological com- 
plex C~ /2+ '(0,Hom fc (M',3r)) represents the object Extg^M', L$ s;+ ^ (*£*)) ~ 
Ext s,e+,e o(]Rv|/gi (DVC*),^P") in the derived category of k-vector spaces. 

(b) Let HVC* be a complex of Harish- Chandra modules with the central charge x 
and N* be a complex of Harish- Chandra modules with the central charge — x — x 
over (g, C). Then the semi-infinite homological complex C^^+.Cfl) ®^ 3VC") repre- 
sents the object Ctrtor s -+*o (W, M$ s i(M')) ~ Ctrtor 8 -- (M', m> g ^ ^ (3ST)) in the 
derived category of k-vector spaces. 

Proof. This follows from Theorem ID. 6. 21 and Corollary 16.61 □ 

Remark. Set S l = S ~ S^ o and consider the complex of left S-semimodules 
= §®k AL/2+.(fl)- This is a semiprojective complex of semiprojective left S-semi- 
modules isomorphic to the trivial S-semimodule k in D sl (S-simod). Assume that the 
pronilpotent Lie algebra f) is infinite-dimensional (cf. 10.2. 7[) . Then the complex of 
left S-semicontramodules \I/s(CR.*) is acyclic. Indeed, it suffices to check that the 
complex of left C-contramodules obtained by applying the functor $g to the co- 
homological Chevalley complex C <8>fc A/c(^> V ) * s acyclic; one can reduce this prob- 
lem to the case of an abelian Lie algebra by considering the decreasing filtration 
f) D [f), f)] D [(), [f), h]] D • • • on f) and the induced increasing nitrations on h v and C. 
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The complex \E f s(^-*) is also a projective complex of projective left S-semicontra- 
modules (see Remark [631 and subsection 19. 21) ; it can be thought of as the "projective 
S-semicontramodule resolution of a (nonexistent) one- dimensional left S-semicontra- 
module placed in the degree +oo". For any complex of right S-semimodules 3\T, 
the contratensor product complex N* ©§ ^/§(0V) computes the semi-infinite homol- 
ogy of g with coefficients in N\ For any complex of left S-semicontramodules ^3", 
the complex of semicontramodule homomorphisms Hom s (\l's(^")) ^P") computes the 
semi-infinite cohomology of g with coefficients in (Cf. [4"6l subsection 3.11.4].) 
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Appendix E. Groups with Open Profinite Subgroups 



To a locally compact totally disconnected topological group G and a commutative 
ring k one associates a family of left and right semiprojective Morita equivalent 
semialgebras S = §k(G,H) numbered by open profinite subgroups H C G. As 
explained in 18.4.51 Morita equivalences of semialgebras do not have to preserve the 
semiderived categories or the derived functors Semi Tor and SemiExt, and this is 
indeed the case here: SemiTor 8 and SemiExtg depend very essentially on H. For a 
complex of smooth G-modules N* over k and a complex of fc-flat smooth G-modules 
M* over k, we show that SemiTor Sk ^ G ' H \N' , M') only depends on the complex of 
smooth G-modules N' (g>fc M', and analogously for SemiExt§ fc (G,H)- 

When k is a field of zero characteristic, one can climb one step higher and assign to 
a "good enough" group object G in the category of ind-pro-topological spaces with 
a subgroup object H belonging to the category of pro-topological groups a coring 
object in the tensor category of representations of H x H in pro- vector spaces over k. 
So there is a functor of cotensor product [21] on certain categories of representations 
of central extensions of G; it has a double-sided derived functor ProCotor. 

E.l. Morita equivalent semialgebras. 

E.l.l. In the sequel, all topological spaces and topological groups are presumed to 
be locally compact and totally disconnected. 

For a topological space X and an abelian group A, denote by A(X) the abelian 
group of locally constant compactly supported A-valued functions on X. For any 
proper map of topological spaces X — > Y, the pull-back map A(Y) — > A(X) is 
defined. For any etale map (local homeomorphism) of topological spaces X — ► Y, 
the push-forward map A(X) — > A(Y) is defined. 

For any topological spaces X and Y and an abelian group A, there is a natural 
isomorphism A(X x Y) ~ A(X)(Y). For any topological space X, a commutative 
ring k, and a fc-module A, there is a natural isomorphism A(X) ~ A ®fc k(X). 

For a topological space X and an abelian group A, denote by the abelian 

group of finitely-additive compactly supported A-valued measures defined on the 
open-closed subsets of X. For any map of topological spaces X — ► Y, the push- 
forward map A[[X]] — > A[\Y]] is defined. 

For any compact topological space X, a commutative ring k, and a /c-module A, 
there is a natural isomorphism A[[X]] ~ Homk(k(X), A). 

E.1.2. Let if be a profinite group and A; be a commutative ring. Then the module 
of locally constant functions k(H) has a natural structure of coring over k where 
the left and right actions of k coincide. This coring structure, which we denote by 
C = Cfc(if), is defined as follows. The counit map k(H) — ► k is the evaluation 
at the unit element e e H. The comultiplication map k(H) — > k(H) ®fc k(H) is 
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provided by the pull-back map k(H) — > k(H x H) induced by the multiplication 
map H x H — > H together with the identification k(H X H) ~ k(H) k k(H). 

Let G be a topological group and H C G be an open profinite subgroup. Then 
the module of locally constant compactly supported functions k(G) has a natural 
structure of semialgebra over the coring C k (H). This semialgebra structure, which we 
denote by S = S k (G, H), is defined as follows. The bicoaction map k(G) — > k(H) ® k 
k(G) 0k k(H) ~ k(H x G x H) is the pull-back map induced by the multiplication 
map H x G x H — > G. The semiunit map k(H) — > k(G) is the push-forward map 
induced by the injection H — > G. 

Denote by G x H G the quotient space of the Carthesian square G x G by the 
equivalence relation (g'h, g") ~ (g f , hg") for g', g" G G and h G H . The pull-back map 
k(Gx H G) — > k{GxG) induced by the natural surjection GxG — > Gx H G identifies 
k(G x H G) with the cotensor product k{G)U e k{G) C k(G)® k k(G) ~ k(GxG). The 
semimultiplication map k(G) Dq k(G) — > k(G) is the push-forward map induced by 
the multiplication map G Xh G — > G. 

The involutions k(H) — > k(H) and k(G) — > k{G) induced by the inverse element 
maps H — > H and G — ► G provide the isomorphism of semialgebras Sk{G, H) op ~ 
Sk{G,H) compatible with the isomorphism of corings Gk(H)° v ~ Qk{H) over k 
fsee [UX7|) . 

Now let Hi, H 2 C G be two open profinite subgroups of G. Then the /c-module 
k(G) = §k(G,Hi) has a natural left §k(G, ff^-semimodule structure and at the 
same time k(G) = Sk(G,H 2 ) has a natural right §k{G, i^2)-semimodule structure. 
Obviously, these two semimodule structures commute; we denote this bisemimodule 
structure on k(G) by §k(G, H±, H 2 ). For any three open profinite subgroups H±, 
H 2 , H 3 C G, there is a natural isomorphism §k(G, Hi, H 2 ) ()s k (G,H 2 ) &k(G, H 2 , H 3 ) ~ 
§ k (G,H 2 ) Sk (G,H2) §k(G,H 2 ) ~ § k (G,H 2 ) ~ § k (G,Hi,H 3 ); this is an isomorphism 
of Sfe(G, Hi)-§k(G, if3)-bisemimodules. 

One can check that k(H) is a projective fc-module. Clearly, §k(G, H) is a coprojec- 
tive left and right Cfc(i?)-comodule. So the pair (S k (G, Hi, H 2 ),S k (G, H 2 , Hi)) is a 
left and right semiprojective Morita equivalence between the semialgebras S k (G, Hi) 
and S k (G, H 2 ). 

E.1.3. The semialgebra S k (G, H) can be also obtained by the construction of 110.2. ll 
Denote by k[H] and k[G] the group fc-algebras of the groups H and G considered 
as groups without any topology. There is a pairing 0: Q k (H) ® k k[H] — > k satisfying 
the conditions of 110.1.21 given by the formula (c, h) i — > c(/i _1 ) for any c G k(H) and 
h G H The induced functor A^: comod-Cfc(if) — >■ vr\od-k{H] is fully faithful; its 
image is described as follows. 
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A module M over a topological group G is called smooth (discrete), if the action 
map G x M — > M is continuous with respect to the discrete topology of M; equiv- 
alently, M is smooth if the stabilizer of every its element is an open subgroup in G. 
The functor identifies the category of right G k (H )-co modules with the category 
of smooth if -modules over k. 

The tensor product G k (H) &>k[H] k[G] is a smooth G-module with respect to the 
action of G by right multiplications, so it becomes a semialgebra over Q k (H). This 
semialgebra can be identified with § k {G, H) by the formula by the formula (c(g>g) i — > 
(g' i — > c^g'g^ 1 )), where a locally constant function c: H — > k is presumed to be 
extended to G by zero. By the result of 110.2. 2\ the category of right § k (G, if ^semi- 
modules is isomorphic to the category of smooth G-modules over k. 

One also obtains the following description of the category of left § k (G, if )-semicon- 
tramodules. For a topological group G and a commutative ring k, a G-contramodule 
over k is a A;-module P endowed with a fc-linear map P[[G]] — > P satisfying the 
following conditions. First, the point measure supported in the unit element e G G 
and corresponding to an element p G P should map to the element p. Second, the 
composition P[[G x G]] — ► P[[G]][[G]] — > P of the natural map P[[G x G]] — ► 
P[[G]][[G]] and the iterated contraaction map P[[G]][[G]] — ► P[[G]} — > P should 
be equal to the composition P[[G x G]] — > P[[G]] — ► P of the push-forward map 
P[[G x G]] — ► P[[C]] induced by the multiplication map G x G — ► G and the 
contraaction map P[[G]] — ► P. 

The images of the point measures under the contraaction map define the forget- 
ful functor from the category of G-contramodules over k to the category of (non- 
topological) G-modules over k. The category of left P)-semicontramodules is 

isomorphic to the category of G-contramodules over k. 

E.1.4. For any smooth G-module M over k and any fc-module E there is a 
natural G-contramodule structure on the space of fc-linear maps Homfc(M, E). 
The contraaction map Hom^M, P)[[G]] — ► Hom/ c (M, E) is constructed as 
the projective limit over all open subgroups U C G of the compositions 
Hom fc (M,P)[[G]] — ► Rom k (M,E)[G/U] — > Rom k (M u ,E) of the maps 
Hom fc (M,P)[[G]j — ► Eom k (M,E)[G/U] induced by the surjections G — > G/U 
and the maps Homfc(M, E)[G/U] — > Hom.k(M u ,E) induced by the action maps 
G/U x M u — > M, where M u denotes the fc-submodule of ^-invariants in M and 
G/U is the set of all left cosets of G modulo U. 

More generally, let G\ and G2 be topological groups. Then for any smooth 
Gi-module M over k and G2-contramodule P over k there is a natural Gi x G2-con- 
tramodule structure on Honifc (M, P) with the contraaction map Homfc(M, P)[[Gi x 
G 2 ]] — >■ Hom fc (M, P) defined as either of the compositions Hom fc (M, P)[[Gi x 
G 2 ]] — Hom fc (M,P)[[G 1 ]][[G 2 ]] — . Hom fc (M, P)[[G 2 ]] — . Hom fe (M,P) or 
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Hom fc (M,P)[[Gi x G 2 }} — > Hom fe (M, P)[[G 2 ]][[Gi]] — > Hom fc (M, P)[[Gi]] — > 
Horrife(M, P), where the Gi-contraaction map Horrid (M, P)[[Gi]] — > Homfc(M, P) 
is defined above and the G 2 -contraaction map Homfc(M, P)[[G 2 ]] — > Homfe(M, P) 
is constructed as the composition Hom fe (M, P)[[G 2 ]] — >■ Hom fc (M, P[[G 2 ]]) — > 
Hom fc (M, P). Hence for any smooth G-module M over k and any G-contramod- 
ule P over k there is a natural G-contramodule structure on Horn*, (M,P) induced 
by the diagonal map of topological groups G — > G x G. 

E.2. Semiinvariants and semicontrainvariants. 

E.2.1. Let G be a topological group and H C G be an open profinite subgroup. For a 
smooth P-module M over k, let Ind# M denote the induced G-module k[G] ®k[H] M. 
For any smooth G-module N over k we will construct a pair of maps (Ind H A^) H =4 
A^, where the superindex P denotes the /c-sub module of P-invariants. Namely, the 
first map (Ind^ N) H — > N H is obtained by applying the functor of P-invariants to 
the map (IndgiV) — ► N given by the formula g <8> n i — ► g(n). The second map 
(Ind^r N) H — ► N H only depends on the P-module structure on N. 

To define this second map, identify the induced representation Ind^ iV with the 
A;-module of all compactly supported functions G — > N transforming the right action 
of P in G into the action of P in N; this identification assigns to a function g i — > n g 
the formal linear combination J2 g eG/H9 ® n a-> w h ere G/H denotes the set of all 
left cosets of G modulo P. An P-invariant element of Ind^ A" is then represented 
by a compactly supported function G — > N denoted by g i — > n g and satisfying 
the equations n gh = /i~ 1 (n s ) and n^g = n g for g G G, h G P. The second map 
(Ind^r N) H — >■ N H sends a function g i — > n g to the element J2 geH \a n 9 G AT, where 
H\G denotes the set of all right cosets of G modulo P. 

The cokernel Nq,h of this pair of maps (Ind^ A^)^ =4 N H is called the module of 
(G, H)- semiinvariants of a smooth G-module N. The (G, P) -semiinvariants are a 
mixture of P-invariants and coinvariants along G relative to P. 

E.2.2. For an P-contramodule Q over k, let Coind^(Q) denote the coinduced G-con- 
tramodule B.om k ^(k[G],Q) ~ Cohom efc (#)(Sfc(G, P), O;)- For any G-contramodule 
P over fc we will construct a pair of maps Pjj =4 Coind^r(P)#, where the subindex 
P denotes the /c-module of P-coinvariants, i. e., the maximal quotient P-contra- 
module with the trivial contraaction. Namely, the first map P# — ► Coind^(P)^ 
is obtained by applying the functor of P-coinvariants to the semicontraaction map 
P — ► Coindg(P), which is given by the formula p i — ► (g i — > g{p))- 

The second map P H — > Coind^(P)# only depends on the P-contramodule struc- 
ture on P. It is given by the formula p i — > ^2 geG / H g * p for p G P, where 
g * p: k[G] — ► P is the k[H] -linear map defined by the rules hg i — > h(p) for h G P 
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and g' i — > for all g' G G not belonging to the right coset Hg. Clearly, the infinite 
sum over G/H converges element-wise on k[G] for any choice of representatives of 
the left cosets; its image in the module of coinvariants does not depend on this choice 
and is determined by the image of p in Pjj. 

The kernel P G ' H of this pair of maps Pjj =4 Coind#(P)# is called the module of 
(G, H)-semicontrainvariants of a G-contramodule P. The (G, if )-semicontrainvari- 
ants are a mixture of if-coinvariants and invariants along G relative to if. 

E.2.3. Denote by \: G — > Q* the modular character of G, i. e., the character 
with which G acts by left shifts on the one-dimensional Q- vector space of Q x of right 
invariant Q- valued measures defined on the open compact subsets of G. Equivalently, 
x(g) is equal to the ratio of the number of left cosets contained in the double coset 
HgH to the number of right cosets. Whenever the commutative ring k contains Q, 
there is a natural isomorphism Ng,h — {N <S>q Qx)g f° r an y smooth G- module N 
over k, where the subindex G denotes the fc-module of G-coinvariants. 

Indeed, the composition M H — > M — > Mh is an isomorphism for any smooth 
if -module M over k, so in particular there are isomorphisms N H ~ Nh and 
(Ind^r N) H — > (Ind^)jj. These isomorphisms transform the above pair of maps 
(Indg N) H ^ N H into the pair of maps (Ind^ N)h =| Nh given by the formulas 
g (g> n i — ► g{n) and g ®n i — ► x 1 {g)iT'- 

E.2.4. For any G-contramodule P over k denote by P G the fc-module of G-invari- 
ants in P defined as the submodule of all p e P such that for any measure m G &[[G]] 
the image of the measure pm G -P[[G]] under the contraaction map -P[[G]] — > P is 
equal to the value m(G) of m at G. 

Assuming that the commutative ring k contains Q, the composition Q H — > Q — > 
Qh is an isomorphism for any if-contramodule Q over k, as one can show using the 
action of the Haar measure of the profinite group H in the contramodule Q. One 
can also use the Haar measure to check that Q H is the maximal subcontramodule 
of Q with the trivial contraaction of H, and it follows that P G is the maximal 
subcontramodule of P with the trivial contraaction of G, under our assumption. 
Finally, when k D Q there is a natural isomorphism P G ' H ~ Hohiq(Q x , P) g . 

E.2.5. Let be a left Sjt(G, if )-semimodule and M be a right §k{G, if )-semimod- 
ule; in other words, A^ and M are smooth G-modules over k. Then there is a natural 
isomorphism A^0s fc (G,i?) M ~ (N ® k M) G ^ H , where N ® k M is considered as a smooth 
G-module over k. Here the semitensor product is well-defined by Proposition ll.2.5T f). 

Indeed, there is an obvious isomorphism A 'De k (H) M ~ {N ® k M) H . The /c-module 
A^ De k (H) Sfc(G, H) □e fc (H") M can be identified with the module of locally constant 
compactly supported functions /: G — > N ®k M satisfying the equations f(hg) = 
hf(g) and f(gh) = f(g)h for g G G, h G H, where (g, a) i — ► ga and (a, g) i — > ag 
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denote the actions of G in N 0^ M induced by the actions in N and M, respectively. 
At the same time, the fc-module (Ind H (N <gik M)) H can be identified with the module 
of locally constant compactly supported functions /': G — > N ®fc M satisfying the 
equations f(hg) = f(g) and f(gh) = h~ 1 f(g)h. The formula f'(g) = g~ l f(g) defines 
an isomorphism between these two fc-modules transforming the pair of maps whose 
cokernel is N ()s k {G,H) M into the pair of maps whose cokernel is (N <S>fc M)g,h- 

E.2.6. Let M be a left Sk(G, if)-semimodule and P be a left §k(G, H)-sexm- 
contramodule. Then there is a natural isomorphism SemiHomg fc (G,i/)(M^ P) — 
Homfc (M, P) ,H , where Homfc(M, P) is considered as a G-contramodule over k and 
the semihomomorphism module is well-defined by Proposition l3.2.5T j). 

Indeed, the quotient modules Cohome fc (H)(M, P) and Hom fc (M, P) H of the 
fc-module Hom^ (M,P) coincide. There are two commuting contraactions of G in 
Honifc(M, P) induced by the smooth action in M and the contraaction in P; denote 
these contraaction maps by ttm and 7Tp, and the corresponding actions of G in 
Hom fe (M,P) by (g,x) i — ► g M {x) and (g,x) i — > g P {x). 

The fc-module Cohome fe (_ff)(Sfc(G r , H) □e fe (H) M, P) can be identified with the quo- 
tient module of the module of all finitely-additive measures defined on compact open 
subsets of G and taking values in Homfc(M, P) by the submodule generated by mea- 
sures of the form U i — ► n M (W i — ► fi(U x W^ 1 )) - fi({(g,h) \ gh e U}) and 
U i — ► 7T P (W i — ► u(U x W)) — u({(h,g) \ hg G U}), where \i and v are finitely- 
additive measures defined on compact open subsets of G x H and H xG, respectively, 
and taking values in Homfc(M, P). Here U denotes a compact open subset of G and 
W is an open-closed subset of if; by W~ l we denote the (pre)image of W under the 
inverse element map. 

At the same time, the fc-module Coind^(Homfc(M, P))h can be identified with the 
quotient module of the same module of measures on G by the submodule generated by 
measures of the form U i — > /i'(U x H) — //({(<?, h) \ gh G U}) and U i — > irp(W2 1 — > 
ttm(W"i i — > z/((Wi n W 2 ) x U))) - u'({(h,g) \ hg G U}), where //' and 1/ are finitely- 
additive measures defined on compact open subsets oi Gx H and H xG, respectively, 
and taking values in Hom^M, P). Here W\ and Wi denote open-closed subsets of H. 
The formulas m'(U) = n M \v i — ► m(C/ n V" 1 )) and m(U) = tt m (V i — > m'(C7 n V)), 
where V denotes an open-closed subset of G, define as isomorphism between these 
two quotient spaces of measures. 

The pair of maps Cohome fc (_ff)(M, P) =4 Cohome fc H) Oe k (H) M, P) whose 
kernel is SemiHomg k ( G H - ) (M, P) is given by the rules x i — ► J2 g eG/H 9At( x )$g anc i 
x i — > J2 g eH\c 9p( x )figi where y5 g denotes the Hom fc (M, P)- valued measure de- 
fined on compact open subsets of G that is supported in the point g G G and 
corresponds to an element y G Honifc(M, P). The pair of maps Homfc(M, P)h =4 
Coind^r(Homfc(M, P))h whose kernel is Homfc(M, P) G ^ H is given by the rules x i — > 
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Ylig£G/H x ^g an d x 1 — > J2 g eH\G 9p9m{.x)5 9 . The above isomorphism between two 
quotient spaces of measures transforms one of these two pairs of maps into the other. 

E.2.7. Let Hi C H 2 be two open profinite subgroups of a topological group G and 
N be a smooth G-module over k. Then, at least, in the following two situations there 
is a natural isomorphism Nq,Hi — ^g,h 2 '- when N as a G-module is induced from a 
smooth ifi-module over k, and when A" as an ^-module over k is coinduced from a 
module over the trivial subgroup {e} (i. e., iV is a coinduced Cfc(if2)-comodule). 

These isomorphisms are constructed as follows. In the first case, one shows that 
the triple semitensor product iV Os fe (G,#i) &k(G, Hi, H 2 ) (}§ k (G,H 2 ) k is associative in 
the sense that the conclusion of Proposition 11.4.41 applies to it. In the second case, 
one shows that the triple semitensor product N ()s k (G,H 2 ) &k(G, H 2 , Hi) <)s fc (G,ifi) k is 
associative in the similar sense. In both cases, the argument is analogous to that of 
Proposition 11.4.41 

E.2.8. Let Hi C H 2 be two open profinite subgroups of G and P be a G-contra- 
module over k. Then, at least, in the following two situations there is a natural 
isomorphism P G ' Hl ~ pG,H 2 . w ] ien p j s coinduced from an ifi-contramodule over k, 
and when P as an i^-contramodule over k is induced from a contramodule over the 
trival subgroup {e} (i. e., P is an induced Cfc(i^2)-contramodule). 

E.3. SemiTor and SemiExt. 

E.3.1. Assume that the ring k has a finite weak homological dimension. Then for 
any complexes of smooth G-modules N' and M* over k the object SemiTor 8 *^'^ 
(N',M m ) in the derived category of fc-modules is defined. Furthermore, whenever 
either N* or M' is a complex of fc-flat smooth G-modules over k there is a natural 
isomorphism SemiTor Sfc(G ' H) (Ar # , M') ~ SemiTor Sfc(G ' H) (A^' ® fc M', k) in D(fc-mod). 

Indeed, assume that M' is a complex of flat fc-modules. If N* is a semiflat complex 
of right §k(G, H )-semimodules, then so is the tensor product N' gJ^M*, since (N' ®fc 
M') 0§ k(G ,H) L' ~ (N* ® k M* ® fc L') G>H ~ N' §k{G ,H) (M* ® fc IS) for any complex 
of smooth G-modules I* over k, and the complex of left Cfc(iJ)-co modules M* ®fe L* 
is coacyclic whenever the complex of left Qk{H)-co modules L' is. It remains to use 
the natural isomorphism N* Os fc (G,iT) M' ~ {N* ® k M') GjH . 

E.3.2. Let k — > k' be a morphism of commutative rings of finite weak homological 
dimension. Then for any complex of smooth G-modules N* over k' the image of the 
object SemiTor^'^'^A^, k') under the restriction of scalars functor D(/c'-mod) — > 
D(/c-mod) is naturally isomorphic to the object SemiTor s ' ^( • G ' i^ • ) (A^ , , k). This follows 
from Corollary 18.31 3(a). 
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Remark. When G is a discrete group, H = {e} is the trivial subgroup, and N is a 
G-module over k, the cohomology of the object SemiTor Sfe ^ G ^ e ^(A;, N) coincides with 
the discrete group homology H*(G,N) and is concentrated in the nonpositive coho- 
mological degrees. When G is a profmite group, H = G is the whole group, and N is a 
smooth (discrete) G-module over k, the cohomology of SemiTor Sfc ^ G,G ' ) (A;, N) coincides 
with the profmite group cohomology H*(G, N) and is concentrated in the nonnegative 
cohomological degrees. More generally, when G = G\ x G 2 is the product of a discrete 
group G\ and a profmite group G2, H = G2 C G, /c is a field, and N = N\ ®k N 2 
is the tensor product of a Gi-module and a smooth G 2 -module, the cohomology of 
Sem.iTor Sk{G ' H \k, N) is isomorphic to the tensor product H*(G U iVi) ® fc H*(G 2 , N 2 ). 
Applying these observations to the case of a finite group G, one can see that the semi- 
infinite homology of topological groups SemiToY Sk ^ G ' H \k, N') does depend essentially 
on the choice of an open profmite subgroup H C G. 

E.3.3. Assume that the ring k has a finite homological dimension. Then for any com- 
plex of smooth G-modules M' over k and any complex of G-contramodules P* over k 
the object SemiExtg k (G, h)(M' , P*) in the derived category of fc-modules is defined. 
Furthermore, whenever either M' is a complex of projective fc-modules or P' is a com- 
plex of injective fc-modules there is a natural isomorphism SemiExts fc (G,H)(^* ; P') — 
SemiExt Sfc (G,H)(^,Hom fc (M , ,P*)) in D(fc-mod). 

E.3.4. Let k — > k' be a morphism of commutative rings of finite homological di- 
mension. Then for any complex of G-contramodules P' over k' the image of the 
object SemiExtg ,(G,H)(k', P') under the restriction of scalars functor D(/c'-mod) — > 
D(fc-mod) is naturally isomorphic to the object SemiExt§ k ^c< )H ^(k, P'). 

E.4. Remarks on the Gaitsgory— Kazhdan construction. This subsection con- 
tains some comments on the papers [231 US]- 

E.4.1. Let G be a topological group and A; be a field of characteristic 0. Then the 
category of discrete G x G-modules over k has a tensor category structure with the 
tensor product of two modules K' ®g K" defined as the module of coinvariants of 
the action of G in K' ®k K" induced by the action of the second copy of G in K' 
and the action of the first copy of G in K" . The category of discrete G-modules 
over k has structures of a left and a right module category over this tensor category; 
and the functor (JV, M) 1 — > N ®g M = (N 0^ M)q defines a pairing between these 
two module categories taking values in the category of /c-vector spaces. A finitely- 
additive fc-valued measure defined on compact open subsets of G is called smooth if 
it is equal to the product of a locally constant /c-valued function on G and a (left 
or right invariant) Haar measure on G. The G x G-module of compactly supported 
smooth fc-valued measures on G is the unit object of the above tensor category. 
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Notice that the above G x G-module has a natural fc-algebra structure, given by 
the convolution of measures. However, this algebra has no unit and the category of 
(left or right) modules over it contains the category of smooth G-modules over k as 
a proper full subcategory. 

E.4.2. For any category C, denote by ProC and Ind C the categories of pro-objects 
and ind-objects in C. Let Setfi„ denote the category of finite sets. We will identify the 
category of compact topological spaces with the category ProSetfi n , the category of 
(discrete) sets with the category Ind Setfj n , and the category of topological spaces with 
a full subcategory of the category Ind ProSetfj n formed by the inductive systems of 
profinite sets and their open embeddings. In addition, we will consider the category 
Ind Pro Setf in as a full subcategory in Pro Ind Pro Setfj n and the latter category as a full 
subcategory in Ind Pro Ind Pro Setfj n . 

Let EI be a group object in Pro Ind ProSetfj n such that HI can be represented by a 
projective system of topological groups in Ind Pro Setfi n and open surjective morphisms 
between them. A representation of EI in fc-vect is just a smooth G-module over k, 
where G is a quotient group object of H that is a topological group in Ind ProSetfi n . 
The category Rep fc (H) of representations of H in Pro(£;-vect), defined in [23], is equiv- 
alent to the category of pro-objects in the category of representations of H in fc-vect. 
So the category Rep A ,(H x H) has a natural tensor category structure with the unit 
object given by the projective system formed by the modules of smooth compactly 
supported measures on topological groups that are quotient groups of EI and the 
push-forward maps between the spaces of measures. The category Rep fc (H) is a left 
and a right module category over this tensor category, and there is a pairing between 
these left and right module categories taking values in Pro(fc-vect). 

E.4.3. Let G be a group object in Ind Pro Ind Pro Setfin and let H C G be a subgroup 
object which belongs to Pro Ind ProSetfj n . Assume that the object G is given by an 
inductive system of objects G a G Pro Ind Pro Setf; n and the group object EI is given 
by a projective system of its quotient group objects EI/EI 1 e Ind ProSetfj n satisfying 
the following conditions. It is convenient to assume that Go = EI = EI is the 
initial object in the inductive system of G a and the final object in the projective 
system of EI*. As the notation suggests, EP are normal subgroup objects of EI. The 
group object EI acts in G a in a way compatible with the action of EI in G by right 
multiplications. The quotient objects G a /EP are topological spaces in Ind Pro Setfj n . 
The morphisms G Q /EP — > Gp/W are closed embeddings of topological spaces; the 
morphisms G Q /EP — > G a /W are principal EP/EP-bundles. Finally, the quotient 
objects Gqj/HI are compact topological spaces, i. e., belong to Pro Set fin C Ind Pro Set fin . 

Let G' be a group object in Ind Pro Ind ProSetfj n endowed with a central subgroup 
object identified with the multiplicative group k*, which is considered as a discrete 
topological group, that is a group object in lndSet fin C Pro Ind Pro Set fin . Suppose 
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that the quotient group object G'/k* is identified with G and the central extension 
G' — > G is endowed with a splitting over H, i. e., H is a subgroup object in G'. 
Moreover, denote by G' Q of the preimages of G Q in G' and assume that the morphisms 
G' a /W — > G Q /HP are principal fc*-bundles of topological spaces in Ind ProSet fin . 

E.4.4. One example of such a group G' is provided by the canonical central extension 
G~ of the group G with the kernel /c*, which is constructed as follows. For each a 
let us choose i such that Ad G -i(HP) C H and j such that Ad Ga (W ) C HP. For 
any topological group G denote by the one-dimensional vector space of left 

invariant finitely-additive fc-valued Haar measures defined on compact open subsets 
of G. An element of the topological space G~/H is a pair consisting of an element 
of g e G a /M and an isomorphism //(BP/ Ad g (W)) ~ /i(HP/HP). The topology on 
G~/H is defined by the condition that the following set of sections of the fc*-torsor 
G~/HI — > G a /M consists of continuous maps. Choose m such that Ad G -i(H m ) C HP, 
a compact open subset U in the quotient group HP /HP™, and an element a 6 k*; for 
each g e G a /M define the isomorphism /i(HP/ Ad 9 (HP)) ~ fj,(W/W) so that the left- 
invariant measure on HP/ Ad fl (HP) for which the measure of the image of U is equal 
to 1 corresponds to the left-invariant measure on HP /HP for which the measure of the 
image of U is equal to a. The ratio of any two such sections is a locally constant 
function. Now the object G~ of Pro Ind ProSetfj n is the fibered product of G~/H and 
G a over G a /H; it is easy to define the group structure on G~ (one should first check 
that the construction of G^/H does not depend on the choice of HI 1 and BP). 

E.4.5. Let c' : G' — ► G be a central extension satisfying the above conditions. De- 
note by Rep c /(G) the category of representations of G' in Pro(fc-vect) in which the 
central subgroup k* C G' acts tautologically by automorphisms proportional to the 
identity, as defined in [23] ■ Then the forgetful functor Rep c ,(G) — ► Rep(HI) admits 
a right adjoint functor, which can be described as the functor of tensor product over 
H with a certain representation of G' x HI in Pro(/c-vect). The underlying pro- vector 
space of this representation, denoted by C C /(G, H), is the space of "pro-semimeasures 
on G relative to HI on the level c'" ; it is given by the projective system formed by the 
vector spaces fc c /(G a /HP) ®k /x(HI/HP), where the first factor is the space of locally con- 
stant compactly supported functions on G^,/HP which transform by the tautological 
character under the action of k*. The morphism in this projective system corre- 
sponding to a change of a is the pull-back map with respect to a closed embedding, 
while the morphism corresponding to a change of i is the map of integration along 
the fibers of a principal bundle. Hence the representation C C /(G, H) considered as an 
object of the tensor category Rep(H x H) is endowed with a structure of coring (with 
counit), and it follows from Theorem 17.4.11 that the category Rep c /(G) is equivalent 
to the category of left comodules over C C /(G, HI) in Rep(HI). 
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Now let c" : G" — > G be the central extension satisfying the same conditions that 
is complementary to c', i. e., the Baer sum c'+c" is identified with minus the canonical 
central extension Co : G~ — > G. Gaitsgory and Kazhdan noticed that one can extend 
the right action of EI in G c > (G, H) to an action of G" commuting with the left action of 
G', with the central subgroup k* of G" acting tautologically. Moreover, in [21] there 
is a construction of a natural anti-isomorphism of corings C c ' (G, H) ~ C c » (G, H) 
permuting the left and right actions of G' and G". Thus the category Rep c //(G) is 
equivalent to the category of right comodules over C C /(G, H) in Rep (HI). 

E.4.6. So there is the functor of cotensor product 

□e c ,(G,H): Rep c „(G) x Rep c ,(G) > Pro(fc-vect), 

which is called "semi- invariants" in [21]. This functor is neither left, nor right exact 
in general. One can construct its double-sided derived functor in the way analogous 
to that of Remark 12.71 at least when the set of indices i is countable. 

The semi-derived category D sl (Rep c /(G)) is defined as the quotient category of 
the homotopy category Hot(Rep c ,(G)) by the thick subcategory of complexes that 
are contraacyclic as complexes over the abelian category Rep(H). Then Lemma [2.71 
allows to define the double-sided derived functor 

ProCotore c ,(G,H): D si (Rep c „(G)) x D si (Rep c ,(G)) > D(Pro(A;-vect)) 

in terms of coflat complexes in Hot(Rep c »(G)) and Hot(Rep c /(G)). The key step is 
to construct for any object of Rep c /(G) a surjective map onto it from an object of 
Rep c /(G) that is flat as a representation of HI. This construction is dual to that of 
Lemma 11.3.31 it is based on the fact that any module over a topological group G 
induced from the trivial module k over a compact open subgroup H C G is flat with 
respect to the tensor product of discrete G-modules over k. 

Question. Can the cotensor product Tsf □e c/ (G,e) 3VC of an object N 6 Rep c »(G) and 
an object M G Rep c ,(G) be recovered from the tensor product ]\T®^M in the category 
of pro-vector spaces, considered as a representation of G~ with the diagonal action? 
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Appendix F. Algebraic Groupoids with Closed Subgroupoids 



To any smooth affine groupoid (M, H) one can associate a coring G(H) over a 
ring A(M) and a natural left and right coflat Morita autoequivalence (£, £ v ) of 
G(H); it has the form G(H) ® A{M) E ~ £ ~ E ® A{M) G(H) and E v ® A{M) G(H) ~ 
£ v ~ C(-f^) <EU(M) -^ v , where (E,E V ) is a certain pair of mutually inverse invert- 
ible A(M )-modules. To any groupoid (M, G) containing (M, H) as a closed sub- 
groupoid, one can assign two opposite semialgebras S l (G, H) and S r (G, H) over G(H) 
together with a natural left and right semiflat Morita equivalence (£, £ v ) between 
them formed by the bisemimodules § l (G,H) □e(//) £ — £ — £ E\q(h) S r (G,H) and 
£ v □e(H) S l (G,H) ~ £ v ~ S r (G,H) D e{H ) £ v - To obtain these results, we will have 
to assume the existence of a quotient variety G/H. 

In this appendix, by a variety we mean a smooth algebraic variety (smooth sepa- 
rated scheme) over a fixed ground field k of zero characteristic. The structure sheaf of 
a variety X is denoted by O = Ox and the sheaf of differential top forms by Q = Qx', 
for any invertible sheaf L over X, its tensor powers are denoted by L n for nsZ. 

F.l. Coring associated to affine groupoid. A (smooth) groupoid (M,G) is a 
set of data consisting of two varieties M and G, two smooth morphisms s, t: G =4 
M of source and target, a nnii morphism e: M — > G, a multiplication morphism 
m: G x M G — > G (where the first factor G in the fibered product G x M G maps 
to M by the morphism s and the second factor G maps to M by the morphism t), 
and an inverse element morphism i: G — > G. The following equations should be 
satisfied: first, se = id.M = te and m(e x idc) = idc = m(idc xe) (unity); second, 
tm = tpi, sm = sp2, and m(m x idc) = m{i&G xm), where pi and P2 denote the 
canonical projections of the fibered product G x M G to the first and the second 
factors, respectively (associativity); third, si = t, ti = s, m{i x id G )A. t = es, and 
m(idc xi)A s = et, where A s and A t denote the diagonal embeddings of G into the 
fibered squares of G over M with respect to the morphisms s and t, respectively 
(inverseness) . It follows from these equations that i 2 = id G . 

A groupoid (M, H) is said to be affine if M and H are affine varieties. In the 
sequel (M, H) denotes an affine groupoid; its structure morphisms are denoted by 
the same letters s, t, e, m, i. 

Let A = A(M) = 0(M) and G = G(H) = 0(H) be the rings of functions on 
M and H, respectively. The maps of source and target s, t: H M induce two 
maps of rings A =4 C, which endow C with two structures of A-module; we will 
consider the A-module structure on C coming from the morphism t as a left module 
structure and the A-module structure on C coming from the morphism s as a right 
module structure. Then there is a natural isomorphism 0(H x M H) ~ C <8u C, hence 
the multiplication morphism m: H Xm H — > H induces a comultiplication map 
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C — ► C (§>a C. Besides, the unit map e: M — > H induces a counit map C — ► A. 
It follows from the associativity and unity equations of the groupoid (M, H) that 
these comultiplication and counit maps are morphisms of A-A-bimodules satisfying 
the coassociativity and counity equations; so C is a coring over A. Clearly, C is a 
coflat left and right A-module. 

F.2. Canonical Morita autoequivalence. Denote by V — Vh the invertible sheaf 
® s*(Q~^) (g) on H. Let qi and q2 denote the canonical projections of 

the fibered product H x M H to the first and the second factors, respectively Then 
there are natural isomorphisms q*(V) ~ m*(V) ~ Q^^V) °f invertible sheaves on 
H x M H. Indeed, one has q{{Vt H ) ~ £Ihx m h ® q^R 1 ) ® qlt*{Vt M ) and m*{Vt H ) ~ 
Qhx m h <8> g^^// 1 ) ® ?2 s *(^a/)- Now denote by [/ the invertible sheaf e*fi# ® f^ 2 
on M. Applying the functors of inverse image with respect to the morphisms e x id#, 
id# xe: H =$ H Xm H to the above isomorphisms, one obtains natural isomorphisms 
of invertible sheaves t*U ~ V ~ s*£7. 

Set £ = V^(if) and £ v = V~ 1 (H). Then £ and £ v are C-modules, and consequently 
yl-A-bimodules. The pull-back map V(H) — > m*(V)(H Xm H) with respect to 
the multiplication morphism m together with the isomorphisms m*(V)(H x m H) ~ 
ql(V) (Hx M H)~£® A e and m* (V ) (H x M H) ~ q* ( V) (Hx M H)~£® A £ defines 
the right and left coactions of C in £. It follows from the associativity equation of H 
that these coactions commute; so £ is a C-C-bicomodule. Analogously one defines a 
e-C-bimodule structure on £ v . Set E = U(M) and E y = U~ l {M)] then there are 
natural isomorphisms of C-co modules C ®a E ~ £ ~ E ®a C and E v <S>a C — £ v — 
C ®a E y . These isomorphisms have the property that two maps £ ~ C ®a E — > E 
and £ ~ E®a & — ► E induced by the counit map C — ► A coincide, and analogously 
for £ v . Besides, there are obvious isomorphisms E <S>a E y ~ A ~ E y ®a E. 

It follows that £ n e £ v ~ (E ® A C) De (C ® A E w ) ~ E ® A C ® A E w ~ C, and 
analogously £ v De £ — 6. So the pair (£, £ v ) is a left and right coflat Morita 
equivalence (see 17.51) between C and itself. Since the bico modules £ and £ v can be 
expressed in the above form in terms of A-modules E and E v , it follows that there 
are natural isomorphisms of corings E <EU C <S> A E v ~ C ~ E y ®a 6 ®a E. 

F.3. Distributions and generalized sections. Let A D Z be a variety with a 
(smooth) closed subvariety and L be a locally constant sheaf on A. The sheaf L z of 
generalized sections of L, supported in Z and regular along Z, can be defined as the 
image of L with respect to the d-th right derived functor of the functor assigning to 
any quasi-coherent sheaf on A its maximal subsheaf supported set-theoretically in Z, 
where d = dim A — dimZ. The sheaf L z is a quasi-coherent sheaf on A supported 
set-theoretically in Z. 

There is a natural isomorphism L z ~ L ®o x Ox- The sheaf fi^ can be alterna- 
tively defined as the direct image of the constant right module Qz over the sheaf 
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of differential operators Diffz under the closed embedding Z — > A (see [H]); this 
makes Q x not only an Ox-module, but even a Diffx-module. The sheaf fl x is called 
the sheaf of distributions on A, supported in Z and regular along Z. 

Let g: Y — > X be a morphism of varieties and Z C X be a closed subvariety. 
Assume that the fibered product Z x x Y is smooth and dimF — dimZ x x Y = 
dim X — dim Z if Z x x Y is nonempty. Then there is a natural isomorphism g* (L z ) ~ 
(g*L) ZxxY of quasi- coherent sheaves on K. In particular, there is a natural pull-back 
map of the modules of global generalized sections g + : L Z (X) — > (g*L) ZxxY (Y). 

Let h: W — > X be a morphism of varieties and 2 C W be a closed subvariety 
such that the composition Z — > W — > X is also a closed embedding. Then 
there is a natural push-forward map h^iVt^) — > Vt x of quasi- coherent sheaves on X. 
Consequently, for any locally constant sheaves V on X and L" on W endowed with an 
isomorphism L" Cg)f^ ~ h* {V ® fl, x ) there is a push-forward map h if (L" z ) — > 
In particular, there is a natural push-forward map of the modules of generalized 
sections h + : L" Z (W) — ► L' Z (X). 

Let g : Y — ► X and h : — ► X be morphisms of varieties satisfying the above 
conditions with respect to a closed subvariety Z C W. Assume also that the fibered 
product W x x Y is smooth and dim W x x Y + dim A = dim iy + dim YifWx x Yis 
nonempty. Set g = id w xg: W x x Y — ► W and h = hx idy : W x x Y — > Y. Then 
there is a natural isomorphism of invertible sheaves g*Q\y®Qwx x Y — ^*(fi , *^x®^y 1 ) 
on Wx x Y, as one can see by decomposing g and h into closed embeddings followed by 
smooth morphisms. For any quasi- coherent sheaf F onW supported set-theoretically 
in Z there is a natural isomorphism h*g*F ~ g*h*F of quasi-coherent sheaves on 
W x x Y. The push- forward maps of the sheaves of distributions with respect to the 
morphisms h and h are compatible with the pull-back isomorphisms with respect to 
g and g in the obvious sense. 

The sheaf of generalized sections L z of a locally constant sheaf L on a variety 
A D Z is endowed with a natural increasing filtration by coherent subsheaves F n L z 
of generalized sections of order no greater than n. This filtration is preserved by all 
the above natural isomorphisms and maps. The associated graded sheaf gr F Q x is 
the direct image under our closed embedding l: Z — > A of a sheaf of Oz-modules 
naturally isomorphic to the tensor product Qz ®o z Sym 0z Az,x, where Nz,x is the 
normal bundle to Z in A and Sym denotes the symmetric algebra. 

In particular, there is a natural isomorphism Ao: iS^z — ► FqQ x . Furthermore, 
there is a natural map of sheaves of k- vector spaces Ai : l*£Iz®o x Tx — y FiVt x which 
induces the isomorphism t*(^z®o z -^z iX ) ~ F t n x /F n x , where T = T x denotes the 
tangent bundle of A. The map Ai satisfies the equation Xi(fu ® v) — X±(uj ® fv) = 
fXi(u ® v) — Xo(v(f)u) for local sections / G O x , uj G fi^, and v G Tx, where 
(v, f) i — >■ v(f) denotes the action of vector fields in functions. 
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F. 4. Lie algebroid of a groupoid. A Lie algebroid g over a commutative ring A is 
an yl-module endowed with a Lie algebra structure and a Lie action of g by derivations 
of A satisfying the equations [a;, ay] = a[x, y] + x(a)y and (ax) (b) = a(x(b)) for a, 
b G A, x, y G 0. The enveloping algebra Ua(q) of a Lie algebroid g over A is 
generated by A and g with the relations a-b = ab, a ■ x = ax, x ■ a = ax + x(a), and 
x ■ y — y ■ x = [x,y], where (u, v) i — > w • v denotes the multiplication in Ua(q)- The 
algebra Ua(q) is endowed with a natural increasing filtration F n UA(g) defined by the 
rules F U A (g) = imA, F x U a {q) = im A + img, and F n [/ A (g) = iW A (g) n for n > 1. 
When g is a flat A-module, the associated graded algebra gr F [/ A (g) is isomorphic to 
the symmetric algebra Sym A (g) of the A-module g. 

Let (M, G) be a groupoid with an affine base variety M; set A = A(M) = O(M). 
Then the A-module g = N e ^ M ^ G (M) has a natural Lie algebroid structure. To define 
the action of g in A, consider the A-module (e*T G )(M) of vector fields on e(M) 
tangent to G. There are natural push-forward morphisms s + , t + : (e*T G )(M) =4 
T(M). Identify g with the kernel of the morphism t+; then the action of g in A is 
defined in terms of the map s + : g — ► T(M). To define the Lie algebra structure 
on g, we will embed g into a certain module of generalized sections on G, supported 
in e(M) and regular along e(M). 

Set K l (G) = {t*Q^ (g> fJ G ) e(M) (G); this module of generalized sections in en- 
dowed with a natural filtration F. The 0(G)-module structure on K l (G) induces 
an A-A-bimodule structure; as in IF.1[ we consider the A-module structure com- 
ing from the morphism t as a left A-module structure and the A-module structure 
coming from the morphism s as a right A-module structure. There is a natural 
isomorphism of A-A-bimodules A ~ FqK 1 (G). Define a fc-linear map of sheaves 
e*N e ( M ),G — y (^^m®^g) 6(M) locally by the formula v i — ► t*co> _1 (g)Ai(co'(g)f), where 
f is a local vector field on e(M) tangent to G such that t*(f ) = and u is a local non- 
vanishing top form on M; it is easy this expression does not depend on the choice of u. 
Passing to the global sections, we obtain an injective map g — > F\K l (G) inducing 
an isomorphism g ~ F\K l (G) / FqK 1 (G) . This injective map and the A-A-bimodule 
structure satisfy the compatibility equations a ■ x = ax and x ■ a = x(a) + ax for 
x G g C F\K (G) and a G A, where (a, x) i — >■ ax denotes the action of A in g, while 
(a, u) i — > a ■ u and (u, a) i — > u ■ a denote the left and right actions of A in F\K l (G). 

Let us define a fc-algebra structure on K l (G). There is a natural isomorphism 
p\(t*Vt~^ ® Vt G ) ®p\{t*£V^ <g> Vt G ) ~ p*t*D,jl ® n GxA/G of invertible sheaves on G x M 

G. The pull-back with respect to the closed embedding G x M G — ► G x Specfc G 
provides an isomorphism (pl^tt^ ® fi G x M G) (exe)(M) (G' % G) ~ K l {G) ® A K l (G), 
and the push-forward with respect to the multiplication map G x M G — > G defines 
an associative multiplication K l (G) ®a K l (G) — > K l (G). The associated graded 
algebra gr F K l (G) is naturally isomorphic to Sym A FiK l (G)/F K l (G). The formula 
(u, a) i — ► t + (s + (a)u) defines a left action of K l (G) in A; the subspace g in FiK l (G) 
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is characterized as the annihilator of the unit element of A under this action. Hence 
q is a Lie subalgebra of K l (G); this makes it a Lie algebra and a Lie algebroid over A. 
It follows that there is a natural isomorphism Ua{q) — K l (G). 

Analogously one defines an algebra structure on the A-A-bimodule of generalized 
sections K r {G) = (s*Q^ ® (G); then there is a natural isomorphism of 

fc-algebras U a {q)° p ~ K r (G). 

F.5. Two Morita equivalent semialgebras. Let (M, H) — ► (M, G) be a mor- 
phism of smooth groupoids with the same base variety M such that the groupoid H 
is affine and the morphism of varieties H — ► G is a closed embedding. Denote by 
f) = N e (M),ii(M) the Lie algebroid of the groupoid H; then there is a natural injective 
morphism i) — ► q of Lie algebroids over A(M). 

The formula 4>i(u, c) = t + (i + (c)u) defines a pairing <pi : K l (H) ®a C — > A between 
the algebra K l (H) and the coring C satisfying the conditions of 110.1.21 with the left 
and right sides switched. The push-forward with respect to the closed embedding 
H — > G defines an injective morphism of fc-algebras K l (H) — > K l (G); this is 
the enveloping algebra morphism induced by the morphism of Lie algebroids f) — > 
g. Since t) and g/f) are projective A-modules, K l (G) is a projective left and right 
^(if)-module. Set §> l = S l (G,H) = K l (G) ® K i {H) C; we will use the construction 
of 110. 2.11 to endow S l with a structure of semialgebra over C. 

Consider the cotensor product S l d e £ ~ K l (G) ®k 1 (h) £• Denote by pi and q 2 the 
projections of the fibered product G x M H to the first and the second factors. There 
is a natural isomorphism p\{t*Vt^ <g> Q G ) ® q%(V H ) — p*t*Q^ ® ^Gx m h ® q^s*^} of 
invertible sheaves on G x m H, where Vh = &h <8> s*(fi Af 1 ) ® t*(Q]^) is the invertible 
sheaf on H defined in IF.2I The pull-back with respect to the closed embedding 
G x M H — ► G x Spccfe H identifies the tensor product K l {G) ®a £ with the module 
of generalized sections {p\t*VL^ <g> Q GxmH ® q* 2 s*VLl})< M ^ MH (G x M H). The push- 
forward with respect to the multiplication morphism Gx M H — > G defines a natural 
map K l (G) (&a £ — ► where £ = Vq{G) is the space of generalized sections of the 
invertible sheaf Vq = ® s *(^m) on ^ follows from the associativity 

equation for the two iterated multiplication maps G x M H x M H =4 G that this map 
factorizes through K l {G) ®k 1 (h) £• The induced map K l (G) ®k 1 (h) £ — y £ is an 
isomorphism, since the associated graded map with respect to the nitrations F is. 

Denote by q\ and p 2 the projections of the fibered product H x M G to the first and 
second factors. One constructs a natural isomorphism m*(Va) — P^iVc) of invertible 
sheaves on H x m G in the same way as in IF.2I The pull-back with respect to the 
multiplication map m: H x G — > G together with this isomorphism provide a left 
coaction of C in £. Analogously one defines a right coaction of C in £; it follows from 
the associativity equation forHxGxH^G that these two coactions commute. 
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We have S Dg £ — £, thus the isomorphism S ~ £ □<= £ v provides a left coaction of 
C in S l commuting with the natural right coaction of C in S l . 

Since the natural map £ — > £ provided by the push-forward with respect to the 
closed embedding H — > G is a morphism of C-C-bicomodules, so is the semiunit 
map c — > S l . It remains to show that the semimulplication map S l OqS 1 — > § l is a 
morphism of left C-comodules; here it suffices to check that the map § l n e S l D e ^ — ► 
§ l Oe £ is a morphism of left C-comodules. After we have done with this verification, 
the latter map will define a left S'-semimodule structure on £. 

Analogously, define a pairing r : C <%>a K r (H) — > A by the formula <f> r (c,u) = 
s + (i + (c)u) and set S r = § r (G,H) = C ®k^{h) K r {G). The same construction makes 
S r a semialgebra over C and £ a right S r -semimodule. We will have to check that 
the left S'-semimodule and the right S r -semimodule structures on £ commute. 

After this is done, we get an S'-S r -bisemimodule S l Dq £ ~ £ ~ £ dig S r , where 
both the maps £ =4 £ induced by the semiunit maps C — > S l and C — > S r coincide 
with the push-forward map V(H) — > V§(G) under the closed embedding H — ► G. 
The isomorphisms £ v Dg S l ~ £ v D e S l O e £ £ v ^ £ v Dg £ S r £ v - S r De £ V 
define an S r -S'-bisemimodule £ v DgS' = £ v ~ S r Dg £ v endowed with bisemimodule 
isomorphisms £ S r £ v ~ (£ D e S r ) (S r Dg £ v ) ^ £ Dg S r Dg £ v ~ § l and 
£ v S * £ ^ (£ v n e S*) §l (§ l D e £) ~ £ v Dg § l D e £ ~ S r . This provides a left and 
right semiflat Morita equivalence (£,£ v ) between the semialgebras S l and S r , and 
isomorphisms of semialgebras S r ~ £ v DgS' Dg £ and S l ~ £ DgS r Dg £ v . (See 18.4.51 
and 18.4. II for the relevant definition and construction.) 

F.6. Compatibility verifications. In order to check that the map 

§ l Oq £ — > S l Dg £ ~ £ is a morphism of left C-comodules, we will identify this map 

with a certain push-forward map of appropriate modules of generalized sections. 

Here we will need to assume the existence of a variety of left cosets G/H such that 
G — > G/H is a smooth surjective morphism and the fibered square G X-g/h G can 
be identified with G Xm H so that the canonical projection maps G Xg/h G =4 G 
correspond to the projection and multiplication mapspi, m: GxmH =4 G. Actually, 
we are interested in the quotient variety GxjjG of GxmG by the equivalence relation 
(g'h, g") ~ (g f , hg") for g', g" G G and h £ H; it can be constructed as either of the 
fibered products H\Gx M G ~ Gx H G = Gx M G/H, where denotes the variety 
of right cosets, ~ G/H. Analogously one can construct the quotient variety 

Gx H Gx H G of the triple fibered product G x M G x M G by the equivalence relation 
{g'h u g"h 2 ,g'") ~ (g' , hg" , h 2 g"') for </, e G and ^ 2 e H. 

We have Dg £ ~ £ Dg £ v Dg £. Consider the natural map r : G x M H x M G — ► 
G x H G given by the formula (g', h, g") i — ► {g'h, g") = (g', hg"). Let pi, q 2 , P3 denote 
the projections of the triple fibered product Gx M Hx M G to the three factors 
and n: G x H G — > G denote the multiplication morphism. There are natural 
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isomorphisms p\t*{Vt h j) <g> n G x M Hx M G ® P* 3 s*(^m) ^ P*(V G ) ® q* 2 {tt H ) ®Pl{V G ) and 
therefore r*(n*t*VL~^ (g) GXflG <g> n*s*Vt^) ~ p*(V G ) <8> gKV^ 1 ) ^p^Vb) of invertible 
sheaves on G x M H x M G. 

The pull-back with respect to the closed embedding G x M H x M G — >■ G x Speck 
H Xspccfc G provides an isomorphism {p\V G <g> qtV^ 1 <S> p* 3 V g ) HxmHxmH (G x M H x M 
G) ~ £ ®a £ v ®a £■ The pull-back with respect to the smooth morphism r identifies 
the module of generalized sections (n*t*Vt~^ ®Q GxhG ®n* s*VL^) HxhH (G x h G) with 
the submodule £ De £ v De £ C £ (8u £ v <8u £, as one can see by identifying the tensor 
product £ <S> a 6 <8> a £ v <E> a 6 <E> a £ with a module of generalized sections on the fibered 
square of G x m H x m G over G x H G. Now our map £ De £ v De £ — ► £ is identified 
with the push-forward map with respect to the multiplication morphism n; to check 
this, one can first identify the map K l (G) ® A £ — ► K l (G) ®kHh) £ — £ ^ e £ v D e £ 
with a push- forward map with respect to the morphism G x M G — ► G Xh G. 
The desired compatibility with the left C-comodule structures now follows from the 
commutation of the pull-back and push-forward maps of generalized sections. 

To check that the left S z -semimodule and the right S r -semimodule structures on 
£ commute, one can identify S l d e £ O e § r with a module of generalized sections on 
G x H G x H G and use the associativity equation for the iterated multiplication maps 
G x H G x H G^G x H G — >G. 
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